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MECHANICS FOR PRACTICAL MEN 


INTRODUCTION. 

Mechanics is the science which enquires into the laws of equilibrium 
aiul the motion of solid bodies ; into the forces by which bodies^ 
whether animate or inanimate, may he made to act upon one 
another ; and into the means by which these forces may be increased 
so as to overcome those whii^h are more powerful, 'riie term 
Mechanics was originally applied to the doctrine of equilibrium. It 
is now, however, extended to the motion and equilibrium of all 
bodies, whether solid, fluid, or aeriform. In this volume, the term 
is used in its primitive signification ; the adjunct by which we have 
designated our work, is meant to convey the idea of a book tliat is 
selt-instriicting, or intended to teach those who have not had the 
benefit of a regular academic education, how they may pursue the 
study of Mechanics ; of which we here offer the first three subjects, 
viz. — 

''J''he Composition and liesolution of Forces, 

The Centre of Gravity, and the 
Mechanical Powers. 

The complete arrangement of Me anics is now made to embrace 
besides, the Pressure and Tension of Cords, the Equilibrated Poly- 
gon, the Catenarian Curve, Suspension Bridges, the ICciuilibrium of 
Arches and tlu; Stability of their Piers, the Consfruction of Oblique 
Arches, the Equilibrium of Domes and Vaults with Revetments, 
the Strength of Materials whether they be of Wood or of Iron, 
Dynamics, or the Siaence of Moving Bodies, with Hydrostatics, 
Pneumatics and Hydraulics. 

Some of these topics belong to the mechanics of antiquity; others 
of them date their origin from the age of Galileo, and fi’om that of 
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Newton ; and some others of them have but recently engrossed the 
contemplation of philosophers and mathematicians. 

We are indebted to Archimedes for having preserved to us some of 
the knowledge which the ancients possessed respecting mechanics, 
theoretical and practical. But the age of Archimedes belongs not 
to antiquity, properly so calk'd, for he lived in the consulship of 
Marccllus, and that was only about ‘200 years before the Christian 
cTra. We must look hack upon Asia, as the birth-place of science; 
and Egypt, as the cradle of the arts. And it is, therefore, no diffi- 
cult matter to account for the silence of remote antiquity respecting 
the theory of m('chanics ; for of the existence of the lever, the wheel 
and axle, the i)ulley, the inclined plane, and the screw, it were folly 
to doubt But in those countries the learned and the scientific w ere 
separated from the rest of the people by the language of inysti'i in 
which they communicated knowledge to oven the initiated. And oven 
if mechanical science had been taught without metaphor, the wreek 
of ages, which has spread desolation over Babylon and Nineveh, 
Memphis, and iligyptian Thebes, %vonld have swept away all records 
of those principles for wiiich w c stand indebted to the philosopher of 
Syracuse. How much soever Archimedes might improve me- 
chanics, we must go back to ages before his birth, for the invc'iition 
of those machines which abridge and facilitate manual labour. 
Babylon Avas a circuit of thirty miles; Nineveh a journey of three 
days around; its walls, an hundred feet high, were broad enougli to 
allow three chariots to be driven abreast on their summit; and Ihe 
towers thereon, fifteen hundred in number, were two hundred feet in 
height. Of Babylon and Nineveh no trace remains ; the pjTamids 
attest the grandeur of lig)q)t ; and its hicroglyphic.*il writing leaves 
no doubt that the elements of such science as then existed were 
wrapped up in impenetrable mystery from the understanding of the 
'llpmmon people. All these facts respecting the civilization of a 
very remote antiquity, make us regret the loss of that knowledge 
which prevailed when the wise became philosophers for their amuse- 
ment ; but our regrets are diminished by the recollection that the 
curiosity of the liuman mind has outlived the existence of powerful 
kingdoms, whose men of science it would be unwise to depreciate 
by exalting the contemporary of Marccllus. 
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We are bound, however, to believe that Archimedes greatly 
improved the geometry of the Greeks, and that his discoveries in 
statics, or the equilibrium of solid bodies, rank him above all tlie 
ancients as a writer on mechanical philosophy. These discoveries 
he applied practically in the defence of Syracuse, when the Roman 
engineer, Appius, directed the assault of the besieging army with 
its well-aj)p()iiited galleys ; but we can say nothing of Archimedes 
tiiat is not already known to every reader of biography; we 
shall however, in the sequel, give a short sketch of his knowledge 
and application of the principles of mechanics theoretical and 
practical. 

Wc find little improvement in statics from the time of Archimedes 
till the sixteenth century, when Simon Stevinus, a Dutch mathe- 
matician, contributed greatly to the advancement of the doctrine 
of equilibrium. In a work upon Sluices, he introduced the novel 
but now celebrated problem of the composition of forces, and 
thus appears as the earliest writer on mechanics who had ventured 
to consider the composition of pressures as diirercnt from the mere 

composition of motions. In his S/afics, published in l.'iSG, he 
demonstrates, that 

If a body be urged by two forces in the direction of 
‘‘ the sides of a parallelogram and projiortional to these 
“ sides, tlie combined action of these forces is equivalent 
“ to a third force acting in the direction of the diagonal of 
“ the parallelogram, and having its intensity proportional 
to that diagonal.” 

The solution of Stevinus has been supplanted by the demoiislrations 
of Daniel IJernouilli,'®^ D’Alembert,; Riccati, Fonscneix,J Jlelidor,§ 
Frisius,|| Foisaoii,11 La Place, ar-'l Dr. Robison. But the merit of 
the discovery belongs exclusively t the Dutch engineer, who has, 
besides, the honour of illustrciting oilier parts of statics, and disco- 
vering the laws of equililr’ium in bodies placed on an inclined plane, 
and, ill the French edition of his works published in 1634, an 
enlarged appendix is given, in which he treats of the rope machine, 
and of pulleys acting obliquely. 

* Comm, of the Imp. Acad, of Sciences at St. Cetersburfr. ^ 

t Mem. of Acad. Park, 1769. t Mem. of Acad, of Turin. 

§ liigcnieur Frati^ais. j| Cosmograpliia. 

^ Mccanitpic. •• Mecaniqiie Cclcst.' tom. 1. § 1 . 
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The opinion which is entertained of the different demonstrations 
of this problem may be very briefly summed up. Bernoiiilli has 
given the fii*st complete solution, which we must not confolind with 
his son’s plagiarism on Newton’s doctrine of deflecting forces. 
D’Alembert greatly simiflified and improved the demonstration 
of D. Bcrnouilli ; the solutions of Iliccati and Fonseneix, 
analytical sind concise as they are, rccpiirc an acquaintance with the 
higher mathematics; the demonstration of Bclidor is taken from 
the Journal des Scavans for 17(54. Frisius’ solution may be easily 
comprehended by an ordinarj^ mathematical reader; the dcmcn- 
stratlons of Poisson and La Place are ingenious, but elaborate; 
and with one or two exceptions, none of these can be accounted 
elementar}’ : they are, besides, ver}^ remote from the train of reason- 
ing by which the truth w.ts originally discovered by Simon Stevinus, 
whose name should have obtained a greater celebrity than it has yet 
enjoyed. 

Dr. Robison, whose demonstration, purely geometrical, is the 
most expeditious and simple that luis yet appeared, has blended 
together the methods of Daniel Bernoiiilli and D’Alembert, limiting 
his inquiry entirely to pressures, wilhout at all considering and 
employing the motions which they may be supposed to produce. 
Dr. Gregory, whose mechanics have obtained a distinguished repu- 
tation, employs, if w'c mistake not, the method of Francinur, who 
simplified D’Alembert’s demonstration. 

The problem of the composition and resolution of forces may be 
resolved by a graphical construction, and the result obtained in this 
way has been thought sufficiently accurate for the ordinary purposes 
of mechanics. But science requires greater nicety than can hit 
obtained from any operation purely mechanical, or altogether 
manual. Hence have oiiginated the elaborate analytical demon- 
strations of the French and Italian mathematicians, whom men of 
science in Britain have too servilely follow^ed, without adopting their 
principles and remodelling the problem to render it of general 
practical utility to those w^ho are not deeply read in pure and mixed 
mathematics. Besides, if we desired a text-book for public instruc- 
tion uj)on this individual branch of ineelianics, where shall wc find 
a popidar treatise combining the means with the end for sudi a 
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laudable undertaking? We speak with reverence, when we affirm, 
that there is no treatise, except the one which we produce, that 
embraces, to the same extent, and in such varied application, tlie 
twofold properties of precept and example in this important problem 
of tlic parallelogram of forces. 

The method which we have adopted is altogether different from 
any that we have seen. We have taken hold of all tlie essential 
elements of tlie problem, each of which has been demonstrated with 
rigorous exactness, and familiarly illustrated by examples in such a 
inatiiKT as to make its details available in any course of public or 
private instruction, while it is generally and particularly applicable 
to the mechanics of practical men. It is thus, we conceive, that 
the jiroblein of the parallelogram of forces — itself of boundless 
extent — may be rendered the great basis on which the whole 
doctrine of mechanical science can, with general application, be 
founded. For, when the resolution of this problem is once estab- 
lishcjd, in its simplest form, it conducts by a continual chain of 
reasoning through all the complicated phenomena of physical 
science, building one truth u])on another till the whole rises into a 
sublime and massive pile, involving the various laws and operations 
of the material world. 

This treatise upon the parallelogram of forces, the reader will 
find has been drawn up as a separate and independent work; and 
that its theory has been deduced irom the principles upon which the 
subject is founded, uncouji(‘clod with any other, except in those 
general ])ropositioiis whii'li are applicable alike to all branches of the 
mixed mathematics. This plan precludes the necessity of reference 
to any treatise beyond tlie one immediately under consideration, 
while at the same time, from its o*'' n materials, it permits the reader 
to make himself perfectly master toe subject, and thereby prepare 
himself for ultimately reading the whole of mechanics, as arranged 
in scientific order under their respective heads. And upon this 
jiriiiciplc have the several treatises which we have written upon 
mecdianics been constructed. The advantage of this plan to practical 
iruMi is, that each treatise becomes systematically a text-book, and 
by its examples a practical book of reference in that individual sub* 
j(*ct upon which it treats. 

B 
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To accomplish these objects, it became necessary to handle the 
several subjects very amply ; but in the developement of their jirin- 
ciples vv'e arc not aware that we have introduced more theory than 
would serve for the complete illustration of those principles, and the 
combination of such practical materials as experience or observation 
hail pIcTCcd at our disposal. For, to have extended our tlieory beyond 
this object, or to have involved with a course of reading designed to 
be generally us(;fnl, subjects of mere speculative inipiiry, would have 
added nothing advantageous to our plan, nor interesting among its 
details. On the contrary, in the several articles, our aim has been 
to supply a desideratum in the philosophy of mechanical science, by 
furnishing expeditions and practical methods of operation in its 
general and every-day business. Whether we have sn(‘ceedcd effec- 
tually in c\ery [lartof onr task, the intelligent reader will judge and 
pronounce. Kxcept in their principles, he will find our treatises 
original. Uliis assertion is verified by the matter and manner in 
which these tre^itises differ from the compositions of any of our 
predecessors and contemporaries. 

'Fhe following are the points of distinction to which wc allude. 

In the first place, having established the principles theoretically, 
we have illustrated every conclusion to which our investigations led 
by practical exainjdes. Constructed .after this fashion, each article 
becomes didactic*.; for it is thereby rendered a mimual of priuviji ft*'' 
to the directing engineer, and of practical utility to the operati\ c 
machinist Every principle in the theory is brought under the form 
of an equation, generally of the first or second degree ; and this 
formula is translated, if we may so phrase our thought, into a prac*- 
tical rule, to which are attached examples worked out at full length, 
so that any person who nndei'stands the ordinary coni’se of arith- 
metic, and the use of logarithmic tables, may trace for himself the 
algebraical or geometrical investigations which have preceded the 
examples, and which arc expressed by the general rule. In almost 
all these questions, geometrical constructions, illustrated step by 
step,1iave preceded the numerical o|)eratiuns; and therefore he who 
will become master of the subject by both these methods, must by 
means of the manual operations, necessarily acquire the dexteriry cd’ 
a draftsman, jual, by the iiitellc(*tual process which accompanies 
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the iiddreao and facility of a practicid calculator. VVc know of no 
other work on mechanics which enables its reader to do this. 

In the second place, our investigations are not crowded by a 
nmltiplicity and variety of symbols. We have very sparingly intro- 
iluced the fluxional calculus, or any of the higher departments 
of modern algebra ; hence the simplicity of our notation, and the 
originality of our plan for bringing every separate proposition into 
a concise cijiiation, accompanied by its rule, and illustrated by 
examples, embracing as they do a great variety of practical opera- 
tions, found in various departments of mechanical science, but 
which have hitherto been omitted, as exemplifying the principles 
which w'e employ them to elucidate. 

Of the Plates it will be suRcient to observe. llr?t the diagnims 
which they contain have all been drawn according to the conditions 
t)f the questions upon which they are founded *, and reference is 
made from the diagrams in the plates to the particular examples 
upon which they have been (ionstructed. 

It will be observed that four of the figures on IMatc III. of the 
Centre of Gravity arc counterparts of the wood emgravings in the 
l)ody of the work ; but they have been repeated in this instance 
be(?aus(5 of their great practical importance, and in order to show 
how such figures oi.ght to be constructed, when it is desired to 
obtain ac'curatc w^orking drawings. Some of the diagrams of the 
pulley, White’s for example, have been repeated on the copper- 
plates ; and without this process we could not have exhibited the 
tension on the cords, and equilibrium of the system. 

All the eopper-plate diagrams arc indcpcnident figures, as will 
become niaiiifost by inspection of their details : take, for example, 
those of the Parallelogram of Foi vis : cviTy diagram is itself a 
solution or cxjiosition of the qiiestion on whicli it is founded ; for, 
by rejison of its geometruxil construction and literal description, it 
presents a faithful analysis and composition of the algebraic and 
arithmetical demonstration, incomparably more satisfactory, when 
thus detached, than if placed in the text along with its correspond, 
ing example, and delineated simply by the wood engraving ; and 
what is true of the two plates of diagrams belonging to the Paral- 
lelogram OF Forces, is true also of the three belonging to the 



XU 


INTRODUCTION. 


Centre of Gravity, and those remaining plates which so beauti- 
fully exhibit the various orders of Levers, the Wheel and Axle, and^ 
the all-prevailing Pulley. And pointing to the remark with which this 
volume ends, I cannot help recommending to students of mechanics 
to study Euclid^ s Geometry ; which is “a better key to a great quan- 
tity of useful reading** than any other Elements of Geometry in 
existence ; and which is one of the grand handmaids of sound know- 
ledge in all the mixed sciences, especially mechanics. A good 
geometrician can rarely fail to be a good draftsman. I3ut to proceed : 

As our examples are original, so are the diagrams; which 
Mr. Lowry has executed with his well-known ability, and know- 
ledge of the subjects to which they relate. 

These Plates are, — 

Two on the Composition and llcsolution of Forces. 

Three on the Centre of Gravity of Planes and Solids. 

Four on the Mechanical Powers, viz. — 

Two on the different orders of the Lever, Wheel and Axle, and 
Two on the various combinations of the Pulley. 

The other powers are left for the reader’s exercise ; the diagrams 
in wood being all that our investigations require ; which is true also 
of the other subjects throughout this volume. 

In conclusion wc vtt’ I have now to acknowledge 

the assistance which, in the composition of the work, I have received 
from an engineer and a mathematician, 

Quain, scit uterque, libens (censobo) cxcrceat artem. 

Our united labours in the preparation of the whole of the MSS., 
before a sheet of the work was printed, should be some guarantee 
with the public for the accuracy of the calculations which every 
w'here abound. 


A.J. 
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OF THE COMPOSITION AND RESOLUTION OF FORCES. 


1. The Composition of Forces is that process by which we 
determine the magnitmle and direction of a single force, the energy 
of which shall be equivalent to the energy of two or more given 
forces. 

TJie force thus obtained or determined, is called the resultant^ 
or the equivalent of the given forces, and the given forces themselves 
are called the component or composant forces. 

llie magnitmle or intensity of a force^ is the measure of that 
quantity by which it is expressed; and the direction of a force^ is 
the straight line over which that force would urge a material point 
in a given time. 

'2, For the complete solution of this problem, we shall divide it 
into four distinct cases, in the following order. 

The first ease, is that in which the component and resultant 
forces are situated in the same plane, -md concur in the same point. 

ITie second case, is that in which thr component and resultant 
forces are situated in different planes, hnc concur in the same point. 

The third case, is that in which the component and resultant 
forces are situated in the same plane, but applied to different points 
of the same body. 

And the fourth case, is that in which the component and resultant 
forces are situated in different planes, and applied to various parts 
of the same body. 

In our investigation of these cases, we shall endeavour to avoid all 
prolixity, and confine our inquiries to the simplest combinations that 
necessarily belong to each, giving the subject as it unfolds itself in 
our investigations, all the geners^ty of which it is susceptible. 
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OF THE COMPOSITION AND RESOLUTION OF FORCES. 


CASE L 
Section First. 

OF forces situated in the same plane, and concurring in the 

SAME point. 

3, The general principle for this case is expressed in the following 
Proposition. Any two forces whatever^ have thdr resultant or 

equivalent represented in magnitude and direction, by the diago- 
nal of the parallelogram constructed on the lines which represent 

the given forces. 

For, let the two straight lines ba and ca, repre- 
sent the magnitudes and directions of any two 
forces which concur in the same point a, and 
upon these fines describe the parallelo^am abgc, 
join AG, upon which demit the perpencliculars bn, 
cf; through the point a draw dae at right angles 
to AG, and through the points b and c, draw bd, ce, parallel to ag. 

4. We have to shew, first, that the resultant is represented in 
nuimitude by the diagonal ag. 

To this end, divesting ourselves of all considerations of the 
force AB, let us suppose the two forces ad, an, to act upon the 
point A, at right angles to one another, and that the joint energy 
of these forces, is equal to the energy of some single force (ii) whic li 
is TCt unknown to us. ' 

TTien, it is evident, that, if the energj^ of ad he equal to nothing, 
the energy of r is equal to the energy of an, and eonscquenlly ii is 
equal to an; for equal forces produce equal energies, and the con- 
trary. 

Also, if the energy of an be equal to nothing, the energy of ii is 
equal to that of ad, and consequently r is equal to ad; and*, if both 
these forces vanish, or, if each becomes equal to nothing, thc‘n u also 
becomes equal to nothing, for its energy is equal to nothing. 

Now, because r is unknown, we may supjiose it equal to the 
square root of an squared, added to ad squared, and multiplied by 
some unknown quantity x. ITiis put into the form of an (Hjuatioii 
will read 

R= V {AD®+AN*}a:. 

This being the general expression for r corresponding to all 
values of the forces an, ad, acting at right angles to one another; if 
we now suppose either of these forces, as ad, to become equal to 
nothing, then 

R= a/ (aN“) (an.^t) ; 

and if only the force an should become equal to nothing, 

B= V'(AD")4r=(AD.A:); \ 

but it has been shewn above that, under both these circumstances, 
R=AN, and r=ad, 
therefore AN..r=AN« and ad.atitad ; 
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whence it is evident, that unity, and consequently that 
R= V{an*+ad*}. 

But ad=bn; therefore r= V{an*+bn*}=ab; 
wliich shews us that the joint energy of the forces an and ad is equal 
to the energy of ab, the (Uagonal of the parallelogram constructea on 
the lines which represent these forces. ^ 

In the same way it may be demonstrated, that the energies of the 
forces A£ and af are equal to the energy of the force ac. 

Therefore, since the energy of the force ab, is equal to the joint 
energies of the forces an, ad, and the energy of the force ac, is equal 
to the joint energies of the forces af, ae ; by equal additions the 
energies of the forces ab, ac, are equal to the energies of the four 
forces AN, AF, AD and ae. 

But since the triangle adb is identical to the triangle cfo, there- 
fore ad=fc=::ae; and since ac=bg, therefore af=:gn; and conse- 
quently, since the forces ad, ae, are equal and in opposite directions, 
their energies destroy one another, and because the line af is equal 
to the line gn, it follows, that the joint energy of the forces 
AB and AC, is equal to the energies of the forces an and af, or of tlio 
single force ag. 

Therefore, the resultant of the forces ab, ac, is equal in 
tude to the diagmial of the parallelogram constructed upon the hnes 
which represent these forces. 

5. We arc next to prove that the direction of the resultant cannot 
be otherwise than in the direction of the diagonal ag. 

Here the forces ad, ae, iieing equal and opposite, destroy one 
another; consequently the intensity of the forces an, af, is equal to 
tiio intensity of the forces ba and ca, each to each, and since 
AB : AN : : sin. anb : sin. abn : : sin. nad : sin. bad ; 
therefore, forces of equal intensities acting upon a point in a straight 
line, are to each other inversely as the sines of the angles of their 
inclination to that line. 

Now, let any force (x) in the same plane with ab, ac, act upon the 
point A witli an intensity equal to that of ag, and having its direction 
inclined to de in tlie angle f>, then shall 

or : AG : : sin. gad, or radius ; sin. f ; 

and since our inquiry is to determine if ag can act upon the point a 
with the same intensity in any otiier dire< tion, except in that of the 
diagonal of tlie parallelogram acgb, we have only to sup{)Ose the 
magnitude of the force (x) to be equal to that of ag ; therefore, as 
the two first tenns of the last proportion are equal, the two last 
tenns must necessarily be equal, and consequently, sine f is equal to 
radius, or the angle (f> is equal to a right angle, equal to the angle gad ; 
therefore, the force ag, which is the resultant of the forces ab, ac, 
lying in the same plane with these, cannot act upon de with an 
intensity equal to the intensity of these forces, in any other direction 
except in the direction of the diagonal of the parallelogram con- 
structed upon the lines which represent these forces. 



12 


OF THE COMPOSITION AND RESOLUTION OF FORCES. 


6. To complete our demonstration, we have finally to shew that 
the resultant must always be in the plan£ forces. 

For if it be supposed to be on either side of the plane of the 
forces, another line may be conceived to lie on the other side of the 
plane similarly situated to this line; and since there is no reason 
why the resultant should be situated in one of these lines, rather 
than in the other, it is therefore in neither of them, unless we admit 
that it is situated in both, which is evidently absurd; for then the 
same forces acting in the same manner would produce two di&tinct 
efiects ; in other words, if it be supposed to be out of the plane, and 
on either side of it, let its inclination to the plane be denoted by (0), 
then, the effect of the resultant in the plane of the forces, is equal to 
AG. cos. 0, for the same reason that the effect of the force ab upon the 
ri^ht line ao is equal to bd=abXcos.Zabd: wherc^-'re, if ag lying 
without the plane of the forces ab, ac, can possibly produce the same 
effect as when it lies in that plane, we have 

ag.cos.0=ag .•.cos.6=— =l=radius; " 


that is, the angle 0= nothing, and therefore the force ag cannot lie 
out of the plane of the forces ab, ac. 

Hence the composition of two forces resolves itself into the follow- 
ing very simple problem, the solution of which we shall now proceed 
to mve at full length : 

7. JProb. 1. Given the magnitude and direction of two forces repre- 
seated by the contiguous sides of a parallelogram, to determine the 
resultant of these forces, or the diagonal of the parallelogram. 
From b, the extremity of one of the forces, let fall 
the perpendicularBNon the direction of the other, 
and it will &11 on ap, or on ap produced, according 
as the angle apb is acute or obtuse, both of which 
are represented in the annexed figures. 

First, if the angle apb be acute, we have 
ab*=ap*+bp- — 2ap.pn. by the principles of 
Geometry. 

But if the angle apb be obtuse, then, as above, we shall have 
ab*=ap*+bp*+2ap.pn. 

In both cases we have 

Radius, or 1 : cos. apb : : bp : pn ; 
therefore, pn=bp.cos. apb, 

which value being substituted for pn, in the preceding equations, gives 

1. ab*=ap*+bp* — 2ap.pb.cos. apb, when the angle is acute. 

2. ab*=ap®+bp®+2ap.bp.cos. APB, when the angle is obtuse. 
And, since the signs of the third members 
on the right-hand side of these equations, 
depend entirely on the magnitude of the 
angle apb, therefore, generally, 

i^*=AP®+BP®4:2AP.BP. cos. apb, 
according as the angle apb is acute or obtuse. 
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Let us now represent each of the Unes pa, fb, pc, and ab, by single 
letters, and the angle apb by f in the following manner, for the pur- 
pose of simplifying the equation we have just now handled ; that is. 
Put a=:PAUhe lines which indicate the magnitudes 
and directions of the given forces. 

^=APB, the angle of their inclination, 
r=pc, the resultant or equivalent, 
and (f=zAB, the diagonal of the parallelogram opposite the angle p. 
Then; by substituting, in the foregoing equation, we have 

A cos. 

And because the diagonals of a parallelogram bisect each other, 
ad=db; consequently, 

^ V+A- 4 : 2 aA cos. 

Now it is shewn by the writers on geometry, that in any plane triangle 
Twice the square of the line drawn from the vertex to the 
middle of the hase^ together with twice the square of half 
the base^ is equal lo the sum of the squares of the two sides; 
consequently wc nave 

•2 *-A^l=a^+A*HP 2aA cos.?>+r* 

which by transposition becomes 

r*=a*+A*± 2 aA cos.^ 

and extracting the square root of both members of the equation, we 
finally obtain 

\/{a*+A*± 2 aA cos, p} . . . . (o) 

The truth of this is manifest from the triangle pac, in which the 
angles pa j and apb are supplemental to each other ; and it is known 
from the principles of trigonometry, that an angle and its supplement 
have the same cosine, but they are affected with contrary signs. 

Hence, the expression for one diagonal of a parallelogram, must 
be the same as that for the other, with the exception of the sign 
belonging to that term in which the cosine of the angle of inclination 
occurs. 

If the angle be acute, the upper or positive sign must be employed, 
when that ^agonal is sought which divides the angle of inclination 
into two parts. When, however, it is required to find the diagonal 
which subtends the acute angle, the lower or negative sign must be 
taken.^ And, in both cases, the contrail” will take place when the 
angle is obtuse ; that is to say, the signs will be inverted. 

8 . If (p) the angle of inclination vanishes, then cosine p = 1, and 
consequently equation (a) becomes 

r= v'{a*+**+ 2 aA}=a+A. . . . (A) 
which is as much as to say, (and which is axiomatical,) that the 
resultant, both in magnitude and direction, is equivalent to the sum 
of two forces, by which, in Uiis instance, it is represented. And we 
infer from this equation, diat 

Two forces acting in the same straight Une^ and in the same 
direction^ are equivalent to a single force the magnitude 
of which is expressed bp their sum* 
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Hciicc, two ^'ivcn forces produce the greatest effect when they act in 
the same direction. 

1 ). If (p) the angle of inclination is equal to 180 degrees, then 
cosine f = — 1 , and equation (a) becomes 

— 2ai}=a — b . . (c) 

wliieh is the same as saying, that the resultant, both in magnitude 
and direction, is equivalent to the difference of the two forces which, 
in this case it represents. And we infer from this equation (c), that 
7\uo farces acting in the same straight line^ but in Afferent 
directions, are equivalent to a single force, the magnitude 
of which is expressed by their difference^ 

Hence, two given forces produce the least effect when they act in 
opposite directions.^ 

10 . If or in other words, if the lines which represent the 
magnitude and direction of the given forces be equal, and (p the 
angle of their inclination be 180 degrees, then cosine 9 = — I, and 
equation (a) becomes 

r=V{ 2 a*— 2 a*}=o (d) 

From which we infer, that 

2ioo equal forces acting in the same straight line, but m 
opposite directions, destroy one another. 

11 . If and (p) = 120 ‘'; then, cos. — J, and equation (//) 
becomes 

r=V{2tf* — ...... (e) 

From which we infer, that 

If two equal forces are inclined to one another in an angle 
of 120", the magnitude of the resultant is equal to that of 
either of the forces. 

Consequently, when the forces pa and i»n an? equal to one 
another, the resultant must be expressed in magnitude and direction 
by the diagonal of a rhombus; therefore if a 
rhombus vacb be constructed in the reverse oraer, 
its diagonal pc will be equal and opposite to the 
resultant I’c of the forces, and consequently will 
sustain them in equilibrio (Equation d). Now, 
the direction of the forces being inclined to each 
other in an angle of 120 degrees, the diagonal pc of the reverse 
rhombus will be inclined to each of the forces pa, pb, in the same 
angle, and we liave shewn before, that it is equal in magnitude to 
either of them, therefore. 

If three equal forces are inclined to each other in angles 
of 120 degrees, any one of them will balance the united 
efforts of the other two. 

This IS obvious ; for, as any onp of the forces mutually destroys or 
balances the united efforts of the other two, none of them' can 
prevail 

12 . If ^=90 degrees, and the forces (a) and (b) of any magnitude 
whatever, then cosine f = 0 , and equation (a) becomes 
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r=V{a^+Ir) (/), 

which implies, (and which we have already demonstrated), that 
Two forces^ pa and pd, the directions of which ^ 
coincide with the base and perpendicular of a 
right-ar^led triangle^ have for ttwir resultant 
a force represented in magnUude by the hy^ 
pothenuse of that triangle ; or^ which is the ^ 

same by pc, the diagonal of the rectangle constructed on 
the lines which represent these forces. 

13. If h=£, and f>=90 degrees, then cos. o, and equation (a) 
becomes 

r=:aV2 '•••(g) 

I<>om which we infer, that 

Tkvo forces ap and bp represented in nmgnitude 
and direction by the sides of a square^ have for 
their restdtant a force represented in magnitude 
and direction by the diagonal of that square. 

14. When the forces (<i) and (A) are equal, and (p) an angle of any 
magnitude whatever, then equation (a) becomes 

r=:2av'{i(l=±=cos. p)} 

but \/ { ^ (1 +C08. p) }, or v' { i (1 — cos. (p) } when (p) is greater than 
90 degrees, is equal to cos. J p*; consequently by substitution, 
r=2a cos. (h) 

15. Hence it is manifest, tharf: equation (a) resolves generally the 
j)roblem of the composition of two forces situated in the same plane, 
and concurring in the same point, while equation (/i), whic*h is 



* IVo/fl A, When the forces (a) and (6) are equal, and 
tile angle (^) of any magnitude whatever, then equation 
(a) becomes 

r:=2a i^{ 5 (1 it cos. ^) } 

Tbit in this case, >/ { i (1 di cos. ^) } = cos. J 0, 
which we shall illustrate in the following manner : — 

On on describe a semicircle, and let Aii and bd be any two arcs, of which 
All is double of ud; and let the arc Au be denoted by 0; then will the 
arc 0. Draw the chords ab, ao, and from the imint a, in the circiiiu- 

fereuee, let fall the perpendicular ab upon the diameter gb, then we have 
CB = cos. 0, and cfiz i AOZZ cos. } 0 ; 

And if the radius CD or CG be assumed equal to unity, 

BQ zz2, and gb = 1 i- cos. 0 ; 
and because ag is double cf ; ag’ 4 gf' zz 4 cos^ T 0* 

Hut AG^BG . GE =2 (1 +BOB. 0 ) ; therefore 4 cos*, i 0=2 (1 -f cos. 0) ; 

and cos. 4 f COS.0) }. 

Next for the small letters, when u a = 0, Wi* shall have 

0 6 = — cos. 0; cf:z:iaazz cos. i 0 ; and G c = 1 — cos. 0 
In this case also, Vi a* = 4 c/*z= 4 cos*. 4 0 
But . . . . a 6*= BO . G e = 2 (1 — cos. 0), 

/. 4 cos*. 4 0 =2(1 — COS.0), 

cos. 5 ^ =>y{i (1 — cos. 0) }. 

And, therefore, for the different values of 0 we get 
cos. T 0 = v'{l(l±cos.^)J. 



Bs D. 
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simpler, applies only to the limited case of two e^ual forces. And 
hence arises the following most general proposition, which is thus 
expressed by Dr. Robison : — 

" JJT fl material point be urged at once by two pressures^ 
whose intensities are proportional to the sides of any 
parallelogram^ and which aet in the directions of those 
sidesj it is affected in the same manner as if it were acted 
on by a single force, whose intensity is measured by the 
diagonal of the parallelogram, and which acts in its 
direction. 

Or, two pressures, having the direction and proportion 
of the sides of a parallelogram, generate a pressure, 
having the direction and proportion of the,diagonaV* 

In a subsequent part of our work, this proposition is condensed 
and exhibited in a more definite and simple form. 

We shall now endeavour to illustrate this doctrine by a few select 
examples, prefaced by rules which may be considered as popular 
or arithmetical translations of the formulm (a) and (A). By this 
means we shall enable such of our readers as are unacquainted with 
algebra, to calculate expeditiously and correctly the magnitude of 
the Resultant of any two given forces, whether those forces are equal 
or unequal, and wWever may be the inclination of their directions 
to one another. 

16. The practical rule afforded bj^ equation (a), is as follows 
Rule. To or from the sum of the squares of the two contiguom 

sides of the parallelogram, or lines which represent the niagiii^ 
tildes of the forces, according as the angle of inclination con- 
tained by their directions is acute or obtuse, add or subtract 
twice their product multiplied by the natural cosine of the con- 
tained angle; then, the square root of the sum or difference, will 
be the diagonal of the parallelogram, or of the resultant of the 
two forces. 

Examples for practice under this rule. 

17. Example 1. Suppose a force equivalent to the pressure of 
83 cwt acting at a given point in a body, and in a certain direction 
is assisted by another force of 56 cwt. acting at the same point but 
in a direction inclined to the former in an angle of 45 degrees ; 
what must be tlie magnitude of a single force to produce the same 
effect? 

Construction. Let ap=83, taken from any 
scale of equal parts; dp=56, taken from 
the same scale, and with a chord of 60° 
make the angle apb=45°. Complete the 
parallelogram acbp, and pc the diagonal will 
be the equivalent, which, being taken from the same scale from which 
AP or BP w'as taken, will measure 128-83 equal parts. 

Arithmetical solution agreeably to the rule. Here we have the 
natural cosine of 45^ z= . 707. ' 
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a*=83 X 83 = 68891 

tf*=66 x 56 = 3136/“® 

a^+b^ = 10025 [angle f is acute. 

2 ab cos. P=2 X 83 X 56X -707 = 6572«272, add because the 

Hence oh cos. ^ =16597 *272 

And V {a^+Vf^ahQO%. f] = V 16597 -272= 128-83 cwt 

consequently, a single force capable of producing the same efiect as 
the two given forces of 83 and 56 cwt respectively, is 128*83 cwt 

18. Example 2. Suppose that two forces act at a material point 
in a body, the one equal to 20, and the other equal to 30 horses’ 
power, and that their directions incline to one another in an angle 
of 75^ 30' ; what is the m^itude of their resultant, or of a single 
force equivalent to their joint energy? 

Here we have a=20, 5=30, and p=75° 30', the natural cosine 
of which is -25038, therefore by rule 1, equation (a), we have 
a«=20 x 20 = 400 

5-=30 X 30 = 900 [angle p is acute. 

2a5cos. p=2X 20X30 X -2538 = 300*456, add because the 

then a^+b^+ 2 ab cos. ^ = 1600*456, and by extracting 

the square root, we have for the diagonal of the parallelogram, or 
the resultant of the given forces, 

r= V1600-456=40 horses’ power nearly. 

19. Example 3. Suppose a ship to sail N.N.E. 40 miles in a cur- 
rent that sets S.S.E. 25 miles in me same time, what is the absolute 
distance passed over by the ship? 

Here we have given a=40, 5=25; and from a table of rhombs 
we find that the angle which the ship’s course makes with the 
direction of the current, is 12 points of the compass, or 135 degrees; 
its natural cosine is — *70711 ; ttien by equation (a), or its rule, wc 

#^=40 X 40 = 1600 

25 x 25 = 625 u obtuse. 

— 2aico8.p=2 X 40 X 25 X — >70711 = 1414 • 214, sub.becau8eanglc 

Then e^+i* — 2a6 cos. p = 810-786, and by extract- 

ing the square root of both sides of the equation, we hare for the 
magnitude of the resultant, or the ship’s distance, 
r= V {810-786} =28-456 miles. 

20. CoroA If the sides of the paralellogram, or the magnitudes 
of the given forces, be estimated in i:.che8, fee^ yards, or any other 
linear measure, as in the last example in miles, then the resultant 
must be estimated in the same measure, '^e forces in the first 
and second examples are represented by w^hts or pressures, and 
the resultant is accordingly represented by so many of the same 
weights. But this is, indeed, tne amplest manner i^ whidi a force 
can be represented, and it accords perfectly with oiur definition of 
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force ; consequently, having established the principles of composition 
from thc«consideration of lines, it will be sufficient hereafter, in all 
practical operations, or the examples we may introduce, to con- 
template the forces as being represented by weights, and this will 
very materially assist the conceptions we form of equilibrium, or 
balanced rest, and greatly facilitate the numerical processes ; for, 
without all doubt, weight is the simplest representative of forces 
since it is the property of heaviness or lightness which all bodies 


must possess. 

21. The practical rule afforded by equation (4), is as follows. 
Rule. Multiply the sum of the given forces by the natural cosine 

of half the angle contained by their directions^ and the product 
tvill be the diagonal of the rhombusy or the resultant of the 
given forces. 

Examples to equation (//). 

22. Example 1. Suppose two forces, each mea- A 

sured by a weight of 6 tons, act simultaneously 

on a material point, in directions inclined to each p<^- 

other in an angle of 58° 36'; what must be the ' 

magnitude of the resultant, or of a single force, b* 

to produ(*.c the same effect ? 

Half the angle of inclination is 29° 18'; its natural cosine is 
872, therefore, 

6+6 X •872=10*464 tons, tlic equivalent single force. 


23. ExaxMple 2. Let the forces remain as 
above, but suppose the angle of inclination to be 
156° 12'; what then is the magnitude of the 
resultant ? 



Half the angle of inclination is 78° 6', its natural cosine is *2062, 
therefore, 

• 6+6 X ’2062 =2 *4744 tons, the magnitude of the 

resultant, from which we infer that • 

JTie greater the inclination of the directions in which the 
forces act^ the less is the magnitude of the resultant or 
equivalent force. 

But tnis inference might have been previously drawn ; for it has 
been shown (equation d), that when ttie angle of inclination is 180 
degrees, the resultant vanishes. 

24. Corol, One thing will have become obvious to the reader in 
these examples. It is this. We take no account of the figure of 
any bodies producing equilibrium. We consider only the mutual 
action of the forces as directed to single particles or physical points, 
as if all the matter of which any body is composed, ( whetner weighing 
one grain or one thousand tons), w^ere concentrated in a single point. 
If one force balance another, the energy of the one must be mea- 
sured by tlie energy of the other. If the one force act by pressure, 
its weijght must be estimated only by pressure ; if it act by traction, 
its weight or force must be estimated by tractipn. But, in order 
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that these measures may be accurate, they must invariably be con- 
nected with the magnitudes which they are employed to measure, 
and so connected, that, if we transpose them, their mutual energy 
must remain the same. 

Dr. Uobison veiy justly remarks, “We do not perceive force 
as a separate existence from the magnitude. Our measures 
of force, therefore, are necessarily connected with the magnitude 
which they measure, and their proportions are the same,, because 
the one is always an inference from the other, both in species and 
degree.”* Nor can we have any knowledge of the forces^which 
may balance two or more bodies, different irom our knowledge of 
their effects. Every denomination, therefore, of force is descriptive 
merely of its effects: these denominations — ^as the terms, com-* 
ponents, resultant, &c. — ^are mere names of reference to the sub- 
stances in which the forces are supposed to reside. And whenever 
a force of a given measure, or magnitude, is opposed by another 
equal force, the existence, energy, and intensity of the antagonist 
force, is detected and measured by means of the force exerted. Tlie 
quiescent state of the body — its position in balanced rest — ^results, 
as our examples have proved, and as the subsequent examples in 
this case will most amply demonstrate — from the known action 
of one power over another, whose measure, indication, or character- 
istic, is ascertained in this way. ^fhus, forces are recognized, not 
only by the effects they produce, but also by the effects or conse- 
quences which they prevent. We have not, however, yet arrived at 
tiiat branch of our investigation of the ParalcUogram of Forces, 
where the disquisitions, which enable us to investigate forces or 
energies, arc susceptible of those relations from which we may draw 
such conclusions as shall prove, not merely that statics is a demon- 
strative science — one of the disciplines accurates — but that, in fact, 
it is the basis of natural philosophy. Our inquiry hitherto applies 
only to the determination of the resultant, or equivalent of two given 
forces, and questions of this nature generally propose a double 
object, which may scientifically be expressed in the following — 

Proposition. To find the magnitude and direction of a single 
force whose energy shall he equivalent to that of two given forces. 

When the solution of this problem is conducted graphically, both 
these objects are accomplished at once by the manual construction ; 
but in a numerical process, each must be determined separately 
from the other. We proceed, therefore, to inquire by what means 
the direction of the resultant is to h\ discovered. 

For this purpose, let j^ihapc, the angle which pc, 
the direction of the resultant, makes with pa, the 
direction of one of the forces, pressures, or dead 
weights; then, by plane trigonometry, 

we have sin. or : sin. pac 1 1 ac : pc ; 

* Mec. Phil. vol. i. p. 20. Brewster’s Edition. 
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but AC = 6 ; sine PAc=sin. because the sine of an arc is the same 
as the sine of its suiiplemenl^ and K=^/{a*+i*±2ai coa fi); 
consequently, by substitution, we obtain 

sin. or : sin. fllb : V {a*+b*± 2abcos.p}, 
and this, by converting the analogy into an equation, becomes 
sin.x [a*+b*^^ob cos. f^ — b sin. p; 

Therefore, by division, the expression for the vdue of sin. sr is as 
Mows, .viz. \ isiiLp ..V,.;, 

pin- X = . . . • V*/ ‘ V 

f V {a* + A*± 2 a4 cos. f] 

In this equation, it is supposed that pc, the resulting direction of 
the two forces ap, bp, and which in this case, we call the magnitude 
of the resultant, or the diagonal of the parallelogram, has been 
previously ascertained, the denominator of the fraction or radical 
quantity indicating its measure, as has been already shewn in 
equation (a) ; but, hy the nature of the subject, it is not necessary to 
make any previous calculation ; for the an^le apc or acp can easily 
be found in terms of a, and 9, without previously knowing the value 
of the resultant r. 

26. If the forces a and b are equal, and 0 less than a right angle, 
then equation (2) becomes 


sin. X = 


sin. p 


2v'{i(l+cos. p)\ 
and it has already been shewn (art 14), that 
v' { i (1 + cos. p) } = cos. i p\ 
wherefore, by substitution, we obtain 
sin. p 


sin. X = 


2 cos. ^ p ^ 
but by the arithmetic of sines, 
sin. p . I * 

consequently we obtain, 

sin. X = sin. \pi and x = i 



* Note B. Which may be thus demonstrated. Let ab and bd 
be two arcs, of which ab is double of bd, and let ab and bd be 
respectively represented by p and } p. Draw ab, and from 
the point A let fall the perpendicular ae; then we have 
AEssin. 0 ; CF=cos. and AB=:29in. \ p', therefore, if nc 
be assumed equal to unity, we have, from similar triangles 
BAB and BOF, the following analogy : 

1 : 28 in. l 0 ::cns. i^rsin. 0 ; 

or by making the product of the mean terms equal to the product of the 
extremes, we obtain 

2 sin. 1 0 cos. | 0 =sin. 0 , 
consequently, by division, we have the equation 

sin. 0 

which it was our purpose, by this note, to demonstrate. 
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Hence ire infer, 

TAa^ the resultant of two equal forces concurring in a 
point, bisects the angle of their inclination ; 
and generally, that 

The resultant of any two forces concurring in a point, 
divides the angle of their inclination into two parts, which 
are such, that the sines of the parts are to each other, 
directly as the magnitude of the forces. 

Therefore, to determine the direction of the resultant of two 
given forces, it is only necessary to resolve the following very 
simple problem. 

27. Problem. To divide a given angle into two such parts, that 
their sines may be to one another in a given ratio. 

Let as before, jr=the angle apc, then will (p-i- jr)=:the angle 
Acp or CPB, and by trigonometiy we have 

sin. X : sin. : a, 

a proportion which agrees with the general inference given above ; 
therefore, by converting the analogy into an equation, by multiplying 
severally the extremes for one member and the means for the other 
member, we obtain 

b sin. ( 9 — •ar)=a sin. or; 

but sin. (p — jr)=sin. p cos. x — cos. p sin. x,* therefore by substi- 
tion, transposition, and division we finally obtain 

a 

cot ar=“Cosec. p+cot. p. 
h 

This equation gives that segment of the angle adjacent to the force 
a, but if that adjacent to the force b were required, the equation 
would become 

h 

cot X = —cosec. p+cot p 

And if p the given angle of inclination be obtuse or greater than a 


* Note C. This will be obvious from the following demon- 
stration. 

Let AU ana bd be any two arcs of which ba is 
greater than bd, and let ba and bd be respectively denoted 
by the letters p and x ; then is ad, the dinerence of ba, bd, 
equal to (p — x). Draw the radii cb, od and OA, and from 
the point a let fall the perpendiculars ae and af ; then 
AEssin.p; CE=cos. pandAFssin. 4?), consequently by similar tri- 
angles we have 

rad. : AO : : cos. x: AS • 

But AOssAE— oe ; thatis.AOsssin.p— cos. p tang. and we have shown 

above that AF=sin. (p — 4 :) hence our analogy becomes 

rad. : (sin. p— cos. p tang, x) : : cos. x : sin. (p— *r). 

Therefore, by equating the products of the extreme and mean terms, and 
putting radius equal to unity, we have by the arithmetic of sines, 
sin. (p— j)ssin. p cos. r— cos. p sin. x 



q. E. D. 
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right angle, then cot f is negative, and the equation in a general 
form for either segment of the angle becomes 

1 -^cosec. f ± cot f i 
cotar='\ , > (A) 

/ — coscc. p ± cot. p \ 


28. If the forces a and b are equal, and p less than a right 

angle, then cot or = coscc. p+cot p.- 

But cosec. p+cot p=cot ip;* therefore cot jr=cot ip, and 
ar=ip, the same as have shewn it to be in the case of equal 
forces from equation (i), article 26. 

If p were taken greater than a right angle, the resultant would, 
notwithstanding, be the same; this is evident fi’om.thc construc- 
tion ; for when the forces are equal, the figure is a rhombus, and 
the diagonals of a rhombus bisect the opposite angles. 

29. The Algebraic formula for calcula'^mg the direction of the 
resultant, or the angle of its inclination, with the direction of cither 
force, may be expressed in the following practical rule, which wc 
shall illustrate by a scries of examples. 

Rule. Divide the magnitude of one of the given forces by the 
magnitude of the other, and multiply the quotieiit by the natural 
cosecant of the given angle of inclination; the^i, to or from the 
product, according as the given angle is less or greater than a 
right angle, add or subtract its natural cotangetU, and the sum 
or remainder tvill be the natural cotangent of an angle, tvhich 
exjjresses the inclination of the resultant to the direction of that 
force whose mag^iitude is made the dividend in the first step of 
the operatUm. 

30. Example 1. The magnitude of one force is expressed by a 
weight of 46 tons, and that of another concurring in the same ])oint, 
but inclined to the former in an angle of 78° 36', is expressed by a 


* Note D. It will be satisfactory to demon- 
strate til at coscc. 0 + cot.0 = cot. \ 0. For this 
purpose, let bge be a cniadrant of a circle, 

BA any arc represented by 0, and bd another 
arc equal to the half of ba be represented 
by i0. Through the point e draw the 
straight line eg jiarullel to cb, and produce 
the radius OA to f and CD to o; then it is evicent from the definitions of 
Trigonometry that 

CFsscosec. 0 ; EF=cot. 0; and EG=cot. 10. 

Since the straight line eg is by construction jiarallel to cb, the angle 
BCG = the angle fgc ; but bggsssfcg, each of them being equal to half of the 
angle acd ; therefore the angle rcG is equal to the angle fgc, and conse- 
quently the side FO is equal to the side gf; that is, fg is equal to 
cosec. 0 ; hence, 

cosec. 0+COt. 0=:COt. }0. 

The same demonstration will hold for the small letters, only it must be 
observed that ]^=cot. 0 is negative, because it is tal^en in the contrary 
way to EG. 
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weight of 92 tons; what an^le does the direction of the resultant 
make with the direction of either force ? 

Here we have 92-f-46 =2for AP-7-DP,ora-5-A, 

Natural cosecant of 78° 36'= 1*02012 
Natural cotangent of 78° 36'=0*2016^i conse- 
quently by the rule it is 

(1*02012 X 2)+0*20163=2*24187, which is 
the natural cotangent of 24° 2^ 22" 5. 

Now, in this example the measure of the greater force was made 
the dividend, hence, the direction of the resultant is inclined to that 
of the greater force in an angle of 24° 2' 22" 5, and of course its 
inclination to the direction of the lesser force is 54° 33' 37" 5. 

Tliercfore by the general inference to equation (*) we have 
sin. 24® 2' 22" 5 : sin. .54‘> 3^3' 37" 5 : : 46 : 92. 

From this also the ma^itudo of the resultant can easily be 
determined For, in the triangles pac or pbc, we have given all the 
angles and two of the sides, from which to determine tlie other side, 
"riiercfore, by plane trigonometry, it is 

sin. 24° 2' 22"J : sin. 78° 36': : 46 : 110*69 tons, the measure 
of the resultant The operation at length is as follows : 

24° 2' 22"i log cosec. . . . 0*390013 

78° 36' log sine .... 9*991346 

46 log 1*662758 

Natural number 110*69, sum of the logs . . 2*044117 

31. Example 2. If the given angle of inclination had been 
101° 24' the supplement of 78° 36', then the natural cotangent of 
101“ 24' would be subtractive, consequently, the 
inclination of the resultant to the direction of the 
greater force would be 28° 32' 28", and its inclina- 
tion to the direction of the leaser force would be 
72° 51' 3*2", the magnitude of the resultant in tliat 
case being 94*37 tons. 

32. Kxami'I.e 3, Suppose that at a material point in a body, two 
forces act, the one equal to 20, the other equal to 30 horses’ power, 
iiud inclining to each other in an angle of 75° 30'; what is the 
inclination of the resultant to the greater force ? 

Here we have given a=20, 5=30, and ^=75° 30', w'hose natural 
cosecant is 1*0329, and its natural cotangent is *2586, then, by 
equation (k) or its rule, we have 3^’ 20= 1*5, consequently 

cosec. ^+cot p= (1*5 X 1*0329) +*2586=1*80795= 

natural cotangent of 28° 56' 51", being the quantity, or angle, 
which the resultant makes with the greater force. 

33. Example 4 Suraose that a ship sails N.N.E. 40 miles in a 
current that sets S.S.E. 25 miles in the same time; what is the 
ship's true course, or her deviation from the apparent course ? 
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Here we have given a =:409 i&:=25, and 9=135°; the natural 
cosecant of which is 1*4142, and its natural cotangent is — 1. 
'Hien, by equation (k) or its rule, we have 40-s-25= 1*6. 

Consequently y cosec. 9 — cot 9 = 1*6 X 1.4142 — I = 1*26172= 

natural cotangent of 38° 32' M", which 
falling eastwai^ increases the ship’s course 
by its quantity ; hence the angle between 
the ship’s way and the meridian is 

22 ° 30'+J38° 22' 36"=60« 62' 36" 

And this in nautical phraseology is 
5 points 4° 37' 36"; or N.E.byE.4° 87'36"E. 

34 Example 5. If the influence of the 
moon on the waters of tEe ocean be to that 
of the sun as 9 to 2 ; when the« sun and 
moon are in quadrature at the time of the equinox; how many 
de^ees is the moon distant from the meridian of the place where 
it is full tide, supposing these celestial bodies to be situated in the 
plane of the equmoctid ? 

This is simply to find the angle contained between the line which 
marks the elevation of the tide, and that in which the attraction of 
the moon is exerted, for we have given a=9, 5=2, and 9=90° ; 

Its natural cosecant is 1 , and its natural cotangent is 0 , 
consequently by equation (k) or its rule, we have 
^ 9-i-2=4*5; therefore 

y cosec. 9 +cot 9 = 4*5 X 1 +0=4*6=nat cot 12° 31' 44"; 

hence the moon is 12° 31' 44" distant from the meridian of the 
place of full tide, 

and the sun is 77° 28' 16" distant from it 

35. instead of supposing the sun and moon to be situated in 
the plane of the equinoctial, we were to admit them to have any 
other position, then it is necessary to know the sun’s place in the 
ecliptic, and the moon’s place in her path through tne heavens, 
which data can be found from the Nautical Almanac for any instant 
of time. 

Now, supposing the centres of the sun, moon, and earth to be 
the angular points of a rectilinear triangle, the plane of this triangle 
being produced, will become a great circle in me heavens, and the 
equivalent of the forces of the sun and moon will make an angle 
with the moon’s direction such that 

cot jr=4*5 cosec. 9 =t: cot 9 . 

This angle may be considered as the portion of a great circle, (in- 
tercepted between the moon’s place and the meridian), whose plane 
passes through the centres of the sun, the moon, and the earth; and 
the difference between this angle and 9 , iiiill evidently be the distance 
between the meridian and the sun. ' 
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36. In the preceding equation however, 9 is unknown, but if we have 
the places of the sun and moon ai the instant to which our inquiry 
refers, its determination involves nothing beyond the solution of that 
case of spherical trigonometry, where two sides and the contained 
angle are given, and it is reqmred to find the other side. 

Now, the two sides of the triangle are, the sun and moon’s dis- 
tances from the pole of the ecliptic, and the included angle is the 
difference of their longitudes; and the third side found by the pro- 
cess, is that portion of a great circle passing through the places of 
the sun and moon, which measures the angle 9 between the direc- 
tions of the attracting forces. 

Put D=the difference between the longitude of the sun and moon, 

and I zrthe moon’s latitude ; then, 

I lie formula of calculation for the value of 9 is as follows, viz. 
cos. 9= cos. i> cos. /. 

Before we proceed further, it may be expedient to furnish a 
demonstration of this equation, though in doing so we shall be 
led into a slight digression from the move ii^;..id form in which our 
general investigation proceeds.* 

* Note E. Draw the straight line ca, 
of any convenient length wliatever, anti 
about the centre c, with the distance 
CA, describe tJie circle aiide, on wliich 
lay off th(i portions ad and iiD, respect- 
ively equal to the giv<Mi sides of the 
spherical triangle, and join cb and cd ; 
then are the angles Acn and bcd angles 
at the centre of the sphere, measured 
hy the ares ab and iid on its surface. 

From the point a, let fall the perpen- 
dicular AG meeting cb in the point g ; 
produce ag to meet on in p, and at the* 
point G make the angle pgh equal to he given angle contained between 
the planes Acu and non, whose line of coinmoii section is on; make g 11 
equal to ga, and join hp ; about f, as a centre 'ivith the distance fh, 

(I escribe an arc cutting the circle AiinF- in the point k, and draw bo \ then is 
the arc de, which measures the angje dor at the centre of the sphere, the 
required side of the spherical triangle. 

For, if the planes acb and doe he made to turn about the lincis on and on, 
till CA coiiieide with CK, the solid thus formed is a trilateral pyramid, wlioso 
vertex o is at the centre of the sphere, and whose base is a i)ortion of the 
splieric surface, bounded by the circular arcs ab, bd, and be, which are 
obviously the sides of a spherical triangle measuring the angles aob, bcd, 
and DCE at the centre of the sphere. 

Again, if the triangle ghf be made : ^um about the line gf till gh coin- 
cide with GA, and fh with fb, then will the plane hop be perpendicular to 
the plane bcd, and coiiseqtieritly*perpendicular to the line cb ; the angle 
FGH therefore measures the inclination of the planes acb, bcd, and of course 
the inclination of the ares aji and bd. 

Let .n = the angle acb, or arc ab, one of the given side.s, 
n = the angle nco, or arc bd, the other given side, 

D =: the angle pgtt, contained between the sides ab and itn, 
and 0 the angle dce, or arc de, the required side. 

E 
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ITiis expression evidently indicates a right-angled spherical tri- 
angle, in which the base and perpendicular d and I are given, to find 
p the hypothenuse ; and accordingly, by referring to the circles on the 
sphere, we find that the distance of the moon from the ecliptic;, 
measured on a circle of celestial latitude, constitutes the perpen- 
dicular, while that portion of the ecliptic intercepted between the 
secondaries passing through the centres of the sun and moon, is the 
base, and the distance between the centres of the sun and moon is 
manifestly the hyjiothcnuse. - This latter view of the subject adds 
much to its simplicity, for the value of f, the angle contained by the 
directions of the attracting forces, is then found by simply adding 
together two logarithmic cosines, without the necessity of any 
lengtliened trigonometrical operation. 

If, however, the places of the luminaries be refoiTcd to the 
equinoctial instead of the cc.liptic, this abridged method of calcu- 
lation will not hold, for then the triangle which involves the condi- 
tions of the problem becomes oblique, and in consequence, must be 
resolved by the formula appropriated to that case of spherical tri- 


Now, if the straight line CG he considered as radius, and assumed equal to 
unity, then, 

OA = sec. m, and ga =r tan. m, 

CF = sec. n, and gf = tan, n ; 

but by construction, on is e(][uul to ca, and gii equal to ga ^ consequently 
we have 

CF. = see. m, and nn =: tan. 

respectively, as marked in the figure; then, in tho triangle pon we have 
given the two sid(!s g ii = tan. m; g f = tan. r/, and the contained angle 
FGiir=D ; to find tlie side hf equal to fe. 

Tlieroforc, by what we liavc denioiistrated in Article 7, we get 


IIF or FE =>/tan.“;« -f tun/ra — 2 tan. rn tan. n cos. i) ; 
then in the triangle fck, we have given the sides CB = sec. m, CF=scc. n, and 
FE as detenriiiicci abov(>, to find tho angle fge, or arc dk = 0. 

AVherefore (by the princijdes of Trigonometry) we get 

seejm + sec. — tan. m — tan.^a + 2 tan. m tan. n cos. d* 

cos. 0=- ; 

^ 2 sec. rn sec. n ’ 

but sec*, rn — tan*, m + sec*, n — tan*, n = 2 rad*.=s 2 ; therefore, by substitution 
and division, it is 

1 -f tan. m tan. n cos. D .... 
cos. 0 = ; that is. 


sec. m sec. n 
cos. 0 = cos. m cos. n + sin. m sin. n cos. d. 


( 1 ) 


This is the general expression for the value of cos. 0, attention being paid 
to the algebraic sig.qs, according to the magnitudes of the given arcs n, 
and D ; but to accommodate the formula to our present purpose, we must 
put m = 90°, the. sun’s distance from tho pole of the ecliptic, 
n = tK)° — /, the moon’s co-latitude, 
and D s= tlie difference of the longitudes of the sun and moon ; 
then our general expression becomes 

cos. 0 = cos. 90° cos. (00° — /)+ sin. 90° sin. (90° — 1 ) cos. d 
but cos. 90°s= 0 ; sin. 00°=:1, and sin.(90°— 1 ) s= cos. consequently, by substi- 
tution, we have crs. 0scos. I cos. d. ^ (2) 

Q. E. D. 
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angles, in which two sides and the contained angle are given, and we 
are required to find die side opposite to the given angle. Here, the 
distances between the equinoctial and the centres of the sun and 
moon, or the codeclinations, arc the sides of the triangle given, and 
the difference of the right ascensions of these luminaries is the 
measure of the contained angle. 

Let i/=the declination of the sun, 

S=the declination of the moon, 

andD^= the polar angle, or the difference between the right ascensions. 
Then, if d and S, with their proper trigonometrical terms, be sub- 
stituted for m and n in equation (1) [article 35, note £] we shall 
obtain 

cos.^=cos.(90®±d)cos.(90®±/^)+sin.(9()®±f/) sin.(90®±o) cos.d^; 
but cos. (90" it d ) = an. d; cos. (90" d: c) = sin. ; sin. (90" d:id):=z cos. d^ 
and sill. (90" ± r5)=cos. 

consequently, by substitution, the above equation becomes, 
cos. f»=sin. d sin. 3+cos. d cos. B cos. o'. 

Tlie equation thus transformed, is better adapted to the purpose 
of calculation than the one from which it is derived, as it prcclucles 
the necessity of employing the polar distances, the declinations 
themselves being sufficient ; but very particular attention must be 
paid to the signs of the quantities, if one or both of the declinations 
happens to be south, or towards the depressed pole. 

In equation (2) [article 35, note E], we have put / to denote the 
moon’s latitude, and d for the difference between the longitudes 
of the sun and moon ; the sun’s latitude being so small, it does not 
sensibly affect the rectangular character of tlie triangle. If, then, 
n denote the difference of longitudes in one case, and d' the 
ditterence of right-ascensions in the other, the two equations which 
riifer the bodies to the planes of the ecliptic and equinoctial, are as 
follow, viz. : 

I. When the bodies are referred to the ecliptic, 

cos. p = cos. / cos. D. 

II. When the bodies are referred to the equinoctial, 
cos. p = sin. d sin. B + cos. d cos. B cos. 

An example for eacJi supposition will be necessary in this place, 
as the solution of the primary problem is incomplete till we have 
determined tlie value of p. 

37. Example 1. If, when the sun’s longitude is 163" 22' 15", 
that of the moon is 203" 55' 44", at what point does the meridian 
of the place where it is high-water in * rSfect the great circle passing 
through the centres of the sun and moon, supposing the moon’s 
influence on the waters of the ocean to be to that of the sun in the 
ratio of 9 to 2, and that her latitude at the instant of observa- 
tion is 4® 18' 28"? 

Here we have given, / = 4® 18' 28" and d = (208® 55' 44" — 
163" 22' 15") = 40® 33' 29", and the bodies are referred to the plane 
of the ecliptic ; hence we get 
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COS. (f>^ = COS. 4" 18' 28" cos. 40® f‘33' 29"; 
or, by logarithms, it is 

/ =z 4° 18' 28" - - log. cos. 9*998771 
D =40 33 29 - - log. cos. 9 '880670 

p=40 44 48 log. cos. 9-879441 

Then, to find the point where f is intersected by the meridian of 
the place where it is high-water, we have from equation {k) 
cot. X = 4-5 coscc. <f> + cot. p; 

but the natural cosecant of 40® 44' 48" is 1-53206, and natural 
cotangent is 1-16069 ; therefore we get 

cot. ;t=4*5 X 1.53206+ 1-16069=8*0.5496 =nat. cot. 7® 4' 37"; 
consequently, the place where p is intersecjted by the meridian is 
7® 4' 37" distant from the centre of the moon, and 3^3® 40' 11" dis- 
tant from the Cbiitro of the sun ; or rather, the line of high-water is 
inclined to the lines of attraction in those angles. 

38. Example 2. It^ when the sun’s declination is 6® 32' 32" north, 
his right-ascension is 164° 40' 45"; required the same as in the 
last example, the moon’s right-ascension at that instant being 
203® 44' 30", and her declination 5° 17' 8" south, the ratio of the 
attractive influences remaining as before. 

Here we have given, d = 6® 32' 32"; h = 5® 17' 8", and 
d'= (203® 44' 30"— 164® 40' 45") = 39® 3' 45^ and the bodies are 
referred to the plane of the equinoctial ; hence we get 
cos. p =— sin. 6® 32' 32" sin. 5® 17' 8"+ cos. 6® 32' 32" cos. 5® 17' 8" 

eos.‘39® 3' 45"; 

or, by logarithms, it is 

6® 32' 32" - - log. sin. 9*056658 6® 32' 32" - - log. cos. 9*9971 62 

.5 17 8 - - log. sin. 8*964352 5 17 8 - - log. cos. 9*998149 

--01050 log. 8*021010 39 3 45 -- log. cos. 9*890118 


0*76812 log. 9*88.5429 

consequently, we have 

0-76812 — 0*0105 = 0*75762 = iiat cos. 40® 44' 48", 
and tlie ])oint of intersection is found as exiubited above. 

39. Having now sh(?wn the method of calculating the inclination 
of the resultiint to the direction of each of the component forces, 
independently of its magnitude, and also how to (*alculate the m^- 
nitude without adverting to the direction ; it therefore only remains 
to generalize the subject by including both conditions in one simple 
and definite problem, as follows : — 

Problem. Given the length of two contiguom sides of a parnllelo- 
gram^ with the angle of their inclination^ to find the length of the 
diagonal drawn from that angle, and also the segments of the 
angle made hy the diagonal* 

Tms is the problem to which we referred in Article 15, and which 
is ill verily what the writers on mechanics, our predecessors and 
contemporaries, have denominated the parallelogram of forces ; 
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a problem the most important in the theory of statics ; and we have 
on this account given an independent determination of each condition 
ill the equations (a) and (A:), and another of a mixed and more com- 
plex character is invested in equation (2), Note E ; but, on tlie whole, 
wc are persuaded that our readers will find the independent operations 
the most instructive; and, with this conviction, we therefore consci- 
entiously recommend their adoption. The examples introduced under 
the several rules justify this remark. We shall now therefore proceed 
to shew that this problem extends beyond the composition of two 
forces. For, since the combined action of two forces puts the 
material point or body into the same state as if their equivalent 
alone had acted upon it, we may suppose this to have been the case, 
and then the action of a third force will produce a change on this 
equivalent pressure. Hence the resulting force will be the same as 
if only this third force, and the equivalent of the other two, had 
acted on this body. 


Section Second. 

THE COMPOSITION OF THREE FORCES, SITUATED IN THE SAME PLANE, 
AND CONCURRING IN ONE POINT, THE MAGNITUDES AWD DIRECTIONS 
OF THE FORCES BEING RESPECTIVELY GIVEN. 

-to. The general principle for this branch of the first case may 
be expressed in the following 

Proposition. The remltant or equivalent of am/ three given forces 
Situated in the same plane^ and concurring in one pointy is repre^ 
sented in mugmeude and direction Ivy the diagonal of a parallelo- 
gram^ constructed on the lines which represent the magnitude and 
direction of one of the forces^ and the resultant of the otli&r two. 

lliis is only a simple extension of the principle formerly laid 
down for the composition of two forces, acting in the same plane 
and applied to the same point, hor since the resultant of any two 
forces, when applied to the same point with them and jiropcrly 
directed, produces the same effect as the forces themselves, this 
resultant may be considered as a single force of determinate magni- 
tude and direction acting in concert with another force, whose 
magnitude and direction are givei- ; consequently, the resultant of 
these two forces, being detenninc K in miignitudc and direction, 
must be the resultant of the three giv'cn forces. 

The same principle, it is obvious, will extend to the composition 
of any number of forces whatever; but because the investigation of 
formubu for a greater number than three, although proceeding on 
similar principles, would, if pursued, become excessively prolix, 
we think it preferable to confine our labours to die composition of 
three forces onlv. 
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Problem L To Jlnd the magnitude of the resultant of three 
given forcea. * 

41. Let the lines pa, pb and pe represent the magnitudes and direc- 
tions of three forces, acting simultaneously on a point at p given in 
position. L^pon the lines pa and fb, construct the 
parallelogram pacb, and draw the diagonal pc ; then 
will pc represent the magnitude and direction of a 
single force, compounded of the two given forces 
pa and pb, and whose energy is equal to that of the 
two forces of which it is compounded. 

Again, on the lines pc and pe, construct the 
parallelogram pcfe, and draw the diagonal pf ; then 
will PF represent the magnitude and direction of a 
single force compounded of the two given forces pc 
and PE ; but the single force PC has already been 
shown to be compounded of the two forces pa and 
pjj ; consequently, the single force pf is coihpou *ed of the three 
forces pa, pb, and pe, and its energy is equivalent to the united 
energies of all the three. 

Let a = PA, one of the forces, 
b = PB, another of the forces, 
c = PE, the third force ; • 

(p = APB, the angle of inclination of the forces a and />, 
p'nBPE, the angle of inclination of the forces b and c; 
r = PC, the resultant of the two forces a and A, 
and 11 zz PF, the resultant of the three forces «, i, and c. 

Find first by equation (A), the angle cpb z= a*, such that cot. 

— cosec. p=±zcot p; then will (p+a:)zzthe angle cpe; and by 
equation (a) 

i»c or + A* z±z2 ab cos. p ; 

consequently, by tlie same equation («), we must have 

PF or urz: cr COS. (p'+.'r). 

If the value of r and r* as indicated in equation («), be sub- 
stituted instead of them in this hist equation, we shall obtain 

u=^ + //- + (r=±z2ab cos. pzti2c cos. {^'+x)V d' + irz±i^2abco^. (/) 

This equation is exceedingly complex, but will, it is presumed, be 
rendered sufficiently intelligible, by tracing attentively the operation 
for the following liumerical example. 



42. Example 1. The magnitudes of three forces, a, b and c, acting 
in one plane, and applied to the same point of a body, are respect- 
ively represented bj lines of 8, 12, and 16 inches; what must be 
the magnitude of their common resultant, supposing the middle 
force to be inclined to each of the others in , an angle of 45 
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Here we have ar=8; d=: 12; c=16, and p = 45°, of which the 

natural cosine is • 707 1 1 : hence it is [See remark underequat. («.) 

tiaAcos. P=2)^12x .70711=1^5. 765Pi2, add becausepis acute. 

0^ + 5*= 8X8+ 12X12 =208, 
therefore, (i*+A*+2aA cos, p = 76512 

and v'a*+A^+2 aA cos. p = ^343.76512= 18-54 inches, for 
the measure of a single force, whose energy is equivalent to the 
united energies of the two forces a and A. 

Again, cot. or =-^ cosec. p+cot. p (see equation A ) ; but, a = 8 ; 

A = 12, and p = 4.5°, of which the cosecant and cotangent are 
resj)ectively equal to VS and 1 ; consequently, cot ^= 1 + 1 • 5 1/2 = 
3-1213^3, the natural cotangent of 17° 45' 51'f; hence (?'+jr) = 
62° 45' 51", and its natural cosine is -45766; therefore, we get 

2 c cos. ( 0 + . 1 ) 2 X 16x .4570flx I8..54 = 271 .fi20i52 
blit it has beoii shown above that 2 afteos. 0 = 195.70512 
anti moreover, rt^+ c®= 64-f 144+250 = 404 ; 

consequently, 

cos. 0+2 f cos. cos. 0 = 871 .28504 and 

V'££*+ 6 «+c 2 + 2 a 6 cos. 0 + 2 ccos. ( 0 '+j)^/aHfr“+ 2 «ft cos. 0=^/H7l .28504 = 
29.517 inches, for the measure of the common resultant. 

43. lOxample 2. A ship was observed to sail S.S.W. at the rate 
of 10 miles an hour, in a current which set S.W. 8 miles an hour, 
and in a gale of wind which set S.E. 12 miles an hour; what was 
the rate of sailing per hour? 

Here wo have a = 8; A = 10; c = 12 ; 

(p =22°30',andp'=67°30':—natcos.p= -92388; 
hence itis 2 aA cos. «)-=2 x 8x 10 X -92388=147-8208^ add because 
«»+A*= 8 X 8 + 10 X 10 =164- [pis acute, 
therefore «*+A *+2aA cos. p =311-8208- 

and V'«*+A^+2aA cos. p = ^31 1-8208= 17 -6584 
miles per hour, for the resultant of the current and the ship’s 
natural motion. 

Again, cot a: =-^cosec. p + cot p, (see equation A ) ; but a = 8; 

A = 10, and p = 22° 30', of which, th e natural cosecant and cotan- 
gent are respectively, ^4+2^2, and v'2+1; consequently, 

cot X = — V4 + 2 ViT + v'2 + 1 .*'■ 5-6806, the natural cotangent 

of 9° 59' 2"; hence (0'+Ar)=77° 29 2", and its natural cosine is 
-21671 ; therefore, we get 

2c cos. ( 0 '+j:) v'a*+6*+2a6 cos.0=2Xl2x .21671X17.6584 = 90.8421 
but it has been shown above, that 2 a 6 cos. 0=147.8206 
and moreover, a*+ 6 *+c*= 64+100+144 =308. 

consequently, 

«*+ 1»*+ ( *+ 2 ab COB, 0 + 2 c cos. ( 0 '+ r) ^ a* + 6 *+ 2 ab cos. 0 = 546 6^9 
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wherefore, by evolution, we get ^ 

R = V546' 6629 = 23-38 miles nearly. 

Hence it appears^ that the conjoint effect of the current and the 
gale, considerably more than doubles the sliip’s natural motion. 

44. Example «). Suppose three men to pull at an inflexible hoop 
of iron ; two of them at opposite points, and the other exactly in 
the middle between them. Now, if their strengths are to one 
another as the numbers «), 4, and 5 ; what must be the magnitude of 
a single force to produce the same effect ? 

Here, since two of th® forces PA=//,and pe=c „ 

are directly opposed to each other, their effect 
is equivalent to a single force whose magnitude 
is expressed by their difference pc, (see equa^ 

tion c) ; and because the middle force im acts ^ -e 

at right angles to pc, the resultant of the other 
two, we have from equation (/), 

R=z ; 

but we have just stated that r = c — u; con sequently, we have 
tt = — ^z) - + i'r z= V (5 — -V" = 4 • 472 

45. If f and p', the angles of inclination vanish, then ;i* vanishes 
also, and equation (6) becomes 

u= +lf^ +c^ +2aA+2 06+2 be == a + b+c, (m) 
from which we infer, that 

TAree givm forces acting in the same straight line and in 
the same direction^ have for their resultant a single forci\ 
whose magnitude is equal to the suin of the given forces, 

46. If <p and f', the angles of inclination, are each 180 degrees, 
then is ar, 180 degrees also, consequently equation (1) becomes 

R= y H- A- + C-— 2 ab -f 2 ac — 2 bc= a + e— A, (h) 

From which we infer, that 

Three given forces acting in the same straight line hut 
in opposite directions^ have for their resultant a single 
force, whose magnitude is equal to the sum of two of the 
forces diminished bp the third. 

47. If f and (f, the angles of inclination, are each equal to 90° , 

then cos. and equation (/), becomes 

R=^zi®4.A2-f-c*-+2ccos. (p'-f jc) 

but cos. (<[>' +^) = — sin. a:; 

consequently, bjr substitution, the preceding expression for the 
value of the resultan t becomes 

R= + 2c sin. jp (o) 

Let p and p' remain, and suppose the forces a, b, and c to be 
equal among themselves; then is a:=^P = 45°, and equation (/), 
becomes 

n=^^^f--2d-=a. (p) 

That is, the forces a and c, wliose opposite airections are in the 
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same straight line, destroy each other’s effects, and the resultant is 
equivalent to the remaining force. 

43. If the forces ar, 4 and c are equal to one another, and f*, f of 
any ma gnitude less than 90^, then x— j and equat (/), becom es 

R= 2a* cos. f> +2a cos. + -io- + ^ cos. p ; 

but 2a® + cos. p==2o cos, i p; (see equation, note A, p. 13) ; 

therefore by substit ution, we have 

R =a ^3 + 2 cos. p + 4 cos. 4 p cos. (p' + ^ p^. (y) 

From this equation it is manifest, that when the directions ot the 
extreme forces are inclined to the direction* of the middle one, in 
angles of some magnitude less tlmn 90 degrees, the resultant is 
greater than either of tlie forces. 

Let PA, PB, and pe represent the magnitudes of 
the three equal forces, whose directions make re- 
spectively the angles apb and bpe, each less than 
a right angle ; then is the resultant greater than 
either force. 

Upon the lines pa and pb, the representatives 
of the forces a and A, construct the parallelogram pacb and draw 
PC ; then is pc the resultant of the two fbrees a and A In like 
manner, upon the line pb and pe, the representatives of the forces 
b and c, construct the parallelogram pbge and draw pq; then is pg 
the resultant of the two forces b and c. But since the angles apb 
and BPE are each less than a right angle, the angles pac and peg, 
their supplements, must be greater than a right angle ; consequently, 
the lines pc and pg are each of them greater than pa or pe. Again, 
upon the lines i*g and pe, construct the parallelogram pcfe and 
draw PF ; then is pf the resultant of the two forces i»c and i»e ; but 
PC has been shown to be the resultant of a and b ; consequently pf 
is the resultant of the tliree forces a, b^ and r, and is greater than 
any of them : but they are equal in the present instance ; there- 
fore, the energy of pf is equivalent to the energy of 3a. We shall 
illustrate tliis by a numerical example. 

Example 1. Suppose, for instance, that three equal forces, M^hose 
magnitudes are each represented by a lino of 6 inches, act simul- 
taneously in one plane, and on the same point of a body considered 
without weight; what must be the magnitude of a single force 
acting id the same plane and applied at the same point, such that 
its energy shall be equivalent to the united energies of the three 
given foreps, the inclinations of th^ir directions being respectively 
45 and 67 i degrees ? 

Here we have (p' + ^ p) == 78° 45' . log. cos. 9.290236 

I 9 = 33 45 • log. cos. 9.919846 

4 . . . . log. 0.602060 

4 cos. i p cos. (p' + ip) = 0.64884 log. 9.812142 

2 cos. p =0.76536 

4cog.-lpcos.(p'+ip)+2ccs.p = 1.4142 
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consequently, n =6 ^ S + 1.4142 = 12.6 inches, for the ma^tude 
of the resultant The magnitude of the lines pc and fo are each to 
be determined from the general equation (a) for the composition of 
two forces, but since the components are supposed to be equal, 
equation (h) is more aiipropriate; therefore, for the determination 
of PC we have 

PC = 2 rt cos.^p = 2 X 6 X •83147 = 9.97764 inches. 

For the determination of PCi, it is 

wj =: 2ficos.^^' =2 X 6 X *92388 = 11*98656 inches. 


49. Example 2. Suppose that three forces, each equal to 120lbs. 
act simultaneously at a material point of a body ; what is the mag- 
nitude of a single force of equal intensity 
to that of the three eaual forces, their 

inclinations being equal respectively toi'^ 

4b^? 

Here we have a = 120 ; p = 45°, ^ 

and(p'+ip) = (45° + 22° 30') = 67° 30'; 
then, 

4 cos. i p cos. (p'+ip) = 4 X -92388 X .38268 = 1*41422 
2cos. p • =2 X*70711 = 1*41422 

+ 4 cos. i p cos. (p' + p) 



3 + 2 cos. p + 4 cos. t p cos. (p + p) =5 8*28^14; 
consequently, we have by evolution and multiplication, 


R = 120 V5*82434=289*7lbs. 

50. When the forces 5, and c are equal, and p equal to 
90 degrees, but p' less than 90® ; then ;r = ^ p = 45® ; and equation 
(/) becomes 

R = flV 3 =±= 2 cos. (p'+ 45®) ^ 2. (r) 

In the application of this formula, it must be observed, that if p 
exceeds 45®, the negative sign of the second member under the vin- 
culum must be employed; if p^= 45®, the second member vanishes, 
and we get R=uy 3; but if p is less than 45®, the upper or positive 
sign comes into use. llie above reasoning will become manifest 
from the following construction : — 

Let the straight lines, pa, pb, and pe, 
in all the figures, represent the magni- 
tudes of the three equal given forces, of 
which pa and pb are perpendicular to 
each other, while the angle dpe in figure 1 
is greater than 45®, in figure 2 equal to 
45®, and in figure 3 less than 45®. 

Upon PA and rn construct the square 
PACB, and join pc ; on pc and pe construct 
the parallelogram pcfe, and join pf; then 
is PF the resultant or equivalent of the 
three given forces. Now, because in 
figure 1 the angle bpe, is by hypothesis 
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greater than 45®, the two angles bpe and 
BPC must together be greater than 90®, 
and consequently the cosine of the sum 
is negative ; but the angle bpe is repre- 
sented in the above equation by the 
letter p', while the angle bpc is the con- 
stant angle 45®; therefore (f'+45®) is 
greater toan 90®, and cos. (f 45®) is a 
subtractive quantity; hence the second 
member of equation (r) when 9 ' is greater 
than 45® must be taken negatively. 

In .figure 2 the angle bpe, is by hy- 
pothesis equal to 45®; therefore, the 
two angles bpe and bpc are together 
equal to 90®, and its cosine is nothing; 
hence the second member of equation (r) 
under the radical sign vanishes, and the 
expression becomes r = a Vs; but the 
same result is derived directly from the 
figure, without considering the evan- 
escent value of the trigonometrical quantity which enters the equa- 
tion ; for, since the angle cpe is a right angle, the parallelogram i’cfe 
is rectangular, and the resultant pf*= pc* + cf* by the property of 
the right-angled triangle ; but i*c* = 2 «*, and cf* = a*; consequently 
PF* = 3 a*; that is, r = a 

Again, in figure 3^ the angle bpe, is by hypothesis less than 45®; 
therefore the two angles bpe and bi»c must together be less than 90®, 
and consequently the cosine of the sum, or that of the equivalent 
(f'-f- 45®), must be positive; therefore the second member under 
the vinculum must, when is less than 45®, become an additive 
quantity. 

A numerical example for the three cases will illustrate the appli- 
cation of the formula. 

51. Example 1. Suppose that three equal forces, whose magni- 
tudes are each represented by a line of six inches, act simultaneously 
in one plane, and on the same point of a body considered, without 
gravity; what is the common resultant of the three forces, the 
inclinations of their directions being 90® and 67 J®; 90® and 45®; and 
90® and 22® 30' ? 

• Here we have 

(?)'+45®) = (67® 30'.|.45®) = 1H>® 30'. log. cos. 9.582840 

• 2- • loff. 0-301030 

V‘2- log. 0.150515 

— 2 cos. (y^+ 45 .) V^8 = — 1 . 0(»239 ■ log. 0.034385; 

consequently, r = a ^ 8 — 2 cos. (f'+45“) V 2 =6^3 — 1 *08239= 
8-3 inches, for the resultant when 67® 30'; again, when ^>'=45®; 
then cos. (45®+ 45®=o, and r=6 ^/3 = 10-392 inches; but when 
f'=22® 30', we have 
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^y+45‘>)=(22o30'+45‘>)=67®30'. . . log. cob. 9.682840 

2 . . . log. 0.301030 

^/2 • • . log. 0.150515 

+2 cos. (p'+45®) v ^.J= + 1.08289 . . . lo g. 0.0;i4:ja5 ; 

consequently, n = a ^3 + 2 cos. 45) v^S=6^3 + 1 * 08239 z= 
12* 12 inches, for the resultant of the three given forces. 

52. Example 2. Suppose that three forces, each equal to 100 lbs., 
and whose directions arc inclined to each other in angles of 90 and 
75 degrees, act simultaneous^ at a material point of a body ; what 
is the mamitude of a single force, which being applied to the same 
point, and properly directed, shall produce the same effect ? 

Here we have a = 100; f = 90®, and p'= 75® 
then, according to equation (r), we get 

n = 100 Va ± 2 cos. (75» + 45“yV2 
but cos. (75® +45® ) = — 5 ; consequently, 

R = 100 Vo — ^2 = 125 . 92 lbs. 

53. When the forces a, 5, and c are equal, 

and the angles (p and <p* supplements of each other, then is the 
angle x = ^ and equation (/) becomes 

R = V 3tf*+2fl* cos. ^ — 2 a cos. (9'+ J f) V2a*+2a* cos. 
but by the arithm etic of sines 

+ 2 a* cos. ^=2 a cos. \ <p ; 

and because, by the supposition, the angles of inclination p and p' 
are supplements of each other, 

cos. (^'+ i f>)= cos. i ^ , 

consequently, by su bstitution, the value of t he resultant becomes 
R = Vo a** + 2 cos. p — 4 a* cos.* ^ f , 
and, moreover, since 2 cos.* ^ ^ = 1 + cos. 9, the last term of the 
radical quantity becomes — 2 a* ( 1 + cos. (p ) ; if therefore we substi- 
tute — 2 a* ( 1 +COS. p) for — 4 a* cos.* i 9 in the expression for the 
resultant immediately prece ding, we fina lly obtain 

R=:V0a* — 2a* = a. (.y) 

54. If the forces a, A, and c are equal, and the angles of inclina- 
tion 9 and p' be each equal to 90 degrees, the above result will 
notwithstanding be the same ; hence generally, 

When two of three equal forces act in the same line^ hut in 
contrary directions, they destroy each others effects, and the 
resultant of the sn/stem is equal to the remaining force, * 

Again, when the forces a, h, and c are equal, and the angles of 
inclination p and p', each greater than a right angle, then is 
angle x = ^9, and equation (/) becomes 

R =’V 3 a* — 2 a* cos. 9 — 2 a cos. (9'+ ^p)^^2a^+2a* cos. 9 

but by die arithmet ic of sines 

V^ a* + 2 a* cos. 9= 2 a cos. J 9, 

therefore, by substitution, the expression for the resultant, when 
the angles of i nclination are both greater than 90®, b ecomes 

R = a V3— 2 cos. 9 — 4 cos. ^ 9 cos. (9'+ i 9) (if) 
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CoroL From this equation it is evident, that when the directions of 
the extrethe forces are inclined to that of the middle one, in angles 
greater than 90 degrees, the resultant is less than cither of the 

forces, for the radical quanti^ ^3—2 cos. f — 4 cos.ipcos.(p^+-^ f) 
must in every case be less than unity; consequently, the value of 
the resultant R must always be less than a. 

56. If f and p'j the angles of inclination, are equal to each other, 
and each greater than 120 degrees, then the value of the resultant 
of the three given component forces is expressed in the following 
manner, viz.: — 

R=a(2cos.p — 1). (m) 

When 9 and f', the angles of inclination, are each equal to 120 
degrees, the value of the resultant vanishes ; the three forces in 
that case mutually counteracting each other. 

If <p and p', the angles of inclination, are equal, but eac^h less 
than 120 and greater than 90 degrees, the resultant appears on the 
other side of the point p in the direction of the middle force pb, of 
which it forms a part, and its value is then computed by the equar 
tion (/). 

57. These deductions manifestly flow from the general equation (/), 
by introducing the consideration of angles greater than a right angle, 
with the appropriate signs of their trigono- 
metrical values; but perhpas a proper con- 
ception of the truth will bo facilitated, by 
attending to the following construction : — 

Let the straight lines pa, pb. and pe, in all 
the figures, represent the magnitudes of the 
three given and equal component forces, while 
the angles bpa and bpe, each greater than a 
right angle, are the angles of inclination which 
the directions of the extreme forces pa and pe, 
respectively make with pb the direction of the 
middle force. ^ 

Upon the straight lines pa and pb, the representatives of the 
first extreme and middle forces, construct the parallelogram pace, 
and draw pc ; then is pc the resultant of the two forces whose mag- 
nitudes are represented by the lines pa and pb. 

Uponn’c, the resultant just determined, and pe, the represen- 
tative of the other extreme force^ construct the parallelogram pefc, 
and draw pf ; then is pf the resui: Jit of the two forces, whose 
magnitudes are denoted by the line» w and pe ; but tc is the re- 
sultant of the two forces represented by the lines pa and pb ; con- 
sequently pf is the resultant of the three equal component forces, 
LA, PB, and pe, and is obviously less than either of them. 

Now, in figure 1, since the angle bpa is greater than a right 
angle, and by hypothesis greater than 120 degrees, its supplement 
PAc or PBc must be less than a right angle, and of course less than 
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80 degrees ; consequently, the diagonal of the rhombus pace, 
must be less than any of the sides. 

Again, in the triangle cfp. figure 1, the angle cpf is greater than 
the angle pcf ; consequently the side cf is greater than the side pf, 
but cf is equal to pe, one of the given and equal forces ; therefore, 
when the angles of inclination are greater than 90 degrees, the 
magnitude of the resultant is less than the magnitude of any of the 
forces. The mugnitude of the resultant pc for the two equal forces 
vx and pd is, as we have already shewn in equation (A) expressed 
thus, r=2 a cos. ^ and the angle cpe is equd to 360^ — (f ; 
as is evident from the diagram; therefore by equation (a) we have 

R=^a2+4a*. C 08 .*i f — 4a^cos.i pcos. {360^ — . 
now, tlie writers on Trigonometry have shewn, that 
cos. {360‘^-(p'+i p)} = cos. (p'+i p), 
and by the aridimetic of sines, we have 2 cos-. p=l+cos. p ; 
therefore, and because p is greater than 90 degrees, 4 cos*. ^ 
^=2 a®+2 «*cos. p; hence, by substitution, the value of the resul- 
tant for three equal forces, when the angles of inclination are greater 
tlian a right angle, becomes 

cos. p — 4 cos. ^ p cos. (p'+i p), 
the same as we have shewn it to be in equation (i). 

58. A similar mode of reasoning applied to figure 2 will prove 
that PF the magnitude of the resultant is less than the magnitude 
of either of the component forces ; and that its value is calculated 
according to equation (m), may be shewn in the following manner. 

Because the angles bpa and bpe, fig. 2, are by hypothesis equal 
to each other, the line bp being produced, bisects 
the angle ape ; consequently, the lines ca and 
PF are parallel. Through the point a, draw ag 
parallel to pe meeting fb produced in o, then is 
FG the diagonal of the rhombus ; and because 
tbe line cf is equal to the line ca, it follows that 
GF is equal to ga, but ga is parallel ifiid ecpial to 
PE, one of the given forces ; therefore gf is equal 
to PE. 

Again, because the angle apf is the supplement 
of the angle bpa = p; cos. apf = cos. p, and since 
the diagonals of a rhombus besect each other at 
right angles, tile diagonal pg is equal to 2 a cos. p ; 
but the resultant pf is equal to pg diminished by 
OF ; that is, pf=po — gf ; consequently, by re- 
storing the proper symbols, we get 

jizza (2 cos. p — 1); 

the same as it was shewn to be in equation (n). 

In figure 3^ because the angles bpa and nrip arc by hypothesis 
each equal to 120 degrees, the angle afe is also equal to 120 dc« 
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prees ; consequently, pc, the resultant of 
the two forces pa and fb, is equd and op- 
posite to the third force pe, and therefore 
destroys its effects; hence the resultant 
of three equal forces inclined to each other 
in an angle of 120 degrees is nothing, and 
whatever may be the magnitude of the 
forces themselves, their joint energies can- 
not, while they continue to act in that po- 
sition, produce the smallest mechanical advantage. 

By equation (h) we have pc = r = 2 « cos. ^ f; but f = 120®, 
therefore, cos. i cos. 60“ = consequently r=«. Now the 
angle ape is equal to 180 degrees, because the lines pc and pb 
meeting at the point p form one continued straight line ; therefore, 
the parallelogram constructed on the lines pc and pe vanishes, and 
its diagonal, or the resultant r, must vanish also, for it is expressed 
thus, ii=z2 acos. ^ (180") =o. 

In figure 4 the angles bpa and bpe, are by hypothesis equal 
between themselves, but each less than 
120 degrees; consequently, the angle 
APE is greater than 120 degrees, and 
the angle ape and apc together greater 
than two right angles; therefore, the 
parallelogram constructed on the lines 
VC and pe, which was evanescent in the 

last case, must now lie in the contrary ^ ^ 

direction, and its diagonal pf, which is the resultant of the three 
forces, will always coincide with pb, the middle force. 

By equation (/i), pc the resultant of the two forces pa and pb is, 
r =2 a cos. and the angle cpe is equal to the two angles bpe 
and BPc, that is, equal to p); consequently pf, the resultant 

of the two forces pc and pe is, by equation (a), 

R= ^ o®+ 4 a- cos®. ^ — 4 a- cos. J p cos. (9'+ ^ ; 

but by the arithmetic of sines we have 2 cos®, i 9 = 1 +cos. ^ ; there- 
fore, by substitution, we get 4 tt® cos*. ^ p=2 a*+2fl® cos. and 
consequeiitlv, because 9 is greater than 90“, the resultant becomes 

R=oY 3 — 2 cos. (p — 4 cos. ^ <p cos. {<p'+ i p), 
the same as we have shewn in equation (9), deduced from the 
general value of the resultant in eq^'^^tion (/) ; hence the truth of 
our deduction is manifest 

59. Having thus succeeded in proving that our theory is rigorous, 
we shall next endeavour to illustrate the application of the equa- 
tions (t) and (?«) by an example peculiar to each, in the same man- 
ner as we have illustrated the equations (o) and (p) ; and, that the 
whole may be rendered familiar, it will be proper to resolve an 
example in which neither of the forces, nor the an^es that determine 
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their directions are equal This will, of course, require the appli- 
cation of the equaftion in its general form, wi^out admitting the 
principles of any particular case. No exercise, we are persuaded, 
can prove more valuable than this; because it will shew, that 
though, in certain instances, abbreviated forms can be employed 
with advantage, yet the general form ought more particularly to 
merit our attention, as being alone applicable to the conditions 
wliich examples of every variety may in this case embrace. 

Examples to Equation (t). 

60. Example 1. Suppose that the magnitudes of three equal com- 
ponent forces, acting in the same plane, and directed to the same 
point of a body, are respectively measured by a load of 26 tons ; 
what must be the measure of tne resultant, or single force which 
shall produce the same effect, supposing the directions of the 
extreme forces to make with that of the middle one, respectively, 
angles of 134 and 122 degrees? 

Here we have, angle of inclination p = 134® 
angle of inclination 122 

p = 67 • log. cos. 9*591878 
(p'+ ^ p) = 189 • log. cos. 9*994620 
4 -log. •• 0*602060 

— 4co8. ipcos.(p'-|- ^p) = — 1 *54368 log. •• 0*188558 
— 2 cos. p= — 1 * 28558 


—2 cos. p— 4cos. ^ p cos.(p' + i p) = — 2 * B2926 

consequently, u = 26^ 3— 2*82926= 10* 738 tons, 
for the magnitude of the resultant or single force, equivalent to 
three forces of 26 tons each. 

61. Example 2. Three ships equally distant from a battery send 
balls of equal weights to the same point of the wall in equal times. 
Now, supposing these balls to act simultaneously with a velocity of 
300 feet per second, and the extreme lines of firing to incline to the 
middle one in angles of 100° and 120°; what is the velocity of a 
single ball to produce the same effect ? 

Here we have angle p = 100° 

p'= 120 

i p = 50 • log. cos. 9 • 806M)67 
(p'+ \ p)= 170 * log. cos. 9*99.‘3351 
4 * log. 0*602060 

—4cos.ipco8.(p'-f^p) = — 2*5321 log. 0*403478 

— 2cos. p=— *3471 

—2 cos. p— 4 cos. p cos.(p' -f i p)= —2*8792 ; 
consequently, we get 

11=300 V 3— 2 • 8792 = 104 * 1 feet nearly, 


the velocity sought. 



OF THE COMPOSITION AND RESOLUTION OF FOflCES. 41 

Examples to Equation (u). 

. 62. Example 1. Suppose that the magnitude of each of three 
equal forces, disposed in one plane, and directed to the same point, 
is represented and measured by a line of 24 inches in length ; what 
must be the magnitude of a single force whose energy shall be 
equivalent to that of all the three ; supposing the direction of the 
extreme forces to be inclined to the miadle one in angles each of 
137 degrees ? 

Here wc have the angles of inclination, p and 137% its 
cosine = -73135; consequently, a(2cos.^— l)=24{l-4627— 1) = 
24 X -4627= 1 1 • 1048 tons, for the magnitude of the resultant. 

If the same example be performed by equation (^), it will stand 
tlius : 

angle of inclination p = 137° 
angle of inclination p'= 137 

i p zz 68:30 log.co8.9 - 564075 

(?' + 2 f ) = 205 : 30 log.cos.9 • 955488 

4 log. 0-602060 

— 4 cos. i p cos. (p' + i p) = — 1 - 3231 8 log. 0 - 121623 
—2 cos. p= — 1 -4627 

—2 cos. p— 4 coa. ^ p cos. (p' + ^ P) =— 2-78588 

consequently, ii=24-\/ 3— 2-78588 = 24 X -4627= 
11-1048 tons, for the magnitude of the resultant, the same as 
before. 

63. Example 2. lliree forces, each 300 lbs. weight, and inclining 
to each other in angles of 135°, act simultaneously^ at the same point 
of a body; what is the magnitude of a' fourth force that would 
sustain them at rest ? 

Here we have given a = 300, and p = p' = 135°; consequently, 
w^e get 

nz=300V 2 cos. 135°- 1 = 124. 2fi 

. • Examples to the General Equation (1). 

64. Example 1. Suppose that the magnitudes of three forces, dis- 
posed in the same plane, and directed to the same point of a body, 
are measured respectively by weights of 6, 2-3, and 14 tons; what 
must be the magnitude of the resultant or single force, whose energy 
shall be equivalent to the united energies of the three given forces, 
the inclinations being respectively 124° 56' and 78° 34'? 

By the question, it is to be understood that the greater force 
occupies the middle place, and that the direction of the first 
extreme, or least force, is inclined to the direction -of the middle one 
in an angle of 124° 56', while the inclination of the other extreme 
force is 78° «34'. This premised, the operation will stand as below. 

G 
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Here we have the angle of inclination f s: 124^ 56, its natural 
cosine 57262, 

«*= 6X 6= 36 

5*=23 X 23=: 

o*+A9= 565 

~-2ab cos. f=— 158» 0431 2,Bubtract,becau8eyi8obtu8e; 
then^ a~+b‘‘—2 «Acos.ip= ^ 406 • 95688=: 20 • 1 73 tons, the resultant 
of the first extreme and the middle forces. 


Again, to find the direction of this resultant to the middle force, 
we have by equation {k) 

bzz ... log. 1.361728 

a=r 6 ar. co.'log. 9*221849 
f = 124®56' log.cosec. 0.086282 

natural number = 4*67.582 log. 0*669859 

f = 1 24° 56' natural cotangent =—0.69847 


x=z 14 7 natural cotangent = 3.977515 

consequently, die angle cpe = ( + .t) = 92°4r log. cos. 8* 67039.3 

^al’ + b"— 'Jtao 20*173 log. 1*304770 

2c= 28 log. 1.447153 


— 2ceos.(p' +.t)V rt*+5*— ‘i«Acos.p= — 

2 ab cos. p= — 
—2 ab cos . (p—2c cos* (f'+a:) ! 

■^«®+ 5®— 2rt5cos.pl ~ 
«9+5*+e9= 


26. 4436 log. 1*422321 

158*04312 

184*48672, subtract. 

761 


576 . 51328 , difference. 

(P ab COS. p}J 

consequently we have r= >/576- 51 328=24 tons nearly, 
the measure of the resultant of the three given forces. 


65. Example 2. Three cannons which discharge shots of 25,30, and 
35 lbs. respectively, were employed to demolish the walls of a gar- 
rison. Now, supposing the shots to proceed with the same velocity, 
and to act simultaneously on the same point of the w^ll, and the 
extreme lines of firing to incline to the middle one in angles of 36° 
and 45 ° ; what is the weight of a single ball to produce the same 
effect? Here we have given a =25 ; b =30 ; c =36 ; p=30® ; and 
9' =45°; consequently, the angles 9 and 9' being less than 90°, the 
general equation (/) becom es 

R= ^ c ^+2 nh cos. 9+2 c cos. ( 9 '+ x)ij a^+//+ 2 ab cos. 9 ; 
buta*=25X25= 025 
/;«=30 X 30=J|00 

«®+A^ =1.525 

2aicos.9=2x25 X30 X •80603=1299.045; ^add, bemuse pis acute. 
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Vo*+A*+2a4 COS. p=V*S25+1299*046=68*1417 
o*+A* +c* =625+ 900+ 1225=2760 

hence wc get 

R=V2750+i299.045+ 70 cos. (p'+a)X 53.1417, 
but cot jr=4-cosec.f+cotp; see equation (k) 
thatiscotjr=-l- X 2 + \/3 =4.132=cot 13^36; 
hence we get (P + x) =5 8^86' ; it s nat cos.=. 52 IOI 9 
therefore r= ‘^8597. 16 =77.5 lbs. 

Having thus illustrated the method of computing die resultant 
of three given composants, both in the general case when they are 
of different magnitudes, as indicated in equation (/), and in the 
particular cases when they arc equal, as indicated in equations (o), 
(p)9 and (m); we proceed to show in what manner the direc- 
tion of the resultant is to be determined. 


66. PiioBLKM 2. To determine the direction of the resultant of 
three given forces. 

For this purpose wc must recur to the original diagram 
(page 30) for three forces, and calculate the resultant pc = r 
for the two forces a and 5, as indicated in equation (cz), and the 
angle era = ;r a.s indicated in equation (A) ; tlien will the angle cpk 
or CFE = (p'-f .t). Again, compute the angle ppe, such that 

^ ± cot (p + x). (v) 


cot FPE = 


^ a^ + tr ±2 ab cos. p. ” 


The angle fpe thus determined, expresses the direction of the 
resultant pf=^r with respect to the extreme force pe = c, from 
which its direction with respect to the other forces can easily be 
made known. 


67. The application of this formula may be shown in all its gene- 
rality by assigning the direction of the resultant with respect to the 
directions of the three given forces ’ in the preceding example, 
art. 64. 

Although the value of the resultant r and the angle x are each 
of them determined by the foregoing process, yet in order to show 
the whole of the operation that is required when the problem is to 
be resolved gencrmly, it becomi'S necessary to recompute those 
elements. 

r/«=6 X 6 36 

52=23 X 23= 529 

«« 4 . 52 = 565 [p is obtuse. 

- 2 / 1 5 cos. p== — 1 .58,04312, subtract because 
-I- 2 //A cos. p = 406.9.5688 ; 

consequently, r = >/ 406.95688 = 20. 1 73. 
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Again, for the value of the angle at, it is 

23 . . log. 1-361728 
fl= 6 . . log. 9-221849 

e:^124^56'log.cosec 0«086282 
natural number =4*67582 - log. 0*669859 
p=124®56' natural cotang. = —0*69847 
jc = 14 7 natural cotang. = 3*97735 ; 

hence we have (9'+ar) = 92®4r. 

The equation now assumes the following form, viz. 


cot FPEs= 


14 cosec. 92® 4r 
20*173 


cot 92® 41'. 


and its reduction is simply as below, 

14 log. . . 1*146128 

92®*4l . . log. cosec. 0*000476 
20*173ar.co.log. . . 8-695230 
natural number = 0-69486 log. . . 9*841834 

92® 5 1 natural cotang. = — 0-04686 

57 3 natural cotang. = 0*648 ; consequently, the incli- 
nation of the resultant to the extreme force pe is 57° 3'; its incli- 
nation to the middle force pb is 78®34'— 57°3'=21°31,' and its 
inclination to the first extreme pa is 21®3r+ 124®56 =146®27'. 

The above is the method of resolving the equation numeri- 
cally, and that which all persons conversant with the language of 
algebra will most probably adopt and prefer, but as some practical 
mechanics arc ignorant of tlic meaning of algebraic combinations, 
it will perhaps be advisable for such to construct the figure geomc' 
trically, this being the only check against the admission of error in 
estimating the position of the resultant with respect to the direc- 
tions of the several forces. 

68. If the angle fpe be represented by a:' ; then, the algebraic 
expressions for the relative positions of the resultant with respect to 
the directions of the forces, are x' \ and 

tliat is, when the resultant falls between the middle and cither of 
the extreme forces; but when it falls in the reverse direction 
between the forces pa and pe, then the expressions become x'; 
180°'^ (p'+.t'), and 360°— (^+9' -fa:'). 

If the forces are equal among themselves, 


cot a’'= 


cosec. ( 9'+ i f) 
^ 2 db 2 cos. 9* 


cot (p'+if ). 


In this e(|uation the forces do not occur, by reason of the sup- 
posed equality, the factors in the denominator of the general equa- 
tion (v) become equal to those in the numerator in so far as the 
forces are concerned, and therefore tliey mutually cancel one 
another. 

We give the following example for elucidation. 
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69. Example 1. Suppose that the directions of three equal com- 
ponent forces are inclin^ to each other, as follows : viz. the first to 
the second in an angle of 67 degrees 30 minutes, and the second to 
the third in an angle of 45 degrees; what is the inclination of the 
common resultant to each of the forces ? 

Here we have f = 67®30' 
f'=45 

and ^ p = 33 45 ; 

consequently, (p' + i p) = (45®+ 33® 45') = 7 8 45. log.cosec. 0'0084*26 
(2 + 2 cos. p) =2-76536 i log. 0-220875 
natural number =0-61313 log. 9-787551 
(p" + 4 p) =78 45 nat cot =0-19891 ; 
therefore, nat cot a:'= 0-61313+0-19891 = 0-81204, and.r'=50®55'. 

Here, because x' is greater than p', and both the angles of incli- 
nation less than 90 degrees, it is evident that the resultant must 
fall between the middle and first extreme force ; that is, between 
the forces a and A, whose magnitudes are represented by the lines 
PA and PB ; its positions, therefore, relative to the directions of the 
three forces, are as below, viz. 

With respect to pe=c, it is 50®55', found by the process, 

With respect to pn=A, it is 5 .55 = 50®55 — 45° O', 

With respect to pa=^/, it is 61 35=67 30— 5 55. 

We shall propose another example of a general nature, and such 
that the resultant may fall in the reverse direction, between the 
extreme forces pa and pe, thus. 

70. Example 2. Suppose that three forces, wlioso magnitudes 
arc respectively represented by straight lines of 12, 9, and 14 inches 
in length, act simultaneously in the same plane, and concur in the 
same point : what must be tlie magnitude and direction of a single 
force applied at the same point, to produce an equivalent effeert to 
all the three given forces acting together, supposing their inclina- 
tions to be respectively 135 and 120 degrees ? 

"riiis question demands both the magnitude of the resultant, and 
its direction with respect to the directions of the given for«‘s ; now, 
since in equation (/), w^e have shown how to obtain the magnitude 
without regarding the direction, and in equation (/), how to find the 
direction independently of the magnitude, it may perhaps be an 
useful exercise to find each of them by its appro[)iatc forinula,*and 
then to deduce them respectively each otiier. 

First, for the magnitude of the resultant 
* «‘'=144 
&g= 81 

a- + 225 f>= 135°, its cosine= -70711 

— 2r/Acos.^= — 1 52-7tl576, subtract because ^is obtuse, 
then A"— -JaAcos. ^=^72-26424 =8.5 inches, the resultant 

of the first extreme and middle forces. 



46 


OF TIIK COMPOSITION AND RESOLUTION OF FORCES* 


'fhcn by plane trigonometry, or equation (d) we have 
8’,j : sin. ^ 12 : sin. x, 

or by equating the products of the extreme and mean terms, it is 
8*5 sin. X = 12 sin. p ; 

therefore, by introducing the numerical value of sin. p and dividing 
by a.5, we get sin. *=*39826; wherefore *=86'’87'. Now, the 
angle cpjs= 360—(^' + *) = 15^23', consequently it is 

15.3°23 . . . log. cos. 9*931349 

^ a"+b^—2iib cos ^ =a5log. 0!929419 
2 c=28 log. 1*447158 

--2cco8.(.‘360®- *2a/>co&p=-212*778log.2.327926 


— ^2abcos.ip= 
— 2^iAcoa.^— ijrcios. ^ 

— 2abcos.^ 5 
a-+b^+c"= 

+ 2«ft cos. p— 2f? cos. 

^360“— *2aicos.p3 ~ 
consequently, r = 

inches, the magnitude of the resultant. 


-L5-2-73576 
-365-51376 subtract 
421 

55-48624 diff. 

>/ 55-48624 =7-449 


Then, for the direction with respect to the other forces, we have 
by Trigonoinetrj-, 

7-449 : sin. J53°23' :: 8*5 : sin. x'; 


that is, sin. x' 


8*5 X -4-1802 
7-449 


-51123- 


hence we have .V = 30°4iy ; therefore, the directions of the result- 
ant with respect to tlie directions of the several component forces 
are as under. 

With respect to pe = c, it is 30°45^, found by the process. 

With respect to pb=A, it is 29 15 =180°— (I -20 +30° 45'). 

With respect to PA=tf, it is 74 15 =360 —(135+ 120+30° 45'). 

It may here be necessary to remark, that the directions given 
above are what may he called the acute directions, or those in 
which the resultant, or its production, makes with the given forces 
angles respectively less than a right angle. By viewing the subject 
in this light, we learn, that either the resultant, as determined hy 
the operation or its production, will produce the same effect as the 
forces themselves, or, if acting co-tcmporaneously, will sustain tiic 
system at rest. 

71. In the foregoing process wc have first determined the mag- 
nitude of the resultant from equation (/), and then deduced the 
direction from the magnitude; but in what follows, we shall first 
find the direction from equation (/), and then deduce tlie magnitude 
from the direction. ^ 

First then for the angle of direction. 
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a«=rl44 
4*= 81 

9=135, its co8.s=-- 70711 
— 2a5co8. 9 = — 152‘73576 , subtract because 9 is obtuse. 

2 tiAcos. 9 = = inches, the measure of 

the resultant PC=r; then bv Plane Trigonometry, we have 
8-5 : sin. 135®:: 12 : sin. a: =*99826; therefore «= 86 ® 37 
Now,theanglecPE=360®-(9'+*) = 16.‘J“23' . . 1<^. cos. 0*348703 

c= 14 ... . log. . . 1*146128 

•^o‘‘ + A®— 2 aAcos. 9 = 8*5 ar.co.log . . 9*070581 
natural munber =.3*6763 log. . . 0*565412 
1.5.3° 23' natural cotang. = — 1*9955 

30 45 natural cotang. = 1*6808.; consequently the in- 

clination of the resultant to the extreme force PE i 8 80°45'; this 
is the same inclination as was found by the foregoing j)rooess; hence, 
to find the magnitude of the resultant from the angle of iiielinatioii 
just detemnnod, we have 

sill. 80° 4;V : 8.5 : : sin. 158° 2.8' : 7-449 inches. 

The inclination of the resultant to the direction of the other 
forces may be found as before. 

72. Thus have w e fully and clearly developed the method of finding 
the magnitude and direction of the resultant corresponding to two 
and to three composants, by means of what is generally called the 
parallelogram of forces; but there is another method, somewhat 
different from the former, by which the same things can be accom- 
plished, called the method of rectangular co^rdhnites ; to which 
we wish to call the reader’s attention, but having dwelt so long on 
the method by the parallelogram of forces, w e shall be very brief in 
our remarks on this latter method. 

Previously, however, to our developing the principles of the 
composition of forces by the method of rectangular co-ordinates, it 
will be necessary to show in what manner a single force may be 
decomposed into two or more forces, whose united energies shall he 
equivalent to the energy of the given force. This is called the 
Resolution of Rorcesj and the mode of procedure is by a problem 
exactly the reverse of that which w^c have been investigating in tlie 
foregoing sections. 

Section '^hjrd. 

OF THE RESOLUTION OF FORCES. 

73. It has been showm th?it the resultant or single equivalent of 
any two ^ven forces, situated in the same plane and directed to the 
same point, is represented in magnitude and direction by the 
diagonal of a parallelogram constructed on the lines that represent 
the forces ; and, moreover, that the resultant or single equivalent 
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of any three given forces, situated in the same plane, and direct cd 
to die same point, is represented in magnitude and direction by 
the diagonal of a parallelogram constructed on the line which repre- 
sents one of the forces and the resultant of the other two ; and the 
same principle of composition would manifestly extend to any 
number of forces whatever : hence conversely, 

A single force may^ ad libitum^ be decomposed or re- 
solved into any number of other forces^ whose united 
energies shall just be eqidvalent to the energy of the given 
force. 

lliis is evident; for the single force •pc, is 
equivalent to, and composed of the two forces 
i>A and PB, which arc the contiguous sides of the 
parallelogram pacb, whose diagonal is the given 
force PC ; but the single force pc will likewise 
1)0 equivalent to and composed of any other two 
forces i*E and pf, which are also the contiguous 
sides of the parallelogram pecf, having for its 
diagonal the given force pc; it consequently follows, that the single 
force PC may be decomposed into as many pairs of component 
forces, as there can be parallelograms constructed upon it as a 
diagonal; that is, an unlimited number. And since each of tlie 
component forces may in like manner be decomposed into two, and 
each of these again into two, it is obvious tliat the primitive force 
i»c may be conceived to be resolved into others without end. ^J’his 
mode of decomposition, or analysis, is very frecpieiitly employed 
in mechanical inquiries from its great usefulness in what is called 

The Reduction of Forces, 

or that process, by which we estimate the eflTccts of forces in a 
given direction, when tlicir action is solely confined to a different 
direction. 

But although, as we have stated, any single force can be 
resolved into an unlimited number of other forces, whose united 
energies shall only be equivalent to the energy of the force proposed ; 
yet in practical cases, a limit to the number of composants must 
always be assigned ; and in order to bring the subject within the 
powers of calculation, a sufficient number of data must likewise be 
supplied. Thus for instance, to resolve a single force into two 
others of determinate magnitude, it is necessary to have given, 
besides the magnitude of the force proposed, the angles of its incli- 
nation to the directions of the required forces ; or if the magnitude 
of one component and the inclination of their directions, with the 
magnitude of the resultant or single equivalent force be given, the 
magnitude of the other component can easily be found. Similar 
remarks will apply to the cases of three components, but our 
inquiries shall be confined to two. ^ 
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74 It is shown in eouation In), that the expression for the 
ma^itude of pc, the resultant of tne two force s pa and pd, is 

cf cos.p ; 

consequently, if the values of the ^yen quantities be substituted for 
their representatives in this edtiation, the value of the unknown 
term wiD thence be ascertainca; but it will perhaps be better to 
resolve the question in its general form, and tnen to substitute the 
given quantities in the result according to their powers and 
combinations. 

75. Let it, for example, be proposed to find the magnitude of 
the force (n), the magnitudes of b and r being given, together witli 

the angle of inclination of the directions of a and b. 

If p, the given angle of inclination is acute, then by squaring 
both sides of the equation, we obtain 

cos.^; 

but if the given angle of inclination is obtuse, it is 

cos.f. 

In either case, however, the method of solution is the same, and in 
both crises the component //, has a positive and a negative value, 
unless when b is greater than r, and f the angle of inclination 
obtuse ; in that case, both the values of a will either be positive or 
impossible. 

First then, for the acute value of transpose and we get 
a^+2ab co8.p=?-®— A*, 
complete the square, and we get 
4a*+H«Acos. p+4A*cos,* p=4 {r*— A* +A*cos®.^}, 
evolve both side s and it becomes 

2a4’2A cos.p=:±-^4{r“— A*+A®cos.V}> 

then by transposition and division, we get 

rt=±^r*+A"(co8.®p— 1)— A cos. p, (w) 

Next for the obtuse value of p, transpose and we get 
2 ab cos. A®, 

complete the square, and we have 
4«®— 8aAcos.^+46*cos.p*=4{r*— 6*+ A* cos.®, p} 
evolve both sides, and it becomes 
2flf— 2Acos. p=±-^4{r®— A®+A®cos.« p,} 
then by transposition and division we obtain 

«= A* (cos.* p— f) 4- A cos. p, (x) 

Examples to equation {w) 

76. Example 1. Suppose the magnitude of one component to be 
measured by a load of 22 tons, and the magnitude of the resultant 
by a load of 39 tons ; what must be the ma^tude of the other 
component, supposing the inclinations of the directions to be 
82° 30' ? 
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By substituting the given numbers in equation («’)» we get 
azz-^392+22« (cos.* 82^30'- 1)— 22 cos. 82®30' ; 
but the natural cosine of 82° 30' is 0-1305{^ and its square is 
0.01704, from which if unity be subtracted there remains— 0*98296 ; 

consequently , we have 

a = 1521 — 475-75264— 2*87 =29*46 tons very nearly, for 
the ma^itudc of the required comj^nent. 

77. Example 2. A heavy body is drawn in one direction by a 
force equal to 30 horses’ power, what force should be attached to 
this body, and inclining to the former in an angle of 60 degrees ; 
so that their joint efforts may be equal to 60 horses’ power ? 

Here wc hav (5 given a=30, r=60, andp=60°; consequently, 

by equation (/p)we get 

6 z= -^ 7 ^+ fl* (cos. 1 ) — a cos. p. [power, 

that is *=^^00 + 900 ( • 25-1) - 15=.39-083 horses’ 
Examples to Equation (x ), 

78. Example 1 . Let the magnitudes of the given component and 
resultant forces reihiiin as above, and suppose 9 , the angle of inclina- 
tion, to be 112 ° 30'; what then, will be the magnitude of the other 
component ? 

By substituting the given numbers in the equation, we get ‘ 
«= 1 1*2“ yo*- 1 ) 4-22cos.ll2° 30' 
but the natural cosine of 11 2*’ 30' is — 0•3826^^ and its square is 
0*14644, from which, if unity be subtracted, there remains— 0*85356; 

consequently, we have 

rt=:-^1521— 413*12304+ 8.419 =41*704 tons very 
nearly, for the magnitude of the required component. 

If the component a were given instead of 5, and b required, the 
resulting equations for the acute and obtuse values of p would be 
perfectly symmetrical, and the operation would be the same as 
above ; it is therefore unnecessary to furnish examples in the case 
of a being the given quantity, since performing the operation would 
cast but very little if any new light on the subject. 

79 . Example 2 . Wc shall, however, resolve the foregoing example, 
by substituting the given numbers in the original equation, instead of 
transferring them to the reduced expressions as we have done in the 
preceding case : therefore, 

By subsituting the given numbers in equation (a) it becomes 
, -^a«+44 a cos. 82 30'+22*=39, 
by squaring botli sides and transposing we obtain 
a* +44 a cos. 82^ SJ0'= 1037, 

or by introducing the natural cosine of 82^ 30', it becomes 
a*+5*7+-132a=1037, 
complete the square, and wc have 
a2+5-7433«+8*2464= 1045-2464, 
evolve both sides, and we get 
a+2*87166 =32-33 
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transpose, and wc obtain 
0=^12.33—2.87=29.46 tons, 

for the magnitude of tlie required component, the very same as 
before : — and exactly in the sanm manner, would the^ equation be 
resolved for the obtuse value of tfie angle of inclination, with this 
exception, that the sign of the term into which f enters is to be 
taken negatively. 

Such is the method of calculating the components corresponding 
to a given resultant, when the magnitude of one of them and the 
inclinations of their directions are known ; we shall now endeavour, 
in the remaining branch of this section, to show how the com- 
ponents are to be determined when there are given, first, the ms^- 
nitude of the resultant, and secondl}', the angle which it makes with 
the direction of each component. 

80. Problem. Given the magnitude of the resultant and the 
angle which it makes^ with the direction of each comjmwnt^ to 
determine or resolve these composants. 

Since the whole angle iipa is represented 
by the Greek letter p, and tlic part of it bih: 
by A*, the other part ai»c is represented by 
(^— A'); therefore, the algebraic representa- 
tives of the two given angles are (f— a) 
and A*. 

Then, by Plane Trigonometry, we have 
rsin.a; 

sin. 0 : sin. a* . • r : a= — ; 

sin. (p 9 

sin.^ : sin.(^— A)::r : 

sin. (p 

But these results would be better adapted for calculation, if the 
denominators of the fractions were removed ; and this is efiected 

by considering that = eosee. f ; therefore, by substituting 

cosec. 0 in the numerators instead of sin. <p in the denominators, we 
shall get 

1. ri=r sin. X. cosec. p 

2. /i = r sin.(p— A*) cosec. p 

The practical rule afforded by these equations, is simply as under. 

81. Rule. Multiply the given resmltant by the natural cosecant 
of the sum of the given ang es^ and that product being 
again multiplied Iry the natural sine of either angle^ will 
give the magnitude of the force opposite to that angle. 

82. Example. Suppose a single force whose magnitude is repre- 
sented by a line of 1.3 inches in length, is to be resolved into its 
components, in such a manner that their directions shall be inclined 
to it, respectively, in angles of 24 and 46 degrees'*^ 
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Here we have, r=15 inches; ^=70®, and (p— ;r) = 24®, x being 
46® ; therefore by the rule we have 

a= 15 X coBec.70® X sin- 46® = 15 X 1*06415 X *71934= 1 1*48 inches^ 
5=15Xcosec.70 X sin. 24 =15 X 1*06415 X *40674 = 6*49 inches. 

83. These are the results, or magnitudes of the components for 
the acute vdue of f, but when f is obtuse, one at least or both the 
components may be greater than the proposed resultant; for which 
reason this case merits a separate 

Hxample. 

Let the resultant remain as above, and suppose the angles to be 
respectively 68 and 82 degrees; what then is me magnitude of the 
components ? 

Here we have r= 15 inches ; 9= 150® ; jr=82®, and (p-.jr)= 68® ; 
therefore, by the rule we have 

a=15X cosec.150® Xsin.82® = 15x2x*99027=29*7+ inches. 

5= 15 X cosec. 150 X sin. 68 = 15 X 2 X *92718=27*8+ inches. 

84. If the composants act at right angles to each other, then 
0=90 degrees and cosec. ^=1; therefore, the preceding equations 
become 

1. a=r sin. . v 

2. A=rcos.jr.J 

These are the equations applicable to the reduction of forces, 
and their use will be rendered manifest by the following familiar 
and ve^ important Example. 

85. Let c,c, be a portion of a canal or river, n a boat or other 
vessel afloat thereon, r its rudder, p the towing path, and h the 
position of the horse dragging the vessel along in the direction 
of the dotted line bd. Now, it is obvious, 
that if the horse could be brought to act at 
D in the direction ni), the boat or vessel 
would glide along in the same direction 
without the least tendency to deviate from the straight course 
towards the one side or the other; but since the horse cannot act 
on the water, and in a line perpendicular to the beam of the head 
at midships, it is necessary to place him on the towing path, which 
brings the line of traction into the oblique position Bii, and in 
consequence of this obliquity, tlie vessel has a tendency to approach 
that side of tlie canal or river on which the power acts ; but in 
order to prevent this approach, and keep the boat on the straight- 
forward course, the ruader 11 is turned towards the other side, 
which, operating on the water as a fulcrum, keeps the vessel’s head 
in the same direction; but the power still acting in the oblique 
tract BII, counteracts the operation of tlie rudder, and forces the 
vessel forward in the dotted line bd. 

If the rudder be maintained in a position always parallel to the 
line of traction, the vessel would have no more tendency to deviate 
from the direction of the line bd, than it woulc^ have, if the power 
operated in that direction, but the resistance to the power^s much 
greater. 
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N0W9 the question is, how much more force the horse must exert 
in the direction bh, than would be required of him in the direction 
BD, supposing that he operates at h with a force equal to 150 
pounds, the obliquity of traction being 22^ degrees, and the resist- 
ance of the water wholly set aside?* 

From the point h let fall the perpendicular hd, then will rd and 
HD represent the magnitudes of the composants corresponding to 
the resultant bh, which is here supposed to represent the power of 
the horse ; but the force hd acts |)eri)endicularly to bd, and there- 
fore neither promotes nor counteracts the effect of the force in that 
direction; consequently, the power of the horse reduced to the 
direction bd is represented in magnitude by die line bd, and 
its numerical value obtained from the first of equation (^) is 
138*582 pounds. 

Section Fourth. 

OF THE COMPOSITION OF FORCES BY THE METHOD OF RECrrANOULAH 

CO-ORDINATES. 

86. We must now resume the subject of the composition of 
forces, and endeavour to expound the principles of that curious and 
important mechanical problem by the method rectaugulnr 
cn^ordinates,*' a method which, although not distinguished by the 
elegant simplicity of construction appertaining to the parallelogram 
of forces, is extremely fertile in uiitolding numerous beautiful and 
interesting properties and formulas, which may on many occasions 
be employed with immense advantage. If for this reason it claims 
our attention, how much more so by the knowledge which it will 
impart? 


87. Problem I. To determine the magnitude of the resuttant^ 
whether the forces be equal or unequal^ provided the magnitude of 
the forces and the mclinations of their directions to the co-ordinates 
be known. 


Let the straight lines pa and pb represent the magnitudes and 
directions of the two given forces a and A, acting in the same plane 
and having the same point of application p. 

Through p, the common point of application, m 
draw the indefinite straight line pn in any J 
determinate direction with respect to p\ and ]»b, 

and erect pm perpendicular to pn; thm- are pm 

and PN the axes of rectangular co-ordinates by "j 

which PC, the magnitude of the resultant, is to 1 

be determined. ** *"i n 


Upon the straight lines pa and pb, as diagonals, construct the 
rectangular parallelograms poa/; and pwibw; then are the forces pa 
and pb considered as resultants, respectively resolved into the com- 
ponents p% p/;, and p;/i, r/t. 
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Make mii equal to po and ni equal to pp^ and on Pii, pi construct 
the rectangular parallelogram phci, and draw Pc; then is i>c the 
resultant of the two given forces a and i, whose magnitudes are 
represented by the straight lines pa and pb. 

I'his is evident, for vp and pw represent the magnitudes of the 
forces PA and pb when reduced to the direction pn, and because 
V/) and p/I act in the same straight line and in die same direction, 
they are equivalent to a single force whose magnitude is expressed 
by their sum. 

’ Again, po and pm represent the magnitudes of pa and pb when 
reduced to the direction pm, and because they act in the same 
straight line and in the same direction, they are equivalent to a 
single force whose magnitude is expressed by their sum ; but pi is 
the sum of and p/i, and pii is the sum of vo and vm ; conse- 
quently, PC is the resultant or equivalent of the two forces, 
PA and PB. 

Put 9r = BP//, the angle which the force b or its representative pb 
makes with the axis or ordinate pn, 

(^+«) =AP//, the angle which the force /i, or its re iresentative pa 
makes with the same axis or ordinate, (p being as before, 
and or = CPI, the angle which the resultant r, or its represen- 
tative PC makes with the axis or ordinate pn, on which 
the effects of the forces a and b arc estimated. 

Then by Plane Trigonometry, we have 
VHTzb cos. ?r, and p//i=// sin. tt 
pp=a cos. (^+7r), and Po=a sin. (^+ 7 r) ; 
therefore, Pi=i cos. v+a cos. (^+’r), and pii=6 sin, w+a sin, 
(^-f tt) ; but pi=r cos. x, and pn=r sin. x; consequentlv, by sul)- 
stitutiou we obtain 

1. r cos. x=A cos. x+« cos. (^+7r)l 

2. r sin. x=5 sin. ir+a sin (f +’*’)) 

If the forces a and b are equal, then we have 
y cos. X = a {cos. ir + COS. (^ + 7 r)}, 
y sin. x=« [sin. 7r+sin. (f +7r)} ; 
but by the arithmetic of sines, cos. 7r-|-cos. =2 cos. (i^+w) 

cos. i f >9 and sin. ir+sin. (p+7r)=2 sin. (if+yr) cos.^^ ; therefore, 
by substitution, we have 

1. y cos. x= 2a cos. (iff+w) cos. /^v 

2. y sill. x= 2a sin. cos. ' 

88. From these equations, then, it is easy to determine the mag- 
nitude of the resultant of two forces, either in the general case, 
where they are unequal, as indicated in equation (n), or in the 
particular case, where they are equal, as indicated in equation (a), 
provided that the magnitude of the forces, and the inclination of 
their directions to the co-ordinates, are known. For, notwithstand- 
ing that X, the inclination of the resultant to the co-ordinate pn, is 
not supposed to be given, it can easily be found in terms of the 
forces and the angles of their inclinations to that co-ordinate. 
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Thus, for example, 

8$K Suppose it is required to determine the inclination of the 
resultant i>c to the co-ordinate pn, having given the magnitude of the 
components a and and the inclinations of their directions to that 
co-ordinate- 

Let the second of equation (a), be divided by the first, and we 
obtain 

r sin. .r_A sin^ir+a sin. (p+^s*) 
r cos. X b cos. «■+« cos. (p+ff) 

7* Sill X 

=itan. .r ; consequently it is 


tan. :r= 


b tan. ir+a sec. ir sin. (p+t) 


(c) 


b+a sec. tt cos. (p+ir) 

ITic application will be best elucidated by the following numeri- 
cal examples. 


90. Examplf 1 . Suppose that the magnitudes of two component 
force.^ a and A, arc respectively represented by straight lines of 1 1 and 
inches in 1 »ngth, and that the angles, which their directions make 
with one of the rectangular co-ordinates, are 50° 25' and 32° 12'; 
at wh.at angle is the resultant of those forces inclined to the same 
co-ordinate 

Here wo have a = ll inches; 5=21 inches; 9r=32° 12' and 
(^-f 7r)=50^ 25'; let those numbers be substituted in equation (c), 
and it becomes 

_21 tan. 32° 12'+ II scc.32°12'sin..50"25' 

Un, X- -21 +11 Bec.32''l‘2'co8.50‘’i!5', 

and the operation for its reduction is as follows : 

(p+a-)=50 25' . log. sin. 9’880885 

IT =32 12 . . Icg.sec 0'()72.5il0 log. tan. 9*799157 

a =11 inches, lug. • . . 1*041393 . . b =21 in. log. . • 1*322219 
natnum. = 10*018 log. . . 1*000808 . . . 13*224log. . . W2137rri 
hence, w^c have f>> the value of the numerator of the fraction in 
equation (c), 

b tan. 7r+flsec.7r sin. (p+7r)= 23*242 
again, Trr- 32° 12' . . log. sec. . . 0*072530 
(p+^) =50 25 . . log. cos. . * 9*804276 


0=11 inches . log. . . . . 1 *041393 
natural number = 8*283 . log. .... 0*918199 


consequently, the value of the denomn .ator in equation (c) is 
21+0 sec. IT cos. (p+w-) =29*28^ 
and the numerical value of the whole fraction is therefore 
23*242 

tan. = -82176=nat tan. 35°24'43". 


91. Example 2. Suppose that at a material point of a body two 
forces act, equal to 60 and 80 tons respectively, and inclining to 
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each other in an anple of IS''; what will he the inclination of the 
resultant to a line which is in the plane of these forces, and inclining 
to the direction of the nearest force in an angle of 45^ f 

Here we have given, «=60 ; 4=80, and let 4 be the force whose 
inclination to the line is given; then we have by equation (c) 

4 tan sec.9r sin. (P+ir)^ 

4+a sec. IT cos. (f+n) 

80 tan. 45 +60 sec. 45'' sin. 60®. 
that 18 tan. x= 80+60 bee .45" cos. 60° 

but tan. 45 = 1; sec. 45=^2; 8in.60»=J Vb and cos. 60°=^, 

hence we get _ 

80+60 vryiy 3__ 

80 + 60 l/JXi 

tan. jr = l'25325=nat tan.Sl® 25' 

80+30 ^2 


Having in the preceding process determined the inclination of 
the resultant to the rcctiangular co-ordinates, and consequently its 
inclination to each of the forces, or more properly to the lines by 
wliich the magnitudes of the forces are represented, we shall now 
proceed in the following 

02. Problem II. To shmv in what manner the angle of mcli-- 
nation between the resultant and the co-ordinates is to be founds in 
order that its value may he incorporated with the given quantities^ 
for the purpose of ascertaining j not the direction but the magnitude 
of the resultant. 

ITic equations for determining the magnitude of the -resultant, 
supposing X to be known and incorporated with the other quanti- 
ties, are 

1. r= {4 cos. n-+a cos. (P+tt)} sec. x 

2. r= {4 sin. ir+a sin. {p+^)j cosec. x 



These values of the resultant r, it is evident, are derived from 
equation (a), by simply dividing both sides of each expression, by 
the respective Trigonometrical value of x 'occurring in that expres- 
sion, and the application of those derivative formula, will, it is pre- 
sumed, be sufficiently exemplified by the solution of the following 
numerical examples. 


93. Example 1. Suppose the magnitudes of two component forces 
to be respectively represented by straight lines of 72 and 96 
inches in length, and let the angles which their directions make with 
one of the rectan^lar co-ordinates, be 88® 44', and 56 °58' ; what 
must be the magnitude of the single force or resultant, whose efibrt 
shall be equivalent to the united efforts of the two given forces ? 

Here we have given, a=72 inches; 4=96 inches; (p+ir) = 
88® 44', and ?r=56® 58'; 
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then, the value of the angle x is found by the following operation. 
ir)=88 44' log.sin. 9'999894 

t=56 58 log.sec.0-263502 • . . . log. tan. 0-186930 

a=72incheslog. 1*857332 b =96 inch. log. 1*982271 
nat.nuin. = 132*074 log. 2*120728 nat. num. = 147*639 log.2*169201 
then, 132*047+147*639 =279*686, the numerator ; 
again (f+7r)= 88® 44' log. cos. 8*344504 
T =56 58 log. sec. 0*263502 

a =72 inches log. 1*8 57332 

nat number =2*919 log. 0*465338 

then 96+2.919 = 98*919, the denominator; 

therefore, tan. a* =^^^^^^= 2*82741 =nat tan. 70® 3r20", 

Now, if the value of x thus obtained, be employed in either form 
of equation (n), say No. 1, we shall have 

r= (96 cos. 56^58[+ 72 cos. 88-44'} sec. 78^31'20", 
which expression indicates die following process, 
ir=r)0“58' log. cos. 9 736498 (^+ ir)=88°44' log.cos. 8-344504 

nat.] ^=96iiicli. log. 1-982271 a =72inch. log. 1-85733*2 

num. =52-3321 log. 1*718769 nat. number =1-5910 log. 0**201830 
then 52*3321 + 1*5916=53*9237 . . . log. 1.731780 

70%3r20" . . log.scc. 0*476981 

natural number=161 *719 . . . log. 2*208761; 

consequently, the required resultant is represented in ma^itude by 
a line of 161-719 inches in length; and its directions, with respect 
to the directions of the two components, are as beneath, viz. 

With respect to pa, it is (9+7r)-a:=88'’44'-70°3r20"=18”12'40'' 
With respect to PB, it is x— ir =70 31 20—56 58=13 33 20. 


94. Example 2. A ship sails N.E. 120 miles, in a current which 
sets N. 60®, E., 80 miles in the same time ; what is the absolute dis- 
tance sailed by the ship on account of the compound action ? 

Here, we have given a=120; 6=80; 9r=30®, and (?+7r)=45® 
therefore we get 

• 80 tan 30®+ 120 sec. 30® sin. 45® 

^ ^ + 120 sec. 30® cos. 45 ’ 

or by substituting the numerical values of the angular quantities, 
we get 

tan. *= -t _ =,«i;7=:cot course=cot 60“ 51'; 

240+120v'6‘ 

then to find the magnitude of the resultant, or the distance sailed by 
die ship, we have 

80 cos. 30®+ 120 cos. 45® 

^ coi51“61'"' ’ 

^ . 154*1356 

that 18 rs= 196 miles. 


1 
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The following is the method of construction. 

Let NP represent the meridian of the 
place from which the ship sails, pe a pa- 
rallel of latitude passing through that 
place; then are np and pe the^ axes of 
rectangular co-ordinates originating at p. 

With the chord of 60° describe the 
quadrant of a circle ne, and make the 
angle npa equal to 4.5° and npb eqfial to m 
OO*" ; then is ni»E equal to ^30° and ni»c is 
the required bearing. 

Make j»a equal to 120 and pb equal to 
80 miles, each taken from a scale of eipial parts of any convenient 
magnitude whatever; complete the parallelogram awic and join pc; 
then is the ship’s way, equal to 196 miles, and Ni»c,the ship’s course, 

equal to 51° 51'. 

Or it may be other^^isc performed, thus: resolve each of the forces 
PA and PB into their composcants iv/i, p//, and p?r', pii', respectively 
parallel to the axis of co-ordinates; make rjr equal to pwi+pw', 
and p^ equal to i*r+pw', complete the rectangular parallelogram 
.TP//C and join cp ; then does cp represent the magnitude and posi- 
tion of the resultant of the two forces pa and pb. 

The above, then, is the whole of the process required to deter- 
mine the magnifudo and direction of the resultant of two given 
composant forces, in the general case, when they are unecjual 
between themselves ; but in the particular case, where the compo- 
sants are equal, the operation is greatly simplified, as in the 
following 

95. Problem III. To determine the magnitude and direction of 
the resultants tvhen the comjiosants are eqnaL 

If the second of equation (b), be divided by the first, we get 
tan. a;=tan. (ip -|- tt) 

consequently, a:=(ip+7r) ; this is obvious from the diagram ; for if 
pa is equal to pb, the resultant pc bisects the .angle BPA = p, and 
therefore, the angle cPB=ip; but the angle Bp;/=7r by the notation, 
wherefore, CPE =:r= (ip -hjr). If this value of x be substituted in 
equation (b), the two forms become assimilated, and the expression 
for the resultant is 

r=2flcos.ip; 

this agrees with what we have already laid down in equation (A). 

If we square both sides of the first and second forms of equation 
(a), wc shall have 

1. r* cos.*^= A* cos.* 9r+2flA cos. tt cos. (p+»r) +a* cos.* (p+w), 

2. r*sin.* ar=A*sin.* tt +2«A sin. Trsin. (p+w) +a* sin.* (p+^)* 

The sum of these is 

r* (cos.* x+ 8 in.®a-)=A* (co 8 .* 7 r + 8 in.* 7 r )+2 ab {cos. ir cos. (p+w) + 
sin. TT sin. (p+w)} -f c:*{cos.^(p+ 9 r)+ 8 in.* (p+^^r)}, 
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and because cos.^+8in.^=rad^; if we assume the radius equal to 
unity, we obtain 

{cos.ircos. (p+^)+sin.irsin. (^+’r)}, 
but by the arithmetic of sines we get 

{C0S.9rC0S. (p + ir) + 8in.7r8in.(^+^)} =COB.{(p+«r)— it} =C08.p; 
therefore, by substitution, we shall have 

r* = a* + i* +2aA cos. fj 

and by evolving both sides of the equation, it b ecomes 
r =V^*+A*+2ai6co8. 

96. This agrees with what we have already lajjj} down in equation (a), 
for the acute value of f, the angle contained by the directions of the 
given forces; but when <p is obtuse, the mode of obtaining the fun- 
damental eqUcTtion will be a little different, as follows. 

Let the straight lines pa and pb, represent 
the magnitudes and directions of the two forces, 
the measure of whose resultant is proposed to 
be ascertained. 

Through p, the point of application, draw the 
indefinite straight line pn, making any angle 
whatever with pb, the direction of the nearest force b ; at the point 
p, erect tho perpendicular pm, and produce np to p in the contrary 
direction ; then are pn and pm the rectangular co-ordinates by whicli 
the magnitude of the resultant is to be assigned. 

Resolve the forces pa and pb, considered as resultants, into the 
composants i*o, p/?, and pm, vn estimated on the rectangular co- 
ordinates pm and r;i. Make 77211 equal to vo and rii equal to vp 
taken negatively, because vp falls in the contrary direction. On 
the right lines pi and ph, construct the rectangular parallelogram 
piici, and draw rc ; then is vc the resultant of the tw’o forces a 
and /i, whose magnitudes are represented by the straight lines pa 
and PB. 

Since the forces pa and pb, when reduced to the co-ordinate pn, 
are represented by p/i and 17;, acting in contrary directions with 
respect to p the point of application, it is obvious, that the effect of 
these forces in the direction of the greater, is equal to pi the differ- 
ence of the lines rre and vp which represent the reduced magnitudes. 
Again, the straight lines po and pm represent the magnitudes of 
the forces pa and pb, when reduced to the co-ordinate pm, and 
because they act in the same straight line, and in the same direc- 
tion, their efforts must be equivalent to that of a single force, whose 
magnitude is expressed by their sum • hut ph is the sum of vo, and 
pm and pi is the difference of vn an, ly ; consequently pc is the 
resultant of the forces pa and pb. 

97. Retaining the former notation, we have by PlaneTrigonomctry, 

b cos. TT, and p?22=A sin. tt 

vpzz~a cos. {18J® — and Po=rtsin. {180® — (p +t)}; 
therefore, pi=A cos. tt — a cos. {180“ — (9+»r)|, and rii=A sin. 
9r+a sin. {180® — (?+^)}; but because the tabular or numerical 
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values of the sin. and cosine of an arc and its supplement are the same, 
it follows, that cos. {180 ® — (P+at)}, and sin. (180° — (f +^)}9 are 
respectively equal to cos. and sin. (p+ir) ; and since (^+9r) 

is by hypothesis greater than a right angle, cos. (f + 7 ) must be 
taken negatively, but a negative quantity subtracted is equivalent 
to a positive quantity added ; therefore we have 

1. r cos. x=b cos. *•+« cos. (p+ir) 

2 . r sin. a:=:i sin. v+a sin. ( 9 + v) 

The very same results as in equation (a) ; from which we conclude, 
that whether the directions of the components are inclined to each 
Other in an angle gretter or less than a right angle, the method of 
computing the magnitude of the resultant will nevertheless be the 
same, although the construction exhibits a slight variation. 

98. If we multiply the first of the preceding equations by h sin. tt, 
and the second by b cos. tt, wc obtain 

1. br sin. ic cos. jc=i® sin. v cos. v+ab sin. tt cos. (p+tt), 

2. br cos. IF sin. j:=i® sin. v cos. tt+oA cos. v sin. (p+^r) ; 

let the first of these expressions be subtracted from the second, and 
we get 

7ir (sin.:r cos.9r— cos. r sin.^r) =aA(sin.(9+9r) C08.9r — cos. (p+w) sin.w) ; 
but by the arithmetic of sines, we know that 

sin. X cos. TT — cos. x sin. ^=8in. (x — r), and 
sin. (p+ff) cos. ir — cos. (p+^r) sin. 7r=sin. {(p+x) — 3r}=sin. p; 
consequently we have 

br sin. (x — 9r)=ai sin. p (e) 

This is a very curious deduction, and at the same time exceed- 
ingly well adapted for the determination of the resultant r ; it indi- 
cates that the product of the lines pd and pc, drawn into the natural 
sine of their contained angle, is equal to the product of the lines pa 
and PS, drawn into the natural sine of their contained angle. Divide 
both sides of equation (e) by b sin. (p — tt), and we get 

r=a sin. p cosec. (x — n) (r) 

The practical rule, afforded by this expression, is as follows : 

99. Rule. Find the direction of the resultant PC with respect to 
that of the force pb, by equation (c), or equation (k)^ in the 
parallelogram of forces ; then multiply together the magni-- 
tude of the force pa, the natural sine of the angle contained 
between the directions of the forces^ and the natural cosecant 
of the angle which the resultant makes with the directions of 
the force pb, and the product will he the magnitude of the 
resultant pc. 

If the direction of the resultant were determined relatively to that 
of the force fa ; the formula would be symmetrical, and the rule 
would be the same, having the force fa instead of pb. The following 
examples will guide the reader to the practice of solution. 

100. Example 1. Two forces, whose ma^itudes are respectively 
represented by straight lines of 18 and 28 inches, aj^d whose dircc- 
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tions are inclined to each other in an angle of 48° 12^ are required 
to be composed into a single force of equal effort ; what must be 
the magnitude of that force, supposing the inclination of its com- 
ponents to one of the rectangular co-ordinates to be 22° 30' ami 
70^42'? 


First, calculate cot (x— ]r)=Acosec. f-|- cot f ■ 

a 

^=:28 inches .... log. 1 *447158 
a= 18 inches ar.co. log. 8*744727 
=48° 12' . log. cosec. 0 * 127566 
natural number 2*08661 .... log. 0*319441 
f=48° 12' natcotang. 0*89410 

sum 2*98071=nat cotangent of 18°33' 

then by tlie rule 

a= 18 inches log. 1*255273 

p=48° 12' log. sin. 9*872434 

(x-t) = 18 33 log. coscc. 0*497393 

natural number=42 * 18 inches log. 1*625100 
consequently, the resultant of two forces according to the conditions 
jffoposed is mcMured by a lino of 42* 18 inches in length. 

101. If wo divide both sides of equation (e) by br, we get « 

sin. (X— ff) = IL.; 

T 

but by the arithmetic of sines, sin. (ar— v ) = sin. x cos. cr— cos. x sin. 
tlicrefore, by substitution, 


sin. X cos. cr— COS.X sin. -jr= 

r 

and by transposition and division, 

• ... osin. 0 8cc.a: 

cos. tan. X — - - =sin. ^r: 

r 

but sec.x=^i+ttta.»jr 

hence we have 

. a sin .0 , 

cos. cr tan. X — | • tan.^ a’.= sin. at : transpose 

a sin. (f> ^ . 

— ^ V 1 +tan.*j: and sin. cr, and involve both sides, and we have 

o . » • ^ - ff^sin.*^© /fi®sin.®0\ 

cos.® T tan.-ar— sin. 2 w tan. x+sin.® w=— ^ - + V — tai^ x ; 


transpose, and it is 

£ • O a. «®8in.®^ . 4 

tan.*a:— sm.2flrtan.arrr — - — ^sin.® at, 


2 a=cos.-0^ 

(cos. AT ^ J 


an adfected quadratic equation, which, being resolved by the rules of 
algebra, will determine the direction of the resultant with respect 
to the direction of each of the forces. 


102. Example 2. Two forces, whose magnitudes are respectively 
represented by weights of 30 and 40 tons, are inclined to each other 
in an angle of 60^, and they exert themselves at the same instant on 
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a material point of a body: what must be the magnitude of their 
resultant, supposing the com|)OHants to be inclined to one of the co- 
ordinates in angles of 15 and 75 de^ees ? 

Here we have given 

0=30; A=40; p=60° ; w=15,® and (^+cr) = 75.® 

Find (a:— cr) sueh that cot. (jr— c)= - cosec. ^+cot 0 . see equat. (/r) 
5=40 log. “ .602060 

0=30 ar.co. log. 8*522879 
<p = 60® log. cosec. 0.062469 

natural number 1-53959 log. 0.187408 
p=60® nat eotan. 0*57735 

8um=2. 11694=nat cot. 25® 17.' Hence we get 
r=30 Xsin. OO'^Xcoscc. 25® 17'=60.83 tons. 

We have already been so diffuse in the illustration of our formul«T, 
that it is presumed the reader is, ere now, prepared to reduce the 
foregoing equation, and also to extend the principle of composition 
to three or more forces, Jiccording to the assigned conditions ; wc 
therefore quit this part of the subject, and proceed to consid(*r tlic 
relations that subsist between the component and resultant forces 
linger our second head ; in which, it will appear, that in the compo- 
sition of more than two forces, we are not limited to one plane. 


CASE II. 

103. The next branch of the subject that presents itself to our 
consideration, according to the order of arrangement, is that in 
which 

the component and resultant forces are disposed in different 
planes^ hut directed to the same point of a body. 

Section First. 

WHEN THE DIFFERENT PLANES fN WHICH THE COMPONENT AND 
^SULTANT FORCES ARE SITUATED, MAY BE AT RIGHT ANGLES 
ONE TO ANOTHER. 

104. The general principle unfolding the solution of this case, is 
simply as follows, viz. : — 

Proposition. If three forces are represented in magnitude and 
direction hf the three edges adjacent to the same angle of a 
parallelopiped^ their restiltanU or single equivalent, will he 
represented in magnitude and direction^ hy the diagonal which 
h drawn from that angle of the solid where the forces are 
ajtplietL \ 
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Indeed^ any nmviher of farces acting together on one particle 
of' matter must he balanced by a force which is equal and opptf 
site to their resulting force ; for this force would balance their 
resulting force^ which is equivalent to them in action* 

When this is duly considered^ we perceive that each force is 
then in equilihrio with the equivalent of all the others ; for a 
force can balance only what is equal and opposite to it. 

105. Upon the straight lines pa, pb, and pe, 
which represent the magnitudes and directions 
of the three given eomposant forces «, A, and r, 
construct the solid parallelopipedon augh; draw 
PC, the diagonal of the parallelogram apbc ; 
then shall pc be the resultant of the two forces 
PA and PH. Join ef and pf; then because 
by construction, cf is equal and parallel to ah, 
and ah to fe, cf is also equal and parallel to pe ; but straight lines 
which join the extremities of two equal and parallel straight lines 
towards the same parts, are themselves equal and parallel ; wherefore 
EF is caual and parallel to pc, and the figure fefc is a parallelogram, 
of which the diagonal pf represents in magnitude and direction the 
resultant of the two forces pc and pe ; but pc is the resultant of the 
two forces PA and pb ; therefore, pf is the resultant of the three 
forces pa, i»b, and pe ; and since p and f arc the opposite corners 
of the parallelopipedon augh, the straight lino pf which joins those 
op})ositc corners must be its diagonal ; therefore pf is its diagonal, 
and it has been shewn that i’f is the resultant of the three lorccs 
PA, PB, and PE ; wherefore, 

The resultant of three forces, situated in different 
planes, but concurring in the same point, is represented in 
magnitude and direction by the diagonal of the parallelo^ 
pipedon constructed on the lines that represent the forces. 

106. From which principle, we deduce the following method of 
construction for the resultant of three projiosed composants, acting 
simultaneously at one point, but not disposed in the same plane. 

Let the straight lines pa and pb, represent the 
magnitudes and directions of two component 
forces, situated in the same plane, and applied to 
the same point p: — and let the straight line pe 
represent the magnitude and direction of a third 
force, applied to the same point p, but situated in 
a plane anyhow inclined to that in which the other" two forces 
exist. 

Upon the straight lines pa and pb, construct the parallelogram 
PACB and join pc; then is pc the resultant of the two forces whose 
magnitudes and directions are represented by the straight lines pa 
and PB. Through the point c, draw cf parallel and equal to pe 
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and join pp; then is pf the resultant of the three proposed 
forces PA, pn, and pe, for it is obviously the diagonal of a parallel- 
pipedon constructed on these lines : — 

Put a —pa, 1 forces, disposed in the same plane pacb, 

i=PB, 3 , 

e=PE, the third force not in the same plane with pa and pb, 
P=zbpa, the angle which pa and pb, the directions of the 
forces a iind make with each other, 
r=pc, the resultant of the two forces pa and i»b, 
and R=:PF, the resultant of the three forces, pa, pb, and pe. 


Then, if the force pe be supposed to act at right angles to each 
of the two forces pa and pb, it is manifest that it acts at right angles 
to the resultant i*c ; but cf is by construction equal and parallel to 
i»e; consequently, pcf is a right angle, and pf-=i»c®4-cf® ; now 
PC* is, by squaring equation (a), equal to a* + ± 2 a/j cos. p ; 

that is, 

pc^=r-=fl®+A®±2 flJ cos. p, 
to which, if CF®n:pE®=c' be added, it becomes 

PF* = R"=a* ± 2 fi/jcos. p, 

and by extracting the square root of both sides of this equation, we 

obtain for the value of the resultant 

2«ft co8.p. (g) 

107. Tliis equation determines the magnitude of the resultant of 
three forces, when two of them, as a and h, are situated in one 
plane, and have their directions inclined to each other in an angle 
equal to p, either less or greater than a riglit angle, while the third 
force c is perpendicular to the plane in which a and h exist, and 
consemicntly, has its direction inclined to each of them in an angle 
of 90 degrees. But if the directions of the three forces ri, ft, and r, 
are mutually inclined to each other in an angle of 90 degrees, then 
the solid in whose planes the forces exist, becomes rectangular, and 
the value of the resulta nt is 

R=^o*+ft*+c* (ii) 


This is manifest from equation (g), for when p=90®, cos. p=0, 
and the term 2 ab cos. p vanishes, leaving for the magnitude of the 
resi^iant,* the square root of the sum of tlie squares of the three 
givCT forces ; but the same thing will obviously appear from the 
annexed diagram, where the three 
contiguous edges of the solid pa, pb, 
and PE represent the magnitudes or 
intensities’*^ of the proposed com- 
posants, being mutumly inclined to 
each other in an angle of 90 degrees; 



* Intensify o/ a force is the effort which it exerts in endeavouring to pro- 
duce or to destroy motion. 



OF THE COMPOSITION AND RESOLUTION OF FORCES. 6;> 

thsr is, the angles ape, apjj, and dpe are all of them riirlit ang^lcs 
and the solid pacbiifge is rectangular. 

108. Now, because pc is the diagonal of the rectangular paral- 

lelogram PACB, it is obviously the resultant of the two forces pa 
and PB, and for the same reason, pf is the resultant of the two 
forces PC, pe; consequently, the effort or intensity of pf is equiva- 
lent to the united efforts or intensities of the three composants pa, 
PB, and PE. But because the angle fcf is a right angle, pf^ = 
PC*+CF* ; or since pc*=pa*+pb% and cf*=pe*, we have, by sub- 
stit pf’=pa-+pd*+p f/ ; that is , and by evolution, 

R=^a^+i-+c*, the same as above. 

109. It the three forces a, and c are equal, the solid in whoso 
planes they are supposed to act becomes a cube, and its diagonal, 
or the resultant of the given forces, is 

R = rtV*^ (i) 

ITie following practical rules afforded by the equations (g), (ii), 
and (i), will be found useful for their reduction, and two numerical 
examples to each will suftice for illustration. 

The rule derived from ecpiation (g) is as follows. 

110. Rule. To or from the mm of the squares of the three com- 
ponent forces j according as the giv€7i angle of inclhiation, is 

acute or obtuse^ add or subtract twice the natural cosine of the 
given angle drawn into the product of its containing forces ; 
then the square root of the mm^ or remainder^ will give the 
magnitude of the restdtant soztght. 

When the p is acute. 

111. Example 1. The intensities of three forces, a, b and r, are 
measured respectively by weights of 13, 18 and 23 tons; what is the 
intensity of their single equivalent, supposing the directions of a 
and h to be inclined to each other in an angle of 62*’ 45', and tliat 
of c inclined to each of the others in an angle of 90 degrees ? 

Here by the rule we have a«= 13x13= 169 

5^=18X18= 324 
c^= 23X23= 529 

= R>22 [cause pis acute. 

2 ah cos, P=2X13X18X >45787 = 214>2a316 , add be- 

henre we have r = ^ a-+ir + c” + 2ai cos.^ = -^f236*28316 =:^135 • 16 
tons, for the magnitude or intensity of the resultant required. 

The magnitudes of the forces rein 'lining, if p the angle of 
inclination between the directions of c .md b be 117® 15'; then, 
R = V R>22 - 2 14 • 283 1 6 = 28 • 42 tons. 

1 12. Example 2. The magnitudes or intensities of three forces, 
a, b, and c, which act simultaneously at the same point of a body, 
are respectively represented by weights of 24^ 32, and 30 tons; 
what is the magnitude or intensity of their resultant^ or single 
equivalent, supposing the forces a and h to be inclined to each 
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other in an an/|;lc of 165°, and the force c inclining to each of the 
others in an angle of 90° ? 

Here we have given, a=24; 6=32; c=30, and ^=165°; its 
cosine is — •96593 ; consequently, by equation (g) we obtain 

««= 24 X 24 = 576, 

6«= 32 X 32 =1024, 
c«= 30 X 30 = 900, 
a9+ A«+ c" =2500 and 

—2 oA cos. p =2 X 24 X 32 X ■— *96593 = — 1483"66848^ subtract, 
because f is obtuse: 

therefore, h= V il5'00'^’l48.3^(^^8= Vior6.;33152'^31 -88 tons. 

Tlie rule derived from equation (ii) is as follows : 

Rui.e. Extract the square root of the sum of the squares 
of the given forces for the resultant required. 

11.*}. Example 1. I-.et the intensities of the given forces be the 
same as in the preceding example, and suppose their directions to 
be mutually inclined in an angle of 90 degrees; what then will be 
the magnitude of the resultant ? 

Here by the rule, we have «-= 13 X 13 = 169 

i-= 18 X 18 =z 324 
c-= 23 X 23 = .529 

hence we have, + />" + ^*" = V 1622=31 • 96 tons, the 

magnitude or intensity of the required resultant 

114. Example 2. Suppose that three forces, the intensities of 
which are respectively equal to weights of 48, 64, and 60 tons, act. 
simultaneously at one point of a body, and ' that each force is ])cr- 
pendicular to the plane of the other two ; what is the magnitude or 
intensity of their resultant? 

Here we have given a = 48; i = 64; c = 60, and p = 90‘* ; its 
cosine = 0 ; 

therefore by equation (h), we get 

a^= 48 X 48 = 2304, 

*2= (54X64= 4096, 
c«= 60X60= 3CT0, 
flg+ft g + r- =10000; 

• therefore, r= ^ 10000 = 100 tons. 

The rule derived from equation (i) is as follows. 

1 1.5. Rule. Multiply the square root ofQor 1 • 732 by either of the 
equal forces, and the product will give the required resultant. 

116. Example 1. Suppose the intensities of three equal forces 
to be each represented by a line of 24 inches in length ; what must 
be the len^h of the line that represents the intensity of the resultant, 
the directions of the components being mutually inclined in an 
angle of 90 degrees? 
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Here by the rule we have l-7«'32 X 24 =: 41-568 inches, the 
required measure of the intensity or magnitude. 

117. Example 2. The magnitudes or intensities of three equal 
forces, which act simultaneously at the same point of a body, are 
each equal to 60 horses’ power; what is the magnitude of their 
resultant or single equivalent, supposing that the direction of each 
force is at right angles to the plane of the other two ? 

Here we have given a = 60, and p = 90°; its cosine is=0; 
therefore, by equation (i), we get 

r= 60-^3= 103-928 horses’ power. 

118, If the forces in equation (i) .arc equal, but p, the given 
inclination of the directions of a and A, either less or greater than a 
i’ight angle, then we liave 

R = :f± 2 cos. p. (k) 

The practical rule which this expression alfortls is as follows. 

1 19. Ilui.E. Increase or dimhnsk the constant number 3, by twice 
the itatural cosine of the given inclination^ according as it is 
less or greater than 90*'; then multiply the square root of the 
sum or remainder hy cither of the equal forces^ and the product 
will he the resultant sought 

120. Exa^iple 1. Let the ccpial forces be the Stame as in the pre- 
ceding example, and suppose the inclinations of the directions of a 
and h to be 76*' 40', and 124^' 12'; what is the magnitude or intensity 
of the resultant in either case, the inclination of the direction of the 
third force to eacli of the others being 90 degrees ? 

Here 2cos. 76° 40'= -46124; and 2 cos. 124*' 12'=-1- 12416; 
then by the rule we have, when p is acute, 
11=24^3-46124=44-6496 inches, the measure of the resultant; 
and when p is obtuse, we have 

k= 24^3— 1-12416=82-856 inches, tlie measure of the resultant 

121. ExA'\iple 2. Suppose that three forces, each equal to 
100 horses’ power, act simultaneously on a material point of a body, 
two of the forces being iiuJiiied to each other in an angle of 30*', 
and the third inclined to the plane of the other two in an angle of 
90**; what is the magnitude or intensity of the resultant ? 

Here we have given a = 100, and p = 30°, and p'= 90**; cosine 
p = and cos. p'=o, 

therefore, by equation (K.),we get 
100^3+V3 =217-53 horses’ power. 

122. Geometrical construction to exhibit the conditions of action, 
while, at the same time, the magnitude of tlie resultant shall be 
truly represented by the diagonal of the figure. 
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Let the straight lines pa, pb, and pe, each 
equal to 100, represent the magnitudes of the 
forces, and let the angle apd be equal to 
30 degrees, as specified in the question. 

Complete the rhombus apbc, and draw the 
diagonal pc ; then will re lie the resultant of 
the two forces pa and pb, whose actions are 
confined to the plane pab. Draw pe at right angles to pc, and com- 
plete the solid pfb; joinPF, then is the diagonal pf the resultant of 
the three given equal forces pa, pb, and pe. 

This diagram affords the following equation for the magnitude of 

the resultant pf ; that is, 

PF =z R =a'^4 cos*^. ^ p -f 1. 

The truth of this equation is manifest, for pf-=pc-+cf^, (Eiicl. 
47. 1.) and rc is, by equation (A), equal to 2 a cos. ^ p; consequently 
i>f-=:4 dr cos-, i p-f which by evolution produces the preceding 
equation. 

The preceding example wrought by this method is as follows, viz. 

11 = 100^4 0)8*. 15“ + 1; 

but cosl 15®=^ ( ^^6+ Vs) ; its square is ; hence we get 

» = 100.^3+ v' 3=217»53, the same as before. 

123. Recurring to the diagram under equation (h), art. 107, 
where it is shewn that PF-=PA® + PB--f pe“; if w'e denote the 
angle fpa by a, fpji by b, and fpe by c ; that is, the angles which 
the resultant rr makes with the given primary forces, pa, pb, and 
i»E ; then, because the angles paf, pbf, and pef, are right angles, we 
shall have by Plane Trigonometry 

pa=pfcos.a; pb=pfcos.b; and pe=pf cos.c ; 
wherefore, by squaring and substitution, we obtain 
PF- {cos-. A + cos-. B -f cos®. C) =:PF®; 
or, dividing both sides of this equation by the common factor pf®, it 
becomes 

cos®. A + COS®. B + COS®. C=l. (l) 

This is the equation employed by mathematicians for deter- 
mining the direction of a force in space, and it enables us to draw 
accurate conclusions from very intricate observations. In the 
present case it is evident, that if wre know tlie angles a, b, and c, 
which the direction of the resultant pf makes ivith each of the 
lines PA, PB, and pe, the position in space of the resultant can thence 
be ascertained; for the relation between the angles is such, that 
whatever may be the*value of any two of them, the value of the third 
depends on the foregoing equation. Thus, for 

124 Example. Suppose that the angles a and n, which two con- 
tiguous sides of a rectangular parallelopipedon, make with the 
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diagonal drawn from the concurrent angle, are respectively 68^ 18^ 
aiul 59^ 12'; what angle does the Uiiid side make with that 
diagonal ? 

ilerc we have given, the angles a and b, and it is proposed to 
determine the angle c; now, from equation (l), by transposition, we 
obtain « 

cos-. c= 1 —cos-. A— cos-. B ; 
consequently, by evolution, we have 

cos. c=-^l — cos“. A— cos-. B ; 

but cos-. 68“ 18'= *1367, and cos-. 69“ 12'= -26209; therefore, 
cos. c=-^l — *39879= -77538; hence, the angle c=39® 10'. 

125. ]}y knowing the angles a, b, c, and the resultant pf, it is easv 
to determine the values of pa, pb, and pe, the primary forces which 
compose the resultant pf ; for, as we have shewn above, we have only 
to multiply the natural cosines of the given angles respectively by 
the resultant, and the several products will give the reejuired forces. 

126. Example 1. Suppose the diagonal of a rectangular paral- 
lelo])ipedon to be 36 inches in length, and let the angles which it 
makes with the three exterior edges of the solid contiguous to the 
angle where it originates, be respectively 60^, 50^^, and 54® 31'; 
wdiat is the length of each edge of the solid, or, in other words, what 
are the magnitudes or intensities of the composant forces of which 
the given diagonal is the resultant ? 

Here we have 

pa=36cos. G0®00'=36X -5 =18- ... inches, 

pb=36 cos. 50 00 =36 X -64279 = 23- 14044 inches, 
pe=36 cos. 54 31 =36 X -58038= 20-89368 inches. 

127. Exa^iple 2. The resultant of three forces acting simul- 
taneously at the same point of a body, is equal to a pressure of 
120 tons, and the inclinations of its direction to each of the compo- 
sants are respectively 60“, 75“, and 34“ 15'; what is the magnitude of 
each composant, their inclinations to each other being mutually 90®? 

Draw the straight line pe (fig. 1 ) of any 
convenient length, and at the point p 
make the angles fpe, fpa, and fpb equal 
respectively to the given angles 34" 15', 

60" and 75". Make pf equal to 120, the 
measure of the given resultant, and from 
the point F let fall the perpendiculars fe, 

FA, and FB, meeting the straight lines pe, 

PA, and PB, in the points e, a, and b; then 
are i’a, pb, and pe the magnitudes of the 
reejuired coinposants. Fig. 2 represents 
the solid constructed on those lines under 
the specified condition;, and the calcula- 
tion is effected by the property deduced from the diagram to 
equation (».), viz. / 
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That the edges of a rectangular parallelopiped&u are 
respectweltj equal to the product of the diagonal by the 
natural cosine of its inclination to the edges, 

'rhercforc, we have 

PA = PF cos. 60® 0'= 120 X • 5 =60 tons, 

pi5=pfcos.75 0=120X -25882=31 -058 — 
pe = pfcos.34 16 =120X -82643=99.171 — 

Such is the method of procedure when the different planes in 
which the coin])oiient and resultant forces may be situated, are at 
right angles to one another. 

In tlie second member of the general pro])osition wo asserted, and 
liave since proved, that “ any number of forces acting together on 
one particle of matter must be balanced by a force which is equal 
and opposite to their resulting force and “inmost of our prac- 
tical discussions we know, or at least .attend to, a part only of the 
fon^es which are acting on a material particle ; and in such cases w^e 
rc<ason iis if we saw the whole : yet is our mathematical reasoning 
good with res])ect to the c([uivalcnt of all the parcels which we are 
contemplating, and the equivalents of the smaller parcels of which it 
consists ; and the neglected force, or parcel of forces, induces no 
error on our conclusions.” 

“ In the spontaneous phenomena of nature, the investigation of 
our ultimate object of search is frequently very difficult, on account 
of the multiplicity of directions and intensities of the operating 
forces. We may generally facilitate this process, by substituting 
equivalent motions or forces, acting in convenient directions. It is 
in this way that the navigator computes the ship’s place with very 
little trouble, by substituting equivalent motions in the meridional 
and equatorial diro(;tit)iis for the real oblique courses of the shi]). 
Instead of setting down ten miles on a course S. 3ii‘* 52' W., he 
supposes that the ship has sailed eight miles due south, and six 
miles due west, whigh brings her near to the same })lace. 'Jlicn, 
instead of fourteen miles south-west, he sets down ten miles south 
and ten miles west ; and he ])rocceds in the sanuj way for every 
other course and distance. Having done this for the course of a 
whole day, he adds all the southings into one sum, and all tlie west- 
ings into another ; he considers them as forming the sides of a 
right-angled triangle ; he looks for them, paired together, in his 
traverse table, and then notices what angle and what distance 
coiTesponds to this pair, 'fliis gives him the position and magni- 
tude of the straight line joining the beginning .and end of his day’s 
work.” 

“ llie miner proceeds in the same w^ay when he takes the plan of 
subterraneous workings ; measuring, as he gges along, and noticing 
tlie bearing of each line by the compass, and setting down from his 
traverse table the northing or southing, and the casting or westing, 



OF TIIF COMPOSITION AND RESOLUTION OF FORCTS. 7l 

for cacli oblique line. But there is another circumstance which he 
must attend to, namely, the slope of the various drifts, galleries, and 
other workings. This he does by noting the rise or dip of each 
sloping line. He adds all these into one sum, and, taking the 
risings from the dips, he obtains the whole dip. Thus he learns 
how far the workings proceed to the north, how far to the east, and 
how far to the dip.” 

“ The reflecting reader will perceive, that the line joining the 
two extremities of this progression, will form the diagonal of a 
regular parallclopiped ; one of whose sides lies north and south, the 
other lies east and w’est, and the third is right up and down.” 

“ llie mechanician proceeds in the very same way in the investi- 
gation of the very complicated phenomena which frequently engage 
his attention. He considers eveiy motion as compounded of three 
motions in some convenient directions, at right angles to each other. 
He also considers every force as resulting from the joint action of 
three forces, -at right angles to each other, and takes the sum or 
difference of these in the same or opposite direettions. hVom this 
process he obtains the three sides of a pandlclopiped, and from 
these computes the position and magnitude of the diagonal. '^Tlils 
is the motion or force resulting from the comjjosition of all tho 
partial ones.” 

“ This procedure is called the Estimation or Reduction of forces; 
and the most usual and useful method of reduction, is to estimate 
all forces in the directions of three lines drawn from one point, at 
right angles to each other, like the three plane angles of a rectan- 
gular chest These are commonly called the three co-ordinates. 
The resulting force will be the diagonal of this parallclopiped. 
This process occurs in all discjuisitions in which the mutual action 
of solids and fluids is considered, and where the oscillation or 
rotation of detached free bodies is the subject of discussion.” * 


SE(7rioN Second. 

♦ 

WUEN»THE THREE FORCES ACITNG AT THE SAME POINT, ARE 
INCLINED TO EACH OTHER IN ANV ANfiLE WHATEVER. 

What we have hitherto considered, is applicable to that state 
of the parallclopipcdon wdiere one of the edges at least is perpen- 
dicular to the plane of the other two, an:’ .^here the three edges are 
supposed to be mutually perpendicular -oone another; we shall 
therefore extend our inquiries to the development of the principles, 
when the paraJlelopipedon is wholly oblique, or when its enges, 
which represent the direction of tho forces, arc inclined to one 


* Dr. Robison’s Mechanical Philosophy, Vol. i. pp. 72 — 74. 
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another in any angles whatever; that is to say, when the three forces 
in different planes act upon a material pointy but in oblique direc- 
tions, as in the obtuse or acute rhoinboia. 

128. Problem To drtemiine the magnitude of the resultant 
when the three forces in different jUanes act upon a material 
points hut in ohlique directions^ or when the parallelopipvdmi 
is wholly oblique. 

For whicli purpose, let the inclination of the direction of the 
force a to that of the force i, be represented by the letter f ; the 
inclination of the direction of the force c to the resultant of 
the forces a and i by p' ; and in the first place, suppose that tlie 
direction of the force c is inclined equally to the directions of 
the forces a and h. 

Then, according to equation (a), the resultant of the two forces 
a and b is expressed gene rally, as fo llows : 

r = ^ u" -|- A-±2 a A cos. p ; 

consequently, the expression for the resultant of the three forces 
a, /i,.a nd c, is 

i-+c^±2 ah cos. p±2 c cos. pV «'’+A-±2 ah cos. p. (1) 

129. This equation is identical with that marked (/), which wo 
obtained for three forces situated in the same plane, and directed to 
the same point ; but in the present instance it is not general, being 
applicable only w^hen the inclination of the third force c to the 
resultant of a and b is given ; now, it is easy to perceive that this is 
a datum which must be computed from the respective inclinations 
and mjignitudes of the forces themselves, and tlie method of deter- 
mination is as follows : 

Find the angle x by equation (k\ such, that 

a, 

cot. cosec. p±cot. p ; 

and by Spherical Trigonometry find an angle c, such, that 
, cos. -!r=c&. p" cosec. p' cosec. p— cot. p' cot. p ; 

where we have to observe, that p, p', and p", are the respective 
inclinations which the directions of the forces a, A, and c, make with 
one another; that is, 

p is the angle which the direction of the force a makes with /;, 
p' is the angle which the direction of the force a makes with c, 
and p'' is the angle which the direction of the force h makes with u, 

And these three inclinations are here considered as constituting 
the sides of a spherical triangle, the vertical angle of w'hich is -r 
just determined. 

Again, by Spherical Trigonometr)', find an angle 0, such that 
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cos.6=sin.f'jr cos.cr+eos.9'cos..r.* 

If instead of cos. c in this equation, substitute its value in 
terms of <Pj and from the equation immediately preceding, we 
shall obtain 

cos. d = sin. jr (cos. p" coscc. f — cos. cot 9 ) + cos. p'cos. jc. 

If instead of cosec. and cot. we substitute 

-JL-, and ; we further get 

sin. ^ sin. p 

cos.Q=sin. ar. ( — — ^25l-t-?^?l-?)+cos.p'cos.a:; 

sin. fp sin. p 

and moreover, if we destroy the parenthesis, and reduce the terms 
to a common denominator, we shall obtain 

, __ sin. :r, cos. — sin.ar. cos. cos. p + cos. cos. x, sin. 55 , 

sin. f> 

or, which is the same thing, 

(.Qg Q — sin. ar. cos. + (sin. p cos. ar — cos. p sin. x) cos. 

sin. <f> 

but we have shown (in note c), that 

sin. (p cos. a:— cos. p sin.ar=sin. (^—a) ; 
consequently, by substitution, we have 


COS.0: 


COS.O: 


_sin.a:cos.(p"+sin, (p — ar) cos. 
sin. p 


* Note F. Let ahfb be the solid parallelopipedon, involving the condi- 
tions that regulate the actions of the three forces a, b, and c, whose magni- 
tudes are represented by the edges of the solid pa, pb, and VB^ and whose 




rn 


i\ 




incdiiiations are respectively APB=d; ape=^" and 
BPE=0". Draw the diagonal pc, of the oblique paral- 
lelogram APUG, and po shall be the resultant of the 
two forces a and 6, whose magnitudes are represented 
by the two edges of the solid pa and pb. Let 0=rFPC, 
the angle which the force <?, whose magnitude is repre- 
sented by PE, makes with the diagonal pc, the re- 
sultant of the two forces a and b ; then And the value 
of 0. 

Suppose the point p, or angle of the parallelopi- ^ 

pedon at whicli the forces act, to be the centre bf a * 
sphere, of which the radii are pa, rz, P/», and rn ; and let the arcs Amn, 
AZj zn, and zm be drawn ; then shall zAn and zAm be two spherical triangles, 
of which the sides An, az, and zn, are respectively the measures of 0, 0', and 
0", the given inclinations ; and the sides Am and *zm are the measures of the 
angles X and 9 to be determined by calculation. 

Now, we have shown in equation (A;), that 
a 

cot. cosec. 0 ± cot. ; 

consequently, there remains to be determined the arc zm, -which, as we have 
shown above, is the measure of 0, the angle for which the calculation is solely 
made. And to find the Value of 9, we must observe, that in the spherical 
triangle ZAn, there are given the three sides za. An, and zn, to find tne angle 
ZAn opposite the side zn ; then, in the spherical triangle zAm, there are given 
the two sides za, oia, of which mA is found by calculation, and the contained 
angle niAz ; to find the side zm opposite the angle mAz, which is also found 
by calculation ; then is the side zm the measure of 9 the required angle. 
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We have now very nearly obtained the object of our inquiry, for 
we have only to find expressions for sin. ar, and sin. — a:), in terms 
of tl»e angle and its containing lines pa and i»b, (sec the figure to 
the note p. 73), which expressions being substituted in the above 
equation, will determine the angle which the direction of the force 
PE=f, makes with pc=r, the resultant of the two forces a and h. 

But by Plane Trigonometry, we have 

.. , . *Bin. p 

r : sin. p .. o : simar = 


■ a • • f ^ ft Sin. 9 

r : sin.p .. a : sin. (p — a:)=z — - — 

Now, r by equation (a), is expressed by ^ a*+h^±.2ab cos. f ; 
consequently we have 

h sin. f 


sin. 07= 


^ a* + A* ± 2 e/6 cos. p 


and sin. (p — or) = - 


a sin. p 


V ± 2 e/6 cos. p * 

Hence, ultimately, by substitution, we obtain 

cos. 0 = 

^ e/*+6“±2//6cos.p* 

This is a very elegant expression for the inclination of the dirc'c- 
tion of the third force, to the resultant of the other two, and in its 
application it is general, provided that the algebraic signs of the 
quantities be duly attended to, which of course must rest with the 
reader, not the autlior. 


130. Let this value of cos. 6 be substituted for cos. p', its repre- 
sentative in equation (1), and we obtain generally, for the resultant 
of three forces, whose directions are anyhow inclined to one 
another, 

R= Va* +6* +6’* ±2 ah cos. p ± 2ac cos. p'± 2 6c cos. p". (2) 

If any of the angles p, p' or p^' be acute, the upper or positive sign 
must be used in that term where the acute angle occurs ; but when 
any of the angles are obtuse, the lower or negative sign will then 
have place. 

131. If q/ and the inclinations of the force c to the forces a 

and 6 are both right angles; then cos. p^=o, and cos. p^^=o; con- 
sequently, the two last terms under the radical sign in equation (2) 
disappear, and we get 

R=-^a* + 6*+c® ± 2a6 cos. p. 

This equation is the same as that which we originally deduced from 
the dia^am for equation (o), on the supposition that the force pe 
acted at right angles to each of the other two. 

132. If p, q' and the three angles of inclination, be each 
equal to a right angle, then cos. p, cos. p^ and cos. p^' are each equal 
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to zero, and the three terms where they enter in equation (2) dis- 
appear, and we get 

this accords with equation (ii), where the three forces a, A, and c arc 
mutually inclined to each other in an angle of 90 degrees. 

l;3;^. If the forces a. A, and c are equal among themselves, and 
mutually inclined in angles of 90 degrees ; then 

R = a Va; 

and this again, is the same as equation (i), where the forces are 
supposed to be represented, iii magnitude and direction, by tlie 
three contiguous edges of a cube. 

1«34 If the forces a. A, and c are equal, and the inclinations f' 
and of any magnitude whatever, then equation (2) becomes 

u=z-^;3+2 (± cos. f ± cos. p' ± COS. f") (3) 

135. If the fences /i, A and c, and the angles of their inclinations, 

are equal, then equation (2) bec^me^ 

± 6 cos. p. (4) 

'^rhis equation applies to the case of an oblique cube or ohtttse 
rhomhokU and if the forces A, and c are equal, while the angles of 
inclination p, p^ and p^^ are each equal to 60 degrees, then equa- 
tion (2) becomes 

R = fl Vc. (5) 

'lliis equation applies to the acute rhomboid;^ and if the angles of 
inclination p, p', and p"' are each equal to 120^, then equation (2) 

becomes 

R = ff-^3— 3 = 0. 

This equation indicates that the directions of the forces are all in 
the same plane, and the energy of any one of them balances the 
joint energies of the other two; consequently the forces sustain 
one another in equilibrio ; this property has been alluded to in 
equation (dj. 

J36. If the angles of inclination p, p', and p^' arc equal to one 
another, while the forces o. A, and c attain any unequal magnitudes 
whatever, then equation (2) becomes 

K=^a‘^+ A'+c^± 2 cos. p (ab + ac + bc), (6) 

Various other cjises might be proposed, and the appropriiite formulae 
deduced from the general equation (2), but those which we have 
given arc the most useful, and for this reason we think it needless 
to pursue the derivation farther, as it i. presumed, from what has 
already been done, that the attentive reailer will find no difficulty in 
reducing any other case that is likely to occur. 

For the practical illustration of this subject, we shall now propose 
a few numerical examples, as follow: 

137. Example 1. The magnitudes or intensities of three forces, 
09 A, and c, which are dis[)osed in diflerent planes, and act simul- 
taneously at the same point of a body, are respectively ^qual to 
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weights or pressures of 20, 30, and 40 tons; what is the magnitude of 
the resultant, supposing the inclinations of their directions to be as 
under, viz. 

^rhe inclination of a to A, or 9 = 75 degrees, 1 

« — c, or p' = 80 , I ? 

b — c, or p"= 85 J 

Here we have given a=20;ft=:30; c=40; <p=z7b^; ^'=80® and 
9 "=z 85°; where the inclinations are all less than 90®; consequently, 
their cosines are all affirmative ; and since both the forces and their 
inclinations arc unequal, the question falls under the general form 
in equation (2) ; whence we get 

H = V20H30*-f40^1200 cos. 75“+1606'c^d^2l)dco&^5“ 

but cos. 75“= -25882; cos. 80“ = • 17365, and cos. 85“= -08716; 
consequently, 

R=V400+ 900+16 00-f310-5 84-t-277'^0^ 20^184; 
that is, r='^ 3697-608=60-81 tons. 

138. Example 2. The magnitudes or intensities of the forces 
remaining as in the last example ; query, the magnitude of tlu; 
resultant, supposing the composants to be inclined to one another 
as follows, VIZ. 

The inclination of a to i, or p = 100 degrees,] 

a — Cf or ff' = 120 , V ? 

b — Cj or 130 .J 

Here, we have given a =20; />=30; c=40; p=100^; p'=120® 
and 9 "z= 130°; where the inclinations are all greater than 90°; 
consequently, their cosines are all negative; and since both the 
forces and their inclinations are unequal, the question falls under 
the general form in equation (2), whence we have 

11=^ 30* + 40^— (1200 cos. 100® + 1600 cos. 120" -f 2400 cos. ; 

but cos. 100°= - • 17365; cos. 120°= - -5; andcos.l30°= - • 64279; 
consequently we get 

B = ^400 + 900 + 1 600 - (208 - 38+ 800 + 1562 ■ 696) ; 
that is, r=-^ 348-924= 18-68 tons nearly. 

139. Example 3. Suppose that three equal forces, situated in 
different planes but acting simultaneously at the same point of a 
body, have their inclinations respectively equal to 50, 60, and 75 
degrees ; what is Ac ma^itude of the resultant or single equivalent, 
that of the composant being equal to a pressure of 120 tons ? 

Here we have given a=120; p=50®; p'=60® and f"=75°; 
where the angles of inclination are all less than 90° ; consequently, 
their cosines are additive ; and since the forces are e^ual, but their 
inclinations unequal, the question falls under the particular form in 

equation (3) ; whence we have 

11 = l20y^3+2 (cos. 50' +COS. 6()°+cos. 75^) ; 
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but cos. 50®= -64279; cos. 60°= -5, and cos. 75" = -25882; conse- 
quently, by substitution, we get 

11 = I 20 V 3+2 (-64279+-5+-‘-^5882); 
that is, r= 120V5-8032;2=120X‘2;409=289.08 tons. 

140. Example 4. Tlie magnitudes or intensities of the com- 
posants remaining ; what is the magnitude of their resultant ; sup- 
posing the inclinations to be respectively supplemental to those in 
example 3? 

Here we have given, a=120; 9=130°; 9'= 120°, and 9"= 105°; 
where the angles of inclination being greater than 90°, their cosines 
are taken negiitively ; but as they are supplementiil to those in tiie 
third example, their numerical values are the same; hence the necessity 
of referring to the table of natural cosines is here avoided, and we 
have by equation (3) 

II = I 20 V 3+2 ( - "04279 - -5- -25882) ; 
that is, R= 120^3- 19678= 53-232 tons. 

141. Example 5. If three forces, each equal to 180 lbs., act 
simultaneously at the same point of a body, but have their directions 
in diflFerent planes; what is the magnitude of the resultant, sup- 
j)osing the directions of the composants to be mutually inclined to 
each other in angles of 80° 80' ? 

Here we have given, a=180, and 9=9'=9"=80° 30'; where the 
inclinations being less than 90°, the cosines are positive, and since 
the forces and the inclinations are both equal, the question falls 
under the form in equation (4) ; whence we have 
R = 180^3+0 cos. 80° 30' ; 

but cos. 80° 30'= • 16505; consequently, by substitution, we obtain 
R= 180-^3+6 X - 16505 ; 
that is, u = 1 HO y 3 • 9903 = 359 - 56 lbs. 

142. Example 6. Let the forces remain, as in the fifth example, 
and suppose their inclinations to be respectively 99" 30' ; what then 
is the magnitude of die resultant ? 

Here we have given, «= 180, and 9 = 9'=9"=99" 30'; where tlie 
inclinations being greater than 90", the cosines are negative ; con- 
sequently by equation (4), we get 

u= 180^3-6 cos. 99" 30' ; 

but cos. 99" 30'= — -16505; conscquc’»tlv, by substitution, we 
obtain 

n=180V'3— 6 X -165051 
that is, R = 180 V 2 • 0097 = 255 • 168lbs. 

143. Example 7. Suppose that three forces, each equal to 256lbs. 

he applied to the acute angle of an obtuse rhomboid, and have tlieir 
directions coincident with the three contiguous edges ; what is the 
magnitude of the resultant ? / 



78 


OF THE COMPOSITION AND RESOLUTION OF FORCES. 


Here we have given, a =256, and p=60^ ; consequently, by 
equation (5), we have 

R=256V7r=627.11b8. 

If we compare the results of the examples 2, 4, and 6, with those 
of the examples 1, cand 5, the immense influence that a change in 
the angles of inclination has upon the effect of the forces will 
become manifest, from which we infer the great importance of at- 
tending to the proper directions of forces that arc intended to pro- 
duce any useful practical results. 

144. Example 8. Suppose that the magnitudes or intensities of 
three forces r/, and c, situated in different planes, but acting at 
the same point of a body, are respectively represented by weights 
of 18^ 22, and 26 tons ; what is the magnitude of the resultant, 
su])posing the inclination of the forces to one another to be 
mutually 56° ? 

Here, we have given, /i=18; 5=22; c=26; p=p'=p"=56®; 
where the inclinations being less than 90®, their cosines are posi- 
tive, and since the forces u, 5, and c are unequal among themselves, 
the -question falls under the particular form in equation (6); con- 
sequently, we have 

(18 X •22+ 18 X ‘26+22 X^) cos, 56°; 
but cos. 56°= • 55919 ; therefore, by substitution, w’c get 

that is, n = V 420« • 37;J6« =64-88 lbs. 

145. Example 9. Let the magnitudes of the forces remain as in 
the 8th example, but suppose their directions to be mutually in- 
clined to each other in angles of 124® ; what then is the magnitude 
of the resultant? 

Here, the angles of inclination being each supplemental to what 
they were in the foregoing example, the cosines will have the same 
numerical value, but they will be affected with a contrary sign ; 
consequently, by equation (6), we^have ^ 

R = V324+48T+6^-4872x - 55919 

that is, R = 4 — • .*17868= 85 -218 -✓JTi ; 

an imaginary quantity, which indicates, that the question under this 
last form is impossible, as indeed we know from other princiides ; for 
a solid angle cannot be constituted under three plane angles, whose 
sum exceeds »‘360®. Now, in the present case, the sum of the three 
plane angles is 372°, exceeding the maximum limit by 12° ; the ex- 
ample, however, is valuable for pointing out the limit of possibility. 

It may not perhaps be improper here to remark, that in examples 
of this nature the angles are not to be chosen indiscriminately when 
the magnitude of the resultant is given ; for, as we have already 
stated, there is a necessary connection between the angles; and it is 
such, that the magnitude of any one of them must ^ways ba 
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dependent on the other two, and must in consequence be deter- 
mined by equation (l); two of them may, however, be taken at 
random, provided that their sum exceeds 90°, and the third being 
calculated accordingly, the edges of the solid, or the magnitudes of 
the composant forces, can then be ascertained. 

Section Third. 

OF RECTANGULAR CO-ORDINATES, OR THE METHOD OF DETERMINING 
THE DIRECTION OF FORCES, ANYHOW SITUATED IN SPACE. 

146. It will be perceived, that in treating of the rectangular paral- 
Iclopipedon, and the examples allied to it, in so far as regards the 
action of three forces situated in different planes, but directed to 
the same point; we have in a manner anticipated the principle of 
the rectangular co-ordinates, but since this method of determining 
the direction of forces anyhow posited in space, is of the greatest 
importance, as is abundantly shown in numerous physical inquiries, 
we shall now proceed to treat the subject a little more in detail, 
and for which purpose it will be necessary to extend our notation, 
as in the following general problem: 

147. Problem. To determine the intensity and direction of the 
resultant^ when the magnitndes or intensifies of three forces 
acting in diff erent planes are applied to the same point of a 
rectangular parallelopipedon. 

Let a=:PA, J=PB,cz=:pE, be three different forces whose common 
])oint of application is p, but which do not all exist in the same 
plane. 

Through the point p draw the three 
rectangular co-ordinates px, py, and pz, 
of which PX and py may be supposed to 
exist in the same plane, and pz perpen- 
dicular thereto, concurring in the same 
point p. 

Through the points a, b, and e, the 
extremities of the lines which represent the given forces, draw 
other lines respectively perpendicular to the three co-ordinates, and 
each force will thereby be reduced or projected into other forces in 
those directions, concurring also in the point p. 

Let the angles which the directions of t^.e forces form with each 
of the co-ordinates be respectively represented as below, viz. 

PA witli PX, FY^ and pz, the angles a, a', a", 

PB ^ the angles b, b', b", 

PE ^ the angles c, c', c\ 

Then by plane trigonometry, we shall have for the projected com- 
pospts, or reductions of the given forces on each of the co- 
ordinates, the following expressions or values, viz. i 
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The projections of the force 

PA on the co-ordinates px, py and pz are, pa cos. a ; pAtios. a', and pa cos. a *\ 

PB 9 cos. B ; PD COB. and pb cos. 

i»B — . ■ - . ^ PB cos. c j PB COB. c', and pb cos. c". 


If we now assume .r, x\ and 3s!\ to denote the angles which the 
resultant PF=R makes with the co-ordinates px, py, and pz; then 
the projected composants, or reductions of the resultant, will be 
. espectively r cos. .r, r cos. x', and u cos. x". 

IBut by construction, 

R cos. X = PA cos. A + PB COS. B + PE COS. C, 1 

R cos. x' = PA COS. a! + PB COS. b' + PE COS. c', > (m) 

R COS. x"= PA COS. a" -I- PB COS. b" + 1»E COS. c".J 

Now, the magnitude or intensity of the resultant pf=r, is obvi- 
ously the diagonal of the rectangular parallelopipedon constructed 
on the lines expressed by these equations, and consequently its 
square is equal to the sum of their squares, as has been already 
shown in the diagram under equation (h), that is 

{ (PAC08.A -f PBCOS.B +PECOS.C 
(pacos.a'-|-pbcos.b' +pecos.c')2+ >;(n) 
(PACOS.a" + PBCOS.B" + PEC08.C'')® J 
but since x, x\ and are the angles which the resultant makes 
with the co-ordinates, or, which is the same thing, the angles which 
the diagonal of a rectangular parallelopipedon makes with the three 
edges, contiguous to that angle of the solid where it originates, we 
have j|^y equation (l) 

cos". X + cos" x* -h cos®. x"= 1 ; 

consequently, by substitution and evolution, equation (n) becomes 

r(PA cos. A + PB cos. B + PE COS. C )®+'| ^ 

R = < (PA COS. a' + PB cos. b' + PE COS. c' )®+ > (o) 

[(PA COS. a"+ pb cos. b"+ PE COS. c")® J 


148. If the parenthetical terms of equation (n) were actually 
expanded and arranged in the most commodious manner possible, 
the expression for the value of r would be extremely prolix, and in 
consequence tedious to reduce ; it will therefore be better to deter- 
mine the magnitudes of the projected composants of r at once from 
equation (m); then, the square root of the sum of the squares of the 
co-ordinates or composants thus determined, will ^ve the magni- 
tude or intensity of the resultant required, from wluch the direction 
will easily be made known. 

Numerical examples will render the whole of this problem plain ; 
and we shall take the trouble of working them out at full length, 
which will thereby assist the reader in similar attempts. 


149. Example. Suppose the magnitudes or intensities of three 
forces PA^ PB, and pe, acting in different planes, but applied tobthe 
same point, to be represented respectively by the numbers 20, 30, 
and 40 ; what is the intensity and direction of the resultant, the 
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angl(*s which the directions of the forces make with two of the 
rectangular co-ordinat6s being respectively as below, viz. 

PA with px and py, the angles 50^ and 60% 

PB 47 68, 

PE 66 72? 

In the first place, then, the angles which the lines pa, pb, anil pe, 
make with the tliird rectangular co-ordinate pz, must be computed 
from each pair of the given angles, by means of equation (l), in tlie 
following manner : 

nat. cos. 50°= -64279, its square is •4131789841 
nat. cos. 60 = -50000, its square is -2500000000 
cos". 50°+cos-. 60° = -6631789841 ; 
then Vl- -6^^31789841= .58036=nat. cos. 54° 31'. 

Honce, the angle which the direction of pa makes with tlic co-* 
ordinate pz, is 54° 31'. 

nat. cos. 47°= -682 . ., its square is -465724 .... 
nat cos. 58 = -52992, its square is -28081.52064 
cos2. 47° 4“ cos-. 58° = -^59392064 ; 
then Vl- -7459392064= •50404=nat cos. 59° 44'. 

Hence, the angle which the direction of pb makes with the co- 
ordinate PZ, is 59° 44'. 

nat cos. 66°= -40674, its square is - 1654374276 
nat cos. 72 = -30902, its square is -09549:3^3604 
cos-. 660-KCOS2. 72° = -"2809307880 ; 
then 1 - - 260930788 = • 85969 = nat cos. 30° 4-3'. 

Hence, the angle which tlie direction of pe makes with the co- 
ordinate PZ, is 30“ 43'. 

150. Having thus computed the angles which the co-ordinate I’z 
makes with the direction of each of the forces pa, pb, and pe, we have 
n(‘xt to fulfil the conditions of the question ; that is, to detcrmifie 
the magnitude or intensity and direction of the resultant pf. Now, 
if each of the data be substituted respectively in equation (m) for 
the symbol that represents it, w'c shall obtain 
11 cos. a: = 20 cos. 50“ 00' + 30 cos. 47“ 00'+ 40 cos. 66° 00', 

11 cos. j:' = 20 cos. 60 00 + 30 cos. 58 00 + 40 cos. 72 00, 

It cos. ar''= 20 cos. 54 31 + 30 cos. 59 44 -f- 40 cos. 30 43. 

Which expressions actually become 
R cos. X = 49-5854, 1 

R cos. a:'= 3d-258fi, - (p) 

R cos..a;"= 61-116 . j 

Then, by squaring each of these, and taking the sum on both sides, 
we get 

r" (cos-. X + cos", x' + cos", .r") = 7657 - 57. 

. but cos". AT+cos®. a:'+cos". (see equation (l) ), 
consequently, we shall have 

u«=76:'7-57, ^ 

M 
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and by extracting the square root of both sides, we finally obtain 
for the magnitude of the resul t ant 

‘51 =87*5. 

Now, if eadi of the equations (p), be divided by the resultant 
just found, we shall get 

49 • 5^54 

cos. .r= — — •56680=naLco8.55“28', 

co8.a'=: •4.‘J724=naL cos. 64" 04', 

87-. 5 

(•os.v" = = . 69847 =nat cos. 46" 42' 

87*5 

Ilonoc the direction of the resultant is known, for it makes with 
the co-ordinates respectively the following angles, viz. : — 

With the co-ordinate px, the angle 55® 28', 

py, 64° 04', 

pz, -45® 42'. 

And mon'over, the co-ordinates themselves, or the sides of the 
rectangular parallelopipedon, whose diagonal forms the resultant, 
are, .as we have already shown in equation (p), respectively 

px=49*5854 
PY =38- 2584 
PZ=z6M16. 

151. If, therefore, we construct a rectangular parallelopipedon 
upon these sides, such construction will exhibit the entire conditions 



Furthermore, the angles fpx=55® 28'; fpy=64® 04', and fpz = 
45® 42', are the inclinations of the resultant pf, to each of the 
co-ordinates px, py, and pz ; but which, on account of the oblique 
position of the figure, must be measured from a scale of chords, and 
by the application of a particular projection, which it shall now be 
our purpose to explain in the following examples. 
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152. Example 2. Three forces and c, whose directions are 
situated in different planes^ but concur in the same point, have their 
niagnitudes or intensities respectively represented by weighte or 
pressures of 50, GO, and 70 tons ; what is the magnitude and diree- 
tioii of their resultant, the inclinations of their directions to the 
recUmguIar co-ordinates being as follows ? 

PA=f£ makes with px and pv, the angles 40 and 60 degrees, 

PB=/i 45 70 , 

PE=c 50 80 .* 

Now the angles which the direction of the forces a, 5, and r, 

make w'ith the third co-ordinate pz, must be determined from equa- 
tion (l), as follows. 

nat. cos. 40° =*76604, its square is *58682, 

iiat. cos. 60 =*5 ^ its square is *25 , 

cos. -40° + cos."60° = •8360*2; 

then, ^1 — •8i)6d2=V0-l6318=*40395=nat.cos. u6« 10'. 

Hence, the angle which the direction of the force pa makes with 
the co-ordinate pz is, 66^’ 10'. 

nat. cos. 45° = *70711, its square is *5 , 

nat. cos. 70 =*34*202, its square is *11698, 
cos. ‘45° + cos.- 70° = *6 1 ($98 ; 

then, V 1 - •«] (598= Vo-a8;«hJ:= -eiartO =nat cos. .51® 46'. 

Hence, the angle whicli the direction of the force p» makes with 
the co-ordinate pz is, 51° 46'. 

nat. cos. 50° =*64279, its square is *41016, 
iiat.cos. 80 =*17J3()5, its square is *00015, 
cos‘50°+co 8.*80° =*44;3f01 ; 

then y' I — • 4406 1 = V 0-.56669 = -746 1 1 = nat. cos. 41° 45'. 

Hence, the angle which the direction of the force pe makes with 
the co-ordinate pz, is 41° 45'. 

'riicrcfore, by substituting the given and computed data in 
equation (m), w'c get 

R cos. .r=50 cos. 40° 00'-f-60 cos. 45° 00'+70 cos. .50° 00', 
u cos..r =50 cos. 60 00 +60 cos. 70 00 +70 cos. 80 00, 

R cos..v"=50 cos. 66 1 0 +60 cos. 51 46-f-70 cos. 41 4.5. 

In which equations, r is the required resultant, and x' and x' 
the angles which the resultant makes witli each of the co-ordinates 
rx, PY, and pz. 

153. If w^e substitute the numerical v^alues of the cosines of the 
angles of inclination in the several terms f the foregoing equations, 
and perform the operations, the collected I’l.'sults will become 

R cos. a: =125*7239, T 
R cos. x'= .57*6767, I (m') 

R cos. x" = 1 09*5586. J 

Ily squaring these reduced equations, and taking tlie sum of both 
aides, we get 

R® (cos*. .T+cos*.a;'4-cos*.a*") = 31 125*24 ; / 
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but by equation (l), it is shown that 

cos‘'..T+eos".a;'+cos-. ap"=z 1 ; 
consequently r®= 31 125-24, 

and by evolution, we get 
R = ^31 125-24= 176;42 tons, 

the magnitude or intensity of the required resultant ; consequently, 
the angles which the resultant makes with each of the co-ordinates 
can easily be found, for we have only to divide both sides of the 
expressions in equation (m'), by r, and wc obtain 
125*7239 

cos. a: =-j^g7j^=*71264=nat cos. 44° 33', 


57*6767 
cos.a-'- J70.42 

109 -.5.586 


cos.a- 


- 176*42 


= -32692 =nat cos. 70 55, 
= *62101 =nat. cos. 51 37, 


Hence the direction of the resultant has been determined, for it 
makes with the rectangular co-ordinates the following angles, viz. 
With the ordinate px, the angle 44° .‘13', 

py, 70 .55, 

PZ, 51 37. 

And the magnitudes of the ordinates themselves arc respectively 
as under, viz. px= 125-72.39 

py= 57*6767 
PZIZ109-.5586. 

We shall, for the sake of a little variety, propose another examjie. 
which will, in its nature, approach to the converse of that given 
above; it is as follows: — 

154. Example 3. Suppose a w^eight of 176*42 tons to be sus- 
pended from the common summit of three props, whose inclinations 
to the rectangular co-ordinates arc respectively as below, viz. 

PA to PX, PY, and pz, in the angles 40° 60^, and 66“ 10', 

PB 45 70 51 46, 

PE 50 80 41 45; 

and, moreover^ the inclinations of the direction in which the weight 
hangs with each of the co-ordinates, are 

With PX the angle 44“33', 

py 70 55, 

PZ 51 37 ; 

what pressure is exerted upon the ground in the direction of each 
of the props ? 

Let w, y, and z represent the three pressures required by the 
question, then by equation (m), we get 

176-42 cos. 44“ 3.3'= w cos. 40° O'-f y cos. 45“ O'+z cos. 50“ O', 

176*42 cos. 70 55 = cos 60 0 -f-y cos. 70 0 +z cos. 80 0 , 

176*42 cos. 51 37 =w cos. 66 lO+y cos. 51 46-1-z cos. 41 45. 

From these three simple equations, in which every thing is known 
but ft», y, and s, these quantities may be eliminated as follows, viz. 
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Find the natural cosines of all the angles proposed or given in the 
question, from a table of sines, tangents, &c. ; men, if those natural 
cosines be substituted for the angular expressions above employed, 
there will arise a class of numerical equations involving only the 
first powers of the required quantities. 

Now, the natural cosines of the angles as taken from the table 
above alluded to, are respectively as under, viz. : 


nat. cos. 44° 33'=:'71264 
nat cos. 45 00 z= *70711 
nat cos. 70 56 =*82694 ; 
nat cos. 70 00 =*84202; 
nat cos. 51 87 = *62092 ; 
nat. cos. 51 46 =*61887; 


nat cos. 40°00'= *76604 
nat cos. 50 00 =*64279 : 
nat. cos. 60 00 =*50000 
nat cos. 80 00 =*175365 
nat cos. 66 10 =*40408 
nat cos. 41 45 =*74606 


Hence, we obtain 

•76604 w +*70711 y +*64279 2 = 125*7239.5, 
•50000 la +*84202 y +*17865 2 = 57*67876, 
•40408 fi; +*61887 y +*74606 2=109*81918. 


From the first of these wcbavcw = 


125-72395-.-7071 1 1/-*64279 2 


From the second we have 10 = 


From the third wc have to = 


•76604 

57*67876- *534202 *17865 2 

•5 

109*81918- *61887 ?/-*74606 2 


*40408 

Comparing the first of these with the second, and the second with 
the third, we have 

_ 18- 67775-. 18888 2 
.09156 * 


31 -35277- .30287 « 

-17123 

j\iid again, by comparing these two values ofy, we get 

3 = 72-3 tons, 

y = 55.2 — , 

w = 52*5 — . 


It may be considered that these numbers ought to correspond to 
those given in the previous example, (art. 152.) but our readers 
will have the goodness to observe that we have not tiiken the cosines 
of the angles, as there determined, true to the nearest unit ; conse- 
ciuently the above results must partake ot l ' deficiency. 


155. If any of the angles which the direction of the forces make 
with the rectangular co-ordinates, should be greater than a right 
angle, their cosines will enter equation (m) negatively, and conse- 
quently the negative effects must be attended to in the calculation, 
otherwise we would be led to very eiToneous conclusions. For, 
when any of the forces are incUued to the co-ordinates in apglcs 
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greater than 90 degrees, it is evident that those forces so situated 
have their directions entirely without the angle of the solid where 
they concur, and therefore the reduction of the rectangular co- 
ordinates must be taken in opposition to the reductions of the 
remaining forces, for it is obvious that their projections fell on the 
co-ordinates produced beyond p in the opposite direction. 

It may be useful, before we proceed further, to propose an 
example illustrative of diis case, and to construct a diagram from 
the computed results, in order to show in what manner the eflects 
of the obtuse forces are to be estimated. 

156. Example. Let the magnitudes of three forces a, 5, and r, 
whose intensities and directions are represented by the straight 
lines, PA, Pii, and pe, be respectively equal to the numbers t^O, 30, 
and 40, as in the foregoing example ; what will be the magnitude 
and direction of the resultant, the angles which the directions of the 
forces make with two of the rectangular co-ordinates being as 
below, vix- 

PA with px and py, the angles 67® 32^ and 123°08',') 

. PB 24 15 r 78 36 , S ? 

PE 38 46 57 58,3 

Compute, by means of equation (l), the angles which the directions 
of each of the forces make with the third co-ordinate pz, and they 
will be as follows, viz. 

PA with FZ makes the angle 41^48', 

PB 63 54j 

PE 70 34. 

And these angles being substituted according to their terms, 
together with the magnitudes of the forces, equation {m) becomes 

u cos. or = 20 cos. 67° 32'+ 30 cos. 24° 15'+ 40 cos. 38° 46', 

R cos. = —20 cos. 123 8 + 30 cos. 78 36 + 40 cos. 57 58, 

R cos. a/'= 20 cos. 41 48 + 30 cos. 68 54 + 40 cos. 70 34. 

Hence, then, it appears that the first term on the right-hand side 
of the middle equation is to be taken negatively ; consequently, the 
opposite projection of the force pa falls on py, produced or extended 
on the other side of i>, the concurrent point, and the reduced 
equations become 

R cos. X = 66- 1838^ 

R cos. x' = 16 *2148, y (q) 

R cos. a?"= 36-3544. 3 

Then, by squaring and taking the sum of the terms on each side, 
we obtain 

R* (cos-. X + cos”, x' + cos”, x") =5964-86, 

but cos^ X + cos®. x'+ cos®. x"= 1, see equation (l) ; 4;onsequently 
we shall have 

R* = 5964 • 86, 
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and, by extracting the square root of both sides of this equation, we 
finally obtain, for the magnitude or intensity of the resultant^ 

R zzV'5964.8^=77-2a 

Now, the three co-ordinates, or the sides of the rectangular 
parallebpipedon whose diagonal we have just found, are respect- 
ively 

px= 66-1838, ) 

PY= 16-2148, > see equation (q) 
pz = 36-3544. } 

If, therefore, we construct a rectangular solid upon these sides, 
such a solid, or the lines which it contains, will resolve the question. 

The geometrical construction is as below. 



157. Let the straight lines pa, pb, and pe, represent the three 
given forces, whose magnitudes or intensities are respectively 
expressed by the numbers 20, 30, and 40, measured from a scale 
of equal parts. 

Through p, the point of application, draw the 
straight lines px and pv at right angles to each 
other, making px equal to the number 66-183^ 
and pv equal to 16 -21481, each taken from the same 
scale with pa, pb, and pe ; — complete the rectan- 
gular parallelogram pxhy, and join ph. At the 
point p in ph, erect the perpendicular pz, making it 
equal to the number 36-3544, measured as above, 
and complete the rectangular solid pzfy ; draw the 
diagonal pf ; then is pf the resultant of the three 
forces PA, PB, and pe, which, if applied to the same scale on which 
the other lines were measured, will indicate 77 • 23, the same as was 
obtained by calculation. 

Make the angle ypa equal to 123° S', the given inclination of pa 
to the co-ordinate py ; make pa equal to 20, the number which 
expresses the magnitude of the force pa; from the extremity a, draw 
A 7 n perpendicularly to yp produced ; then are Am and pwi, the com- 
posants of pa, of which vrn represents the effect of pa in the direc- 
tion of the co-ordinjite py ; but because it falls on the contrary side 
of the point p, it must be accounted negative ; and consequently it 
counteracts the effects of pb and pe, when reduced to uie same 
co-ordinate, by a quantity equal to its magnitude. 

158. Let each side of the equation^’ (q), be divided by the result- 
ant, as we have above determined i1^ a ad we shall have 


cos. X 


66-1838 


=z.85697 = nat cos.3l° 1', 


cos. x* = 


cos. X — ■ " 


77 -‘23 

16«2148 __ .20996 = nat. cos. 77 53, 
77-23 
36-3544 


77-23 


zz • 47073 ^ nat. cos. 6 1 55 • 
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Consequently the direction of the^ resultant pf is known, for it 
makes with the ‘ rectangular co-ordinates respectively the following 
angles, viz. 

With the co-ordinate px, the angle fpx = 31° 01' 

PY, FPY = 77 53 

* pz, FPZ = 61 55 

The angle ypa is 123° 8', and consequently its supplement mvA is 
56° 52'; therefore, by Plane Trigonometry, we have 
rad : cos* 56° 52'! 120 : pwi, 

or by assuming radius equal to unity, and equating tlie products of 
tlic mc^n and extreme terms, 

pm =. 54659 X 20 = 10 . 9318, 

the very same as it is found to be, when measured from the figure 
on a scale of equal parts, of the same dimensions as that by which 
the other lines were compared. $ 

159. If we restore the letters a, and c, the algebraic repre- 
sentatives of the forces, and return to equation (n), which we left 
unexpanded, we shall have, after expansion, 

a*(cos*. ;r+co8*. ^ H-cos*. 

( a®(cos*. A + cos*, a' 4" cos*, a") + 2 flfc(cos. A COS.B 4- cos. a'cos.b' -fcos. a" cos. b") -f "I 
■j WcOS*.B-i-COS*.B'4'COS*.B")-f 2ac(C08.ACOS. 0-i-C08.A'C0S.C'+COS.A"c0S. c")4- !' 
lc*(cos*.o+cos*. c'-|-cos*.c")-i-2^>c (cos.B cos.c-j- cos.Jl'cos.c'-f COS.B^COS.C"). J 

Now, it is a well-known truth, and we have demonstrated the same 
in equation (l), that when a straight line is any how inclined to 
three rectangular co-ordinates, the sum of the squares of the cosines 
of its three inclinations is equ^ to unity; consequently we have 

cos*.a:+cos^a’'+cos*.a:"= 1, 
cos*. A + cos*, a' + cos*. a"z= 1, 
cos*. B+cos*. b'+cos*. b"= 1, 
cos*, c+cos*. C'+C 08 *. c"= 1. 

Therefore, the expanded equation condenses into the following 
more elegant and commodious form, viz. 

1 o*+2 rti (cos. A cos. B+cos. a' cos. b'+cos. a" cos.b")+ 'I 
11 - =< A*+2 ac (cos. A cos. c+cos. a' cos. c'+cos. a" cos. c")+ > (Jt) 

( c* +2 be (cos. B cos. c+cos. b' cos. c'+cos. b" cos. c"). 3 

The equation in its present form can be applied without much 
trouble, although it may still be preferable to employ equation (m), 
but if a proper arrangement of the steps be here adopted, it would 
be more consistent with strict theory to determine the resultant 
from equation (k) ; we shall, therefore, resolve the first of the two 
foregoing examples by this method, in order that the reader may be 
enabled to trace the process, and make a comparison between the 
two methods here presented to his view. 

Since the computation of the third angles, dependent on the 
equation cos.* A+cos*. B+cos*. c=:l, would be the same in both 
cases, it would only be a waste of time and labour to rc-compute 
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them, but it must be obsenred, that in every independent question, 
these angles are to be determined after the manner here alluded to. 

160. Example. The forces in the example which we propose to 
resolve, are expressed by the numbers 20, 30, and 40, and the angles 
which their directions make with the three rectangular co-ordinates, 
are respectively as beneath, viz. • 

PA with px, P¥, and pz, the angles 50°, 60° and 54° 31' 

PB 47, 58 — 59 44 

PE 66, 72 — 30 43 

Let these data be compared with the respective symbols in equa- 
tion (h), and the numerical operation will then be more distinctly 
indicated; thus, ^ 

a =20, b = 30, c =40, 

A =50° 00' B =47000' c =66“00' 

A' =60 00 b'=58 00 c'=72 00 
a"=54 31 b"=59 44 c''=30 43. 

Here follows the operation. 

3a6=:1200 log. 3-070181; 3aA=1200 log. 3-070181 
A= 50“ log. cos.* 0-808007; a'z= 00" log. cos. 0-008070 

n= 47 log. cos. 0-833783; b'= 68 log. cos. 0 734310 

nat.nuin.=626 - 055 log. 2 - 721031 nat. num.=317 - 032 log. 2 - 50-330 1 

3ab =1200 log. 3 070181 

a"=64“ 31' log. cos. 0-703777 

8"=59 44 log. cos. 0 -70-3452 

nat.nain.=3Sl-083 log. 2-545410. 

Hence we have a‘+2a6 (cos. A cos. b ■+• cos. a' cos. n'-)- cos. a" cos. b") = 
400 + 520-055 + 317-052 351 -Oai = 1505-00. 

2ac=1600 log. 3-204120 ; 2ac=10UO log. 3-204120 

A= 50" log. cos. 0-808007; a'= 00" log. cos. 0 008070 

c= 00 log, cos. 0-000313 ; c'= 72 log, cos. 0-460082 

naLuum.=418-311 log. 2-021500 nat.num.=247-213 log. 2-30307Si 

2<ic = 1000 ' log. 3-204120 

a"=34"31' log. cos. 0-703777 

c" = 30 43 log. cos. 0-034340 

nat. num. = 708 - 446 log. 2-00224fl. 

Hence we have l»*-|-2«c (cos. a cos. c -t-cos. a' cos. c' -1-cos. a"cos. c")= 
000-1-418-311-1-247-213-1-708-440 = 2363-07. 

26c =2400 log. 3-380211; 26e=2400 log. 3-380211 

B= 47" log. cos. 0-833783; n'= 58" , log. cos. 0-724210 

c= 66 log. cos. 0-000313; u'= 72 log, cos. 0- 480082 

nat,nuiu.=665-743 log. 2-823307 nat.uuin.=303-000 log. 2 -504403 

26c = 2400 log. 3-380211 

a" = 50° 44' K 0-702452 

c"=30 43 log. cos. 0-034.340 

nat. num. = 1030-045 log. 3-017012. 

Hence wo have c’ -i- 26c (cos. n cos. c + cos. b' cos. o'-l-cos. b"cob. o") = 
1000-1- 665 - 743+ 303 ■ 000+ 1030 - 045 = 3008 - 607. 

* To save the lalMur of multiplying together two decimal numbers of 
five figures each, we prefer employing the logarithmic cosines, and taking 
out the natural numbers to. the extent of three decimal placc^ only. 

N 
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Therefore, collecting those results (1696’09+2363*97+3698'G97), 
and extracting the square root, we o btain 

r=-^7657*757=87*5 very nearly, the same 

as by the former method; the extraction of the root in the last step 
is indicated in ec^uation (o). 

161. Whence it appears, that the determination of the resultant 
by means of equation (m), is much simpler than it is by equation (ii), 
but then, as wc have already observed, it is not so consonant with 
rigorous theory; for since the angles which the resultant makes 
with each of the co-ordinates, are not supposed to be known till 
the resultant itself has been found, it follows, that the resultant is 
combined with an unknown quantity in each expression of equa- 
tion (m), and is therefore indeterminable, until by squaring and 
summing the terms on each side of the equation, wc discover that 
the aggregate of the quantities n^ltiplied into is equal to unity, 
and consequently, that r^ is equal to the sum of the squares of the 
other terms; this is indicated in equation (n), and by restoring the 
Algebraic symbols for the forces, we arrive at the modified and 
ultimate form represented in equation (k). 

162. Other writers, in treating of this subject, have generally 
adopted a single character to denote the triple compound evpres- 
sions on the right hand side of equation (m), such as 

n =PA cos. A +PB cos. B +PE COS. C, 
m' i=PA cos. a' +PB cos. b' -f-PE COS. c', 
w" = PA cos. a"+™COS.b'' + PE COS. c", 

and by this artifice, have succeeded in giving to the subject an air 
of simplicity which it does not possess ; for in the actual solution 
of a question, it becomes necessarv to resolve the single characters 
so adopted into their constituent elements, and to trace back the 
arrangement till we arrive at the identical expressions for which 
the substitution was originally made. 

But although this mediod of condensation, gains nothing in point of 
utility in actual practice, yet it is very commodious for tlie puri)ose 
of investigation, and for this reason we shall now employ it. 

163. Returning then to equation (m), and adopting the abbre- 
viated characters, we shall have 

R cos. X =?!, 

R cos. (s) 

R cos.a-"=M" 

then, by squaring and taking the sum of the term's on both sides, 
we obtain , 

(cos^. X + cos-. :c'+cos2 a*") =?r -f n --f ; 

but (cos-, x+cos®. y +COS®. x") = 1 ; see equation (l). 

consequently, by substitution, we get 
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, therefore, by extracting the square root, we arrive immediately at 
an expression for the magnitude or iutensity of the resultant; 
tliat is, 

(t) 

Again, from equation (s), we have 

008.*=-; cos. jc'zs — ; 008.*'=—; 

R R 

hence also, ..he direction of the resultant is known, for at, xf and x!' 
are, as has been previously shown, the angles which the resultant 
PF=n, makes witli the .'cetangular co-ordinates px, py, and pz. 

164. If an equilibrium obtains between the forces, it is obvious 
that K the resuit>* * iu (‘qual to zero ; * 

cons**quc!itly, k cos. or = o ; ^ * 

R cos. it' = o ; 

Reos.Si*"=o; 

and tJu conditiuiih of equilibrium are expressed generjilly, by 
causing each ''.i*nuber in (‘(piation (m) to vanish, that is, by putting 
, .a cos. A + b cos. B + c cos. c = o; 

/ cos. a' + A cos. b' + c cos. c' = 0 ; 

^ cos.a"+ b cos.B"-f ecos. c"= o; 

These are the ecjuations of equilibrium for three bodies, anyhow 
situated in sp^ ;e and applied to the same point, and this brings us 
to the third division of our subject, viz. 


CASE III. 

WHEN rilE COIUPOSANT AND RESULTANT FORCES ARE SITUATED 
IN THE SAME PLANE, BUT DlRECl'EO TO DIFFERENT PARIS OF A 
BODY. 

16.5. This case obviously branches itself into twp varieties, viz. 

1. fFhm the ftirc€tions of the forces are at right angles 
to the line of application,* 

‘2. niien the dir vet ions of the forces are not at right 
angles to the line cf application^ but Mique to it. 

In each of these varieties, die 'ices may be conceived to act 
cither in the same or w dittereiu uirections, and the principles 
which develope the coudilioiis of intensity or magnitude, are as 
follows, viz. 


* Tbv line of application, is the straight line passing through the points where 

the lurcus act. I 
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For the first variety. 

If two parallel forces act perpendicularly upon a straight 
line^ either in the same or in different directionsj their 
resultant is parallel to them^ equal to their sum or diffe- 
rence^ and divides the line of application into two partSj 
which are tO each other reciprocally as the magnitudes or 
intensities of the composant forces. 

For the second variety. 

If two parallel forces act obliquely upon a straight line, 
either in the same or in different directions, their resul- 
tant is parallel to them, equal to their sum or difference, 
and di V ides • the straight line drawn through its point of 
application perpendicularly to the directions of the forces, 
into two parts, which are to each other reciprocally as the 
magnitudes or intcmities of the composant forces, 

166. If the two composant forces be supposed to act in the same 
direction, the ^loint where the resultant is applied will fall some- 
where in the line between them ; but if they are supposed to act 
in contrary directions, the resultant will meet the production of the 
straight line connecting the points where the forces acit 

This being premised, we shall now proceed to show, in what 
maimer the magnitude and direction of the resultant are to be 
ascertained ; and first, 


Section First. 


When two parallel forces act at right angles to the extre- 
mities OF a straight line, and in the same direciton. 

• 

167. Let p and p', the extremities of the straight line, pp'bc the 
points where the forces are applied, whose magnitudes and direc- 
tions are represented by pa and pb, at right angles to i*p'. 

Produce pp' both ways to m amd m\ make vm of any magnitude 
whatever, equal to vmi then, upon the straight lines pa, vm, and 
p'li, vni, construct the rectangular parallelograms iwnm and r'nw'm'; 
join nv, n'v', and produce them till they meet 
in c ; through c draw cr parallel to pa or p'b, x c 

cutting the line of application pp' perpen- i 7 f \ 

dicularly in n ; make df equal to the sum of 
pa and p'b, then is df the magnitude or 
intensity of the resultant sought 

This is evident, for the two forces p/i and j / 
r'n, which by composition, are equivalent to ^ 
the four forces pa, vm, and p'b, vm, may be 
transferred to tlie point c, and being esti- F 

mated in the direction of the lines cp and cp', 

may be resolved or decomposed -into the four rectangular forc(‘s, 
cz, cr, and cw, cy, which are respectively equal to the coniponeuts 










U 
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of PK and p'»'. But by construction, vm fs equal and directiy oppo- 
site to p'm'; consequently cx is equal and directly opposite to cy, 
now, we have elsewhere stated, that when two ec^ual forces arc 
applied to the same point, and act in contrary directions, they 
destroy one another’s effects ; therefore, abstracting the equal forces 
cx and cy, we have remaining at tiie point c, the two forces cz and 
cw, which are respectively equal to the given forces pa and p's ; and 
since they act in the same direction, their united intensities, must be 
equal to the intensi^ of a single force whose magnitude is expressed 
by their sum : that is, accori^g to our principle^ 

DP = r=PA-|-P'B (u) 

168 . Hence then it appears, tAat when two parallel forces 
of ffiven magnUiules, art at right angles to the extremities of a 
straight line, and in the same direction, the magnitude of tlie 
resultant is determined by simply taking tlie sum of the given 
forces } and, because a force of any magnitude, produces the same 
effect at whatever point of its direction it may be applied, we have 
supposed the resultant in tliis case to be applied' at the point d, 
where cf, the line of its direction. Cuts pp' the line of application. 
It is therefore, only requisite to assign the distance of tlie point d 
from p and p', the points where the forces pa and p'n are supposed 
to be applied; and, for this purpose, 

Lctrt=PA, one of the composant forces, 

Znsp'ii, the other composant, 

(/=:pi), the distance of the force pa from the application of the 
resultant at n, 

c =p'i), the distance of the force p'n, 
z= p'wi', the added force, 

and p=DF, the resultant, or single equivalent of the given composants 
PA and p'n. 

Then, by reason of the similar triangles, pcd, ^;cs, we have, by 
employing the above notation, 

CD : dWa : 

and again, by reason of the similar triangles, p'cd, yew, we have 

CD \mb \ x; 

therefore, by expunging the common terms fi’om each analogy, and 
equating the product^ of the remaining terms, we obtain 

ad=b^. (v) 

This equation obviously implies, that d, the point of a})])lica- 
tiou of the resultant, divides the 8t’’<'^ght line pp', the distance be- 
tween the points of application of i composauts, into -two parts 
p D and PD, which are reciprocally proportional to the straight lines 
PA and p'd, that represent the magnitudes or intensities of tlie forces 
a and b 

For if by tlie rules of algebra, we transform the equation into an 
expression of latio, it becomes 


a b 
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and if this expression of ratio be again expanded into an analogy^ wc 
obtain 

a : b II ^ : d; that is 

As the magnitude or intensity of force a, 

is* to the magnitude or intensity of the force b 

so is the distance of the point of application of the force b, 

from the point of application of the resultant r, 

to the distance of the point of application of the force a from 

the same point, 

169. This is a true and accurate statement of a reciprocal or 
inverse proportion, which we have exhibited at length for the 
express purpose of defining the phrase. 

Compounding the prececQng analogy, wc get 
a+b \b::d+h : dy 
a-f-A : a I. d+S : S; 

but by our principle or equation (u), a+A=r, and if we pyt n to 
denote or the distance between the points of application of 
the com|:osants, of which d and ^ are the two parts, determined by 
the position of the point where the resultant is applied, these 
analogies become 

r : Zi : : D : d, 
r\ all H : B; 

and by equating the products of the extreme and mean terms, we 
have 


1 . rdzzbHf 1 

2 . rS=aD; / 


(w) 


These two simple equations are sufficient for determining every 
particular respecting the composition and resolution of two com- 
ponent forces, acting perpendicularly in the same direction at the 
extremities of a given straight line. 


170. By comparing the terms of the two analogies from which 
these equations are derived, we get 

b : a : r::d : ^ : d; 

from which we infer that the two composant and resultant forces^ 
are respectively to each other as the distances included between the 
points of application of the other two; and from which infcreni^e, as 
well as from equation (w), it is evident, that if any three of the- six 
terms be given, the others can easily be found, provided always, 
that the three given terms arc not of one kind. 

We proceed fsrthwith to develope the equations, and to illustratii 
their application by a few appropriate numerical examjjlcs ; and v\ 
order to avoid repetition, it may be j)ropcr to remark, that in all 
the problems and examples immediately succeeding, the forc-os are 
supposed to act in the same direction, perpendicularly to the ex- 
tremities of a straight line, equal in huigth to the distance between 
the points of application, the situation of the resultant occurring 
between these {loints. 
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171. Problem 1. Given the whole distance n^hetween the points 
of application of the composants ; the distance d, between the 
points of a2)plication of the resultant r, and the cmnjiosant a ; 
with by the magniUide or intensity of the other composant ; to 
find r, the magnitude or intensity of the resultant 
No. ]. equation (\v) involves these conditions; that is, 

divide both sides of the equation by d, and we get 
Ad 



this is the equation expressing the value of the resultant r, in terms 
of the given quantities, A, d, and d ; but had the composant a^ the 
the distance ^ and the whole distance d been given, the expression 
would have been 


OD 



an equation identical in form with the foregoing, but involving 
difFerent quantities; hence, the general practical rule for deter- 
mining the resultant from these data, is as follows. 

' 172. Rule. — Multiply the whole distance between the component 
forceSy by the magnitude or intensity of the given forccy then 
divide the product by the distance between the resultanty and 
the jwint where the unknown force is apjdied; and the quotient 
will give the magnitude or intensity of the resultant required. 

173. Exa-aiple I. Suppose two forces to act simultaneously on 
two material points in a straight line, situated from each otj^er at the 
distance of 18 feet; what is the magnitude of the resultant, sup- 
])osing its point of application to be 3 feet distant from that of one 
force, whose magnitude is expressed by a weight of 9 tons, and 15 
feet from that of the other force, whose magnitude is unknown ? 

The process as indicated by the equation, and expressed by the 
rule, is 

,.-£2L1®=10.8 tons; 

15 • 

now, it has been shown in equation (u), that the resultant is equiva* 
lent to the sum of tbe composants ; consequently, having determined 
the magnitude of the resultant, that of the other composant becomes 
known, that is, 

10*8— 9= ! -8 tons. 

hence, the three forces are 9, 1 >8 arn 10>8, and the three distances 
arc 15, 8, and 18 feet; consequently, by the preceding inference 
we have 

9 :‘l.8 : 10.8:: 15 : 8 : 18; 
and these by expansion become 

9 ; 1-8:: 15 : a 
9 : 10.8 :: 15 : la 

1.8 : 10.8:: 3 : la 
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174. Example 2. Suppose a weight of a certain magnitude to 
be suspended from a straight inflexible bar of wood or iron, at the 
distance of 10 inches from one extremity, and 90 inches from the 
other; what is the magnitude of the suspended weight, when it can 
just be sustained by two men acting at the ends of the bar, sup- 
posing the one who acts at the greatest distance to exert a force 
equal to 16 lbs. 

Here we have given 6= 15 lbs ; d=10 inches; ^=90 inches, and 
consequently d=100 inches; tlierefore, by the rule wc have 
100X15 

Yq =150 lbs. for the resultant, but 

it is shown, that r=a+i; that is, the resultant is equal to the sum 
of the forces, consequently, a=r— i, that is, /t=150— 15= 135 lbs., 
the force exerted by the man who acts at the least distance from 
the point of suspension. The geometrical construction of tliis 
example may be effected in the following manner : 

Make pp' equal to or d equal to 100 inches, from a scale 
of equal parts ; produce pp' both ways to m 
and m,' making pm and p'm' equal to one ano- 
ther, and of any convenient m^nitudt at plea- m iv j \ ^ 

sure. Let p'b represent the given force acting j TSj, 

at the point p', perpendicularly to the bar pp' ; ' ' ' ^ 

on the lines p'b and r’mf construct the rectan- 
gular parallelogram r'Bw'm' join ?iV, w^hich pro- 
duce to meet dc the straight line passing through 
the point of suspension d in the point c; join 
CP, whioh produce to n ; then through the point m draw nm paral- 
lel to p'b or CD, meeting cp produced in the point w, comjdete the 
rectangular parallelogram PA9<m, then is pa, the magnitude of the 
other force, applied at the point p, and pa -f- p'b is the magnitude of 
the resultant 

175. Problem 2. — Given the whole distance d, between the points 
of applicatian of the composants ; the distance d, between the 
points of application of the resultant r and the vomposant a ; 

• with r, rtc magnitude of the resultant ; to find the magnitude 
of 5, one of the composants. 

The conditions of this problem are involved in No, 1, equation 
(w); that is 

6D=rrf, 

divide both sides of this equation by d, and we get 

D 

this equation determines the value of the composant 5, in terms of 
the given quantities d^ d, and r ; and the expression for the value of 
the other composant a, in terms of the remaining quantities Of 
and r, is 

rd 
a = — 

II 


!/ 

«/ 
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These equations being identical in form, the general practical 
rule derived from them is as follows : 


176. Rule. — Multiply the maguitude^ or intensity of the result 
tanty hy the distance between the point of application^ and that 
of the com]}osant opposite to the one whose magnitwie is 
sought ; then, divide the product by the whole distance be- 
tween the points of application of the coniposants, and the 
qiwtient will be the magnitude of the composant required. 

177. Example 1. — Suppose two forces to act simultaneously on 
two material points in a straight lino, distant from each other 56 
inches; what are the magnitudes of those forces, supposing the 
resultant to be 34 cwt, and its point of application distant fr*om one 
composant *22, and from the other 34^ inches? 

The process indicated by the equations and expressed by the 
rule is 


34x22 


56 
34x34 


= 13.357 cwt. 


=20*643 cwt. 


56 

Hence the composant and resultant forces, with the respective 
distances, exhibited according to the foregoing inference, arc as 
below, viz. 

20.643 : 13.a57 :: 34 : 22, 

20*643 : 34 — : 56, 

13-357 : 34 ::22 : 56. 

178. Example 2. What weights must be attached to the •extremi- 
ties of a straight uniform bar of iron, 36 feet long, to support a weight 
of 120 tons, suspended at the distance of 6 feet from one extremity 
and 30 feet from the other ? 

Here we have given f/=6 feet; 5=30 feet, and r=120 tons; 
consequently, by the rule to find the force a, we have 
120X30 

a= — — = 100 tons; 

and to find the force i, we have 
120 X 6 

A= — — =20 tons ; 


therefore, in order that the tensions on each side of the beam may 
be the same, a weight of 20 tons must be suspended from the 
extremity of the longer arm, and a eight of 100 tons from the 
extremity of the shorter. 

179. Problem 3. Given the magnitudes of the two composant 
forces a and b, with n, the distance between their points of 
application, to find the distances d and B, between each com- 
posant and the point where the residtant is applied. 

It has already been shown that the resultant is equal in magni- 
tude to the sum of the two composants; that is, r=a+i. ^ Let this 



98 


OF THE COMPOSITION AND RESOLUTION OF FORCES. 


value of r be substituted for it in the first and second of equation 
(w), and we have 

(a+h) d =iD, 

(a+&) S =aD. 

These two equations involve the conditions of the problem, and 
if both sides of each be divided by we shall obtain 

, in 

^ a+F 

for the distance between the point of application of the composant 
Oj and tliat of the resultant r, and 

a D 






for the distance between the point of application of the composant 
bj and that of the resultant r. 

Now, these equations being identical in form, the general prac- 
tical rule derived from them is as follows : 


180. Rule. — Multiply either composant by the distance between 
them^ and divide the product by their sunXyfor the distance be^ 
tween the resultant ^ and the composant opposite to that hy 
luhich the whole distance is multiplied., 

181. Example 1 . Two forces, whose magnitudes are respectively 
represented by weights of 125 and 828 tons, act simultaneously on 
two material points in a straight line at the distance of 48 feet from 
each other: at what distance from each must another force be 
applied, to produce the s«ime effect? 

The operation indicated by the equations, and expressed by the 
rule, is 


328X 48 
125+328 


=84.755 feet, 


the distance between the composant a and the resultant r, and 


125 X 48 
125+828 


= 13.245 feet, 


the distance between the composant b and the resultant r. 


Consequently, the composant and resultant forces, with their 
respective distances, exhibited according to our inference, are as 
under viz. 

828 125::34.755 : 13.245, 

328 453: 134. 755 : 48, 

125 458:: 18.245 : 4a 


182. Example 2. Two weights, the one of 20, and the other of 
50 tons, arc attached to the extremities of a straight inflexible uni- 
form bar of iron, 60 feet long ; at what point in the length of the 
bar ought a weight of 70 tons to be attached, so that the whole 
may remain at rest ? 
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Here, we have given a=20 tons; J=50 tons, and d, or d + 
60 feet, then by the rule, we have 


d. 


60X60 

70 


42} feet; 


consequently 5= D—d; that is, 60— 42} = 17} feet; wherefore, it 
appears that the opposing load must be applied 42^ feet distant 
from the lesser force, and 1 7*^ feet distant from the greater. 

The geometrical construction of this example, may be effected 
as follows : 

Make pp' equal to 60 feet, the whole length of the bar, or distance 
betw(?eii the points of application of the compo- y 

sant forces, and through the point r, draw the Q/\ 

straight line Pt, making with pp' any angle what- \ 

ever; take pf e(iiial to 70 and rc^ equal to 50 tons ; / \ \ 

join FP' and throngn the point c draw rn parallel X \ \ 

to FP', then is d the ])oint rc<|iiired, and pd, p'd are 
its distances from the points p and p', the oxremitics of the bar at 
which tlie forces a and b are suj>j)osed to be applied. 


IS.'k PuouLKM 4. — Circii the magnitude!; of the two coniposant 
forces a and />, v*ith d, the distanre hctwcni the point of apjdi- 
cation of the resultant r and that of the cmnposant u; to 
find c), the distance between the resultant and the other com^ 
posant In 

Hero, as in the last problem, if we take a + />=r, and substitute 
the sum in the first and second of equation (w), we get, as before 

{a-\-h) d=/yD, 

• {a-\-h) €)=ai>. 

Now, it is obvious that in the first of these expressions all the 
quantities are given except n, and in tlu^ second, they are all given 
except n and r) ; tiierefore, if both sides of the first expression be 
divided by A, we have 

{a + b) d 

ami if this value of n be substituted for it in the second expression, 
it becomes 


/ a{n+h)d 


consequently, by expunging the common factor (a+h)^ we obtain 

. ad 


if, how’ever, S had been given inste-ul of r/, the expression for the 
value of d would have been 



and as these equations are identical in form, the general practical 
rule derived from them is as follows : 
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184. Rule. — Multiply one of the given composants by the dis- 
tance of its point of application from that of the resultantj 
and divide the product by the other composant for the distance 
sought 


185. Example 1. The magnitude of two forces are respectively 
represented by weights of 79 and 112 tons, and the distance of 
one of them from the point where the resultant is applied, is 27 
feet; what is tlie distance of the other composant from the same 
point ? 

Here we have given a=:79 tons; 5=112 tons, anddf=27 feet; 
therefore, the operation as indicated by the equations and expressed 
by the rule, is 

-^^^=19.0446 feet, 

consequently, d, or the whole distance between the composants, is 
27+19.0446=46.0446 feet. 

But if b had been given in the example equal to 27 feet, then 
we should have had for the vatue of d 


112X27 

79 


: 38.278 feet; 


and consequently the whole distance between the composants, i^ 
27+38.278=65.278 feet. 


The composant and resultant forces, with their respective dis- 
tances, exhibited according to our inference for both these cases, 
are as below, viz. 

For the first case, we have 
112: 79:: 27 : 19.0446, 

112 : 191 ::27 : 46 0446, 

79 : 191 :: 19.0446 ; 46.0446. 
b or the second case, we have 
112: 79:: 38.278 : 27, 

1 12 : 191 :: 38.278 : 65-278, 

79 : 19i::27 :65.27a 


186. Example 2. There arc two weights, the one equal to 20, 
and the other equal to 50 tons, suspended from the extremities of 
a beam, which rests upon an axis 12 feet distant from the point 
of application of the greater weight; what must be the distance 
between the axis and the other weight, so that the system shall re- 
main at rest ? 

Here, we have given a=20 tons; 5=50 tons, and 5=12 feet; 
then, by the rule, we have 
. 50X12 

rf= — — =30 feet 

The geometrical construction of this example may be effected as 
follows : 
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Dmw the straight line pf at pleasure, make pc egual to the greater 
force, and cf equal to the lesser ; through the point p 

c, draw the straight line ce, making any angle what- ^ 

ever with pf, and through p draw pp' parallel to ce ; 
make ce equal to twelve feet, the distance between y/ \ I 
the axis and the greater weight ; join fe, which pro- j 

duce to meet pp' in the point p'; through c, draw cd ^ iJHp' 
parallel to p'f ; then is the point d the place of the axis, and pd, p'd 
are its distances from the points p and p', where the weights are 
suspended ; if the distance pd be taken in the compasses and applied 
to a scale of equal parts, it will be found to measure exactly 30 feet. 

187. The following practical example, in which the solution is con- 
ducted graphically as well as numerically, will show the application 
of the subject on which we have been treating, and tend to establish 
the reader’s confidence in the truth of the conclusions at which wc 
have arrived. 


188. Exampi.e 3. Two horses, one of which is capable of sustain- 
ing a dead weight of 050lbs., while the other cannot sustain more 
than 42()lbs. ; are applied to a boat for the purpose of maintaining 
it at rest against the current of a river, whose velocity is such as to 
give the boat an effort of motion equal to 1070lb8.; now, supposing 
the horses to operate perpendicularly at the extremities of a pole 
()0 feet long, stret(jhiiig directly across the stream ; at what point of 
the pole must the boat be applied, so that tlie horses may resist a 
portion of its effort according to their strength? 

Let n, a represent the river, running against the direc- 
tion of the little arrow a ; w, w, the towdng pathway 
on each side of the stream, and pp' the pole to which 
the horses are attached, by tlie ropes ph and Pii'. 

IVIake pp' c()ual to 60 feet from a scale of equal parts 
of any convenient dimensions, and produce it both w'ays 
tt) m and wi', making pwi, of any length whatever, and 
equal to vm. At the points p and p', erect the perpen- 
<liculars pu and p'li', making them respectively propor- 
tional to 6.50 and 4^20, and complete the rectangular parallelograms 
and p'^uO/'h'; join wp, liv and produce them till they meet in 
c ; from c demit tlie perpendicular cd, then is d the point in the 
pole pp" where the boat n must be ajipHcd, and if the distances pd 
and i»'D, be taken in the compasses, and applied to the same setale as 
that on which i»p', ph and p'h' were : ■ Jisured, tliey will be found to 
measure respectively 23.55, and 36.-1./ feet. 

The numerical solution is effected by the rule to the third of 
the foregoing problems, and the operation is expressed in the 



following manner : 

420X60 

1070 


23-55 feet, from p, 
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And these distances with the corresponding forces, being exhibited 
according to our inference will stand as below. 

420 : 650::23-55 : 36-45, 

420 : 1070:: 23-55 : 60, 

650 : 1070::36-45 : 60. 

189. What we have hitherto done respecting the composition of 
parallel forces, applies to the case in which the composants an; 
supposed to act perpendicularly to the extremities of a straight line, 
and in the same direction ; but when they ac^t in opposite direc- 
tions, the mode of investigation being different, will therefore re- 
quire a se]iarate section. 

Seciton Second. 

When the i»arallel forces act at right angles to the extre- 


mities OF A STRAIGHT LINE, BUT IN OPPOSITE IHUECriONS TO ONE 
ANOTHER. 


190. Problem. Let p and p', the extremities of the straight line 
pp', be the points where the forces are supposed to be applied^ 
whose magnitndes and directions are re}}rese?ited by the straight 
lines PA and i*'b, at right angles to pp', but lying in opposite 
directions with resjiect to it; to determine the magnitude of the 
resultant j and the particulars of distance ivith respect to each 
of the composants. 

Produce pp' both ways to m and wi', and make vm of any magnitude 
whatever equal to v'nil ; then, upon the straight 
lines PA, PM and p'b, pOh', construct the rectangu- 
lar parallelograms v\nm and p'bhW; join the 
diagonals ?^p, p'/i', and produce them till they ~ 

ine(;t in the point c. From c, on pp' produced, let 


fall the perpendicular cd, cutting the line pp' in 
the point d ; — then is u the point of application 
of the resultant ; take df equal to the difference 
betw'een p'b, and PAj or the difference between 




+F 

u 


PA and p'i5, according as the one or the other is 


the greater, which in the present figure is i»'b ; then will df repre- 
sent the magnitude or intensity of the resultant, and pd, p'd are its 
respective distances from the points of application of the composants. 
The two forces ph and p'//', which by conqiosition arc equivalent to 
the four forces pa, rm and p'b, p'wi', may lie transferred to the posi- 
tions c/;, cq concurring at the point c, and again resolved into the 
rectangular composants cs, cx and cw^ c//, which an; respectively 
equal to the original composants of pm and p'w'. But by construiition 
vm is equal and directly opposed to p'/m' ; consequently r.i; is equal 
and directly opposed to ci/, therefore they anihilate each other’s effects 
and there remain at the point c, the two forces cz and cm;, which are 
respectively equal to the original forces pa and f'b ; and since they 
act in dilieTent directions, the eftect produced by their united 
energies, must be equal to the effect of a single force applied at d, 
whose magnitiuh; is ('xpressed by their difference ; that is, according 
to our principle for the first variety, Art. 165. 
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DF = r=PA>^P'B, 

or by using the proper notation, we have 

(x) 

191. From which it appears, that when two parallel forces of 
given magnitudes^ act at right angles to the extremities of a straight 
liney and in different directumsy the magnitude of the resultant is 
determined by simply taking the iliflFercnce of the given forces ; and 
because a force of an^^ magnitude, produces the same effect, at whatever 
j)oint in the line of its direction it may be applied, we have sup])osed 
the resultant to be applied to tlie point i), where cf the line of its 
direction intersects the production of pp'. It therefore remains to 
determine the distances of the point n, from p and r', the points where 
the composants a and b arc supposed to act. 

From the similar triangles pcd, and p'cd, we have the 
following analogies, viz. 

CD : d'*.a : .r, 

CD : 8 II 6 : x; 

hence, by expunging the common terms cd and a*, and equating the 
products of the means, we have 

ad=ihk 

This is {lie identical equation which we obtained for the preced- 
ing case, where the (^oraposant forces a and b are supposed to act 
in the same direction ; consequently, th(5 remarks which we made 
under ecpiation (v) are equally applicable here, and therefore they 
need not be repeated. 

192. 'i'he expression of ratio deduced from the above eejuation is, 

a ^ b 

and the expanded analogy is as follows, viz. 

ft • b • • d • Cm 

By division of ratios we obtain 
a h I blld •y* S I df 

a b I a •• d o • ^ 5 

but, according to our principle, or by equation (x), we have 
a ^b^ r^ and if we put u = these analogies become 

r : AIId : dy 
r I fla.D I 

Equating the products of the extreme and mean terms, we get 

rd'xz^ j, 
r 

Here again, the equations coincide exactly in form and symbols 
with those which We derived for the case in which the forces are 
supposed to act in the same direction ; consequently, the problems, 
rules, and examples, employed in elucidating equation (w), may be 
referred to in tUs case also, and therefore a repetition would be 
quite superfluous. ^ 
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It may however be useful to propose a practical example, and 
resolve it both by construction and calculation, as the coincidence 
of the results obtained by the two methods, will prove the truth 
of both. 


193. Example 1. Two forces whose magnitudes or intensities arc 
represented respectively by the numbers 42 and 16, arc suj)posed 
to act perpendicularly at the extremities of a straight lever 86 feet 
in length, but in opposite directions ; required the magnitude of the 
resultant, and the particulars of distance with respect to each of the 
composants ? 

Construction. From a scale of equal parts, take pp' equal to 
36 feet, the distance between the points ^ 
of application of the forces a and b ; 
at the points p, p', erect the perpen- 
diculars PA and p'n, making pa equal 
to 42 and equal to 16, the numbers 
which represent the magnitudes or 
intensities of the composant forces, 
taken from the same scale as the 
intermediate line pp'. Produce pp' 
both ways to m and making the 

I iarts produced of any convenient 
ength whatever, and eciual to each 
other ; complete the rectangular paral- 
lelograms v\nm and p'n w'm', ana pro- 
duce their diagonals vn and w'p' to 
meet in the point c ; from c, demit the 

n endicular cd to meet i*p', produced 

e point d; then are pji and p'd, the distances of the points 
where the forces act from n, the point where the resultant is applied. 
Take ae equal to and through e drjiw ef parallel to pd; then 
is DF the magnitude or intensity of the resultant ; and the lines pd, 
p'd, and df being applied to the assumed scale, will be found to 
measure as follows, VIZ. PD =22 -154; p'd = 58- 1.54; and df = 26. 



llie calculation is effected nearly after the manner exhibited in the 
third problem preceding, and is as follows : 

(a ^•b) d=iD, or 

a^b I 

/ l\ ^ ^ OD ' ' 

{a^b)l =on, or c = 
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Tlie calculation may however be conducted otherwise, if we 
assume a numerical value for the added line pm=:pW; suppose 14, 
and put the letter at to denote the whole distance p'd, for then we 
have 36, and by similar triangles, it is 

14 : l6::jr : cd, 

14 :42::ar-36 :cd; 
consequently," we have by comparison 
10ar=z42ar— 1512; 

that is, 42 x— 16 x=26 1511^ or x=58- 154, the same as before. 

194. Example 2. A straight inflexible bar of iron 120 inches in 
length, is acted upon at the extremities by two parallel forces, one 
of which exerts a pressure equal to 30 tons, and me other a pressure 
equal to 20 tons ; at what distance from the points where the forces 
%.ct must the resultant be applied, and what is its magnitude, sup- 
posing the forces to act at right angles to the bar, and in opposite 
directions ? 

Here we have given a = 30 tons, 5= 20 tons, and d= 120.inches, 
or 10 feet; ccmsequently, by equation (y), we have 
on V ion 

d= - =240 inches, or 20 feet, 

, ^ 80X120 ^ 

and c = 3o ' — 20 "^^^ inches, or 30 feet; 

therefore, by equation (x), the value of the resultant is 
r=30— 20= 10 tons. 

195. What we have hitherto done in this third division of our 
subject, has reference only to the composition of two forces, which 
arc supposed to act at right angles to the straight line con- 
necting their points of application, whether the directions of those 
forces lie on the same, or on diflerent sides of that straight line. 
It is however easy to perceive, that the same principle extends to 
any number of forces, acting perpendicularly at different points in a 
straight line, for ciie resultant is always equal to their sum when 
they act all in tlie same direction, or it is equal to the excess of the 
sum of tliosc which act in one direction, above the sum of those 
which act in a contrary direction, when it so happens that some of 
them lie on one side, and some of them on the other side of the 
straight line which passes through their points of application. This 
being the case, the magnitude or intensity of the resultant is^ easily 
assigned, when the magnitudes of the composants and the circum- 
stances of their actions and directl ?^s are known ; the chief difficulty 
then, consists in assigning the point where tlie resultant ought to be 
applied, so as to be capable oi producing the same effect at that 
pointy as all the given composants can produce, when their effects 
are considered conjointly, under the proposed drcumstunces of 
action and direction. The method of deteimining the point of 
application of the resultant, is by compounding the given forces 
two and two, after the manner heretofore exhibited. 
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Section Third. 

When from different points of a straight link any number 

OF PARALLEL FORCES ACT AT RIGHT ANGLES TO THAT LINE. 


196. Problem. Let the straight lines pa, p'b, and p"e, represent 
the magnitudes or intensities of the three forces o, />, and r, 
proposed for compodtion^ and acting perpmdicularly at the 
points p, p' afid p , in the straight line pp", and all in the same 
direction^ to determine the point at which the resultant ought 
to he applied^ and also its magnitmie or intensity. 

Produce tise straight line pp", the distance between the extreme 


forces, both ways to m and 7w", making 
vm equal to p'W', and of any convenient 
magnitude whatever ; take also v'ni equal 
to pm or p''m", and construct the rectangu- 
lar parallelograms vxnm^ and p'B//m' and 
produce the diagonals /ip, /iV to meet 
each other in the point c; through c, 
draw CD perpendicular to pp", the line of 
application, and produce cd to f, making 
DF equal to the sum of pa and p^b taken 
conjointly ; then is df the resultant of the 
composants a and and d is its point of 
application. 

Again, take dz equal to pm, pW, or p'W', 



but directed the same way as rm, and construct ti e rectangular 
parallelograms p"Ey/'m", ovwz, and produce the diagonals /iV', wu 
to meet each other in the point c' ; through c:' draw c'd' perpendi- 
cular to pp", the line of application, and produce c/d' to f', making 
dV equal to the sum of df and p"e taken conjointly ; then is d'f' 
the resultant of the two forces df and p"e, and d' is its point of 
application ; but df, by the first step of the construction, is the 
resultant of a and &, the two forces whose magnitudes are repre- 
sented by the straight lines pa and p'b ; consequently d'f' is the 
resultant of the three forces a, b, and c, whose magnitudes are 
represented by the straight lines pa. p'b, and p"e 

197. The above is the general method of finding, by constniction, 
the point of application of the resultant of three parallel forces, 
acting perpendicularly at three given points on one side of a straight 
line; but it is persumed that a particular example resolved numeri- 
cally, will greatly facilitate the reader’s conception of the subject, and 
expand his views with respect to the importance of its application. 

198. Example 1. Suppose that the magnitudes or intensities of 
three forces, acting perpendicularly at three points on the same 
side of a straight line, are respectively represented by the numbers 
12, 22, and ^ while the distances between the middle force and 


each extreme, are respectively 24 and 16 feet ; at what point of the 
line must the resultant of the three forces be applied ? 
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We h&ve stated already, in the case of two parallel forces acting 
under the proposed conditions, that 

7%a resultant divides the line of application into two parts, 
which are to ecwh other, reciprocally as the magnitudes or 
intensities of those forces; (sOe our principle.) 

Consequently, according to this principle, we shall have 
12+22 : 24::i2: 8-47, 
and 12+22 : 24: :22: 15-53; 

hence, the resultant of the two forces, whose magnitudes or 
intensities are represented by the numbers 12 and 22, divides the 
distance between their points of application into two parts,. which 
are respectively equal to 15-53 and 8-47 feet; that is, the point 
w+ere the resultant is applied, is 15-53 feet distant from tlie force 
whose magnitude is represented by the number 12, and 8-47 feet 
distant from the middle force, agreeably to the example, whose 
magnitude is represented by the number 22 ; the respective dis- 
tances according to the principle being reciprocally as the magni- 
tudes of the forces. 

Again, the resultant of these two forces is equal to their sum, 
(see equation u) ; that is, r= 12 + 22 = 34 ; and the distance 
between its point of application and that of the third composant 
force is, by the nature of the question, equal to 8-47+16; that is, 
24-47 feet; therefore, if we consider the resultant just found as an 
independent force, and compound it in the same manner with the 
third composant our principle gives the following o})eration, viz. 

12+22 + 8 : 8-47 + 16:: 12+22 : 19.81, 
and 12+22 + 8 : 8-47 + 16:: 8 : 4-66; 

hence it appears, that the point of application of tlie resultant of the 
three forces, is distant from that of each force as follows, viz. 

20*19 feet from the first extreme, or that vv-hose magnitude is represented by the number 12 
3*81 feet from the middle force, or that whose magnitude is represented by the number 22 
1 9*8 1 feet from the second extreme, or that whose magnitude is represented by the number 8 

and since this last distance is greater tlian that which occurs 
between the sec^ond extreme and the middle force, it indicates that 
the place of the resultant falls between the middle force and the 
first extreme ; but its situation generally, will obviously depend on 
the relative magnitudes of the given forces, and the positions which 
they occupy, but in all practical cases these particulars will lie 
determined from circumstances entirely independent of theory, and 
consequently no ambiguity can ever enter the solution, for the point 
of application will always occur, w lere that power ought to act, 
which would maintain the system at rest 

199. Example 2. .A straight inflexible beam of uniform thickness, 
and 60 feet in length, has two weights attached to its extremities, 
the one of 5 and the other of 6 tons ; and at the distance of 20 feet 
from the least weight, is .attached another of 8 tons ; at what point 
of its length ought the beam to be supported, in order that the 
system shall remain at rest ? i 
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Let the three forces n, A, and c, be represented in magnitude and 
direction by the straiglit lines pa, p"b, and p"e at right angles to pp'' 
in the points p, p', and p", and equal respectively to themumbers 5, 
8, and 6, as taken from a scale of equal parts. Make the whole 
line pp" equal to 60 feet, the 
whole distance between the 
points of application of the ex- 
treme weights PA and p"£ ; 
also, make fp' equal to 20 feet, 
the distance between the place 
of the least extreme force pa, 
and that of the middle force p'b. 

Through the points of application p and p, draw the straight 
lines PC and p'c, making any angles whatever with the lino pp"; 
make pm equal to p"£, and me equal to pa ; join cp", and through 
the point m, draw mo parallel to cp''; then is d the place of the 
resultant of the two forces pa and p"e. 

AgaiiL make p'm' equal to pc, and me' equal to p'b ; join c'd, and 
through the point 7/i' draw m'n' parallel to c'd ; then is d the place 
of the resultant of the three forces a, A, and c, whose magnitudes 
are represented by the straight lines pa, p'b, and p''e, or n is the 
point in the length of the beam pp" where it ought to be supported, 
in order that the system may remain at rest. 

200. Put i)=pp", the whole distance between the extreme forces ; 
d=pp', the distance between the first extreme and middle forces ; 
and assume a; to denote the distance pd, while o/zru'D, the tUstaiiee 
between the places of the resultants. 

Then, by the similar triangles cpp", and ?nvD, we have 
PC ; pp"r:pm : pd; that is, 



(a+c):D::c:x- 

but p'd=.t— d=PD— pp'; 

therefore, pd=-; — — d= - v 

(o+c) («+c) 

Again, by the similar triangles c'p'd, and m'p'D', we have 
p'c' : p'd : I m'c' : d'd ; that is, 

' {a+c) (a+A+tr)(a+c) 

Now,*— *'=PD— d'd=pd'; that is 

, cD+bd , . 

™ =7 — . k . (z) 

(a+A+c) 

consequently, i>^V=n— pd'=d— (*— **); thati^ 
aD+b(v-d) 

(7+b+c) 


201. Let now the niunbers proposed in the example be substituted 
for their appropriate symbols, in the equations (z) and (a^), and we 
shall have 
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6 X 60+ 8 X 20 , ^ 

- 5+8+6 

, „ , 5 x 60+8(60-20) „i 2 , ^ 

and pV= S-r r-^ -'= 82 r 9 feefc 


5+8+6 


Wc may however deduce a numerical solution, directly from the 
figure, without any previous investigation, as follows : 

5+6 :60::6 :32®-feet, 

the distance of the resultant of the two extreme forces, from the 
point of application of the least composant force; therefore, 
60-32H=27n feet. 


the distcince of the resultant of the two extreme forces, from the 
point of application of the other composant force ; 

but 32fi-20=12nfect, 


the distance between the place of the resultant of the extreme 
forces, and the point of application of the middle force ; therefore, 

5 + 8 + 6 : 12® ::8 : 5-^- feet, ^ 
from the place of the first resultant toward the middle force ; 

then ‘27r,+5||-=32l'^ feet, 
from one extremity of the line, 

and 60—321^=27^9 feet, from the other. * 


202. We shall in the next place give examples of the composition 
of three forces, when the action of one of them is opposed to the 
joint action of the other two; and, in order to avoid the introduction 
of anj^ inconsistency, or any reference to principles that htive not 
previously been expounded, we shall consider the middle force as 
the opposing one, and those which act in unison will consequently 
exert themselves at the extremities of the line of application. 

Our reason for this limitation is, that wc have not as yet made 
any refei’cnce to a centre of resistance, which must of necessity be 
admitted under any other condition than that which we have speci- 
fied ; that is, when the middle force is made the opposing one. 

In the case of two forces, however, this condition cannot have 
place ; consequently a centre of resistance must be implied, other- 
wise it would be difficult to conceive how two forces could act at 
difierent points of a straight line in parallel and opposite directions. 
Similar remarks will apply to forces acting on a straight inflexible 
line, considered to be void of gravity or weight, when their direc- 
tions are parallel, and situated on the same side of the line which 
joins their points of application, oi tliat on which they are supposed 
to act 

Examples consp'ucted on the principles just expressed will have 
this good cfiect ; they will shew the reader the method of continua- 
timVi when any number of parallel forces may be proposed to be 
compounded, and give more weight to the subject we discuss, than 
scores of marginal authorities could confer on a dry analytical inves- 
tigation alone. / 
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Section Fourth. 

WHEN THE ACTION OF ONE OF THE THREE PARALLEL FORCES IS 
OPPOSED TO THE JOINT ACTION OF THE OTHER TWO. 


20f*l. Problem. Let the straight lines pa, p'b, and p"e, represent 
the magnitmies or intensities of the three composant forces a, 
/;, and c, which are supposed to act perpendicularly at the 
points p, p', a7id p", in the straight line pp" passing through 
their points of application ; and let the forces a and f;, whose 
magnitudes are represented hy pa and p"e, he supposed to exert 
themselves in one direction^ while the middle force b, whose 
magnitude is represented by the straight line p'b, is supposed 
to exert itself in opposition to the united energies of the 
extreme forces a and c^represented in magnitude and direction 
by the straight lines pa and p"e ; to determine at what, point 
in the straight line the resultant of the three forces must be 
applied^ supposing the middle force to act in opposition to the 
other two. 


Produce the straight line 


pp", 


which measures the distance 


» A ^ 

<1 

t\ 


N / 

1 1 

1 / 
j / 


'i)W 



m 


between the points of application of tlie extreme 
forces, both ways to m and m", making vm equal 
to p'Ow" and oi any length that is found conve- 
nient for the purpose of construction : eomjdete 
the rectangular parallelograms i»aww, p"e 
and iiroduce the diagonals nv and fiv" to meet 
ciich other in the point c ; through c, draw co 
perpendicular to pp^ the line of application, and 
jiroduce cd to f, making df equal to the sum of 
PA and p"e taken conjointly ; then is df the re- 
sultant of the two extreme composants a and c, 
and D is its point of application. 

Again, make rW and dz each of them equal 
to vm or p'W', and complete the rectangular 
parallelograms v'miirl^ mwz, and produce the 
diagonals hV and nw to meet each other in the point c' ; through 
d draw cV meeting pp", the line of application perpcndicularly^in 
d'; then are pd' and pV, the distances of the points where the 
extreme forces a and c ac^ from d' the point where the resultant is 
applied, and p'd' is the distance of b the middle force from the same 
point 

Take fg equal to p'b, and through g draw gh parallel to pp" ; 
then is u'li the resultant of the three forces a, b, and r, wlioso 
magnitudes and directions arc represented by the straight lines pa, 
f'b, and p"e. 


V 

c 
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The followinfr numerical examples M'ill, it is presumed, suffice to 
illustrate the preceding construction. 

204. Example 1. Suppose the magnitudes or intensities of three 
forces, acting perpendicularly at three successive points in a straight 
line, are, when taken in order, respectively represented by the 
numbers 5, 6, and 7, while the distances between the middle force 
and each of the extreme ones, are respectively 4 and 8 feet ; at 
what point in the straight line must the resultant of the three 
forces be applied, supposing the middle one to act in a contrary 
direction, or in opposition to the other two ? 

Here it is obvious that we must first find the point of application 
of the resultant of the two extreme forces, or those that act in the 
same direction ; either by the proportion stated in our principle, 
or by the rule given under the third of the preceding problems, 
(Art. 180,) and then, consider the resultant as a single force acting at 
this poinl^in opposition to the middle one, or that which was supposed 
to resist the efforts of the other two. Thus will the problem be 
reduced to the determination of tlie point where tlie resultant of 
two parallel and opposite forces is to be applied. 

First tlien, by the proportion stated in our principle, we have 

4“f“8..7r 7 feet, 

5 + 7 : 4+8:: 5: 5 feet; 

from which it appears, that the point where the resultant of the 
two extreme forces is applied, is 7 feet from the first and 5 feet 
from the second ; conseimently, its distance from the middle op- 
posing force, is 7— 4=8 feet; here then, our question is reduced 
to the following, viz. 

Having the magnitudes of two parallel opposing forces given, 
respectively equal, or proportional to, the numbers 6 and 12, and 
the distance between their points of application equal to 3 feet; 
to find tlie point of application of the resultant. 

This case has been previously resolved, (Art. IBl,) and if we 
express the respective distances in our present diagram, according 
to tiie manner mere exhibited, we shall have 


P'D = 


DD’ = 


12X3 

5+7-7 

6X3 

5+7-6 





oriif we assume any number or symbol, such as unity or to 
represent the equal opposing for*- s pW and n*, and put x for the 
whole distance pV, we shall have dd'=»— 8, and by similar tri* 
angles, it is 

/: 6::*: <^0', 

/: 12::ar-3 ic'd'; 
consequently, by comparison, we liave 
12 ar— 36=6 j:; 

that is, by transposition 12 x->6x=36, or x=6, and ^—8=3; 
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hence we havep'D'=6 feet, and DD'=d feet, the very same as they 
were found to measure by the former method. The respective dis- 
tances of the point where the resultant is applied, from each of the 
composants, are consequently as follows, viz. 

The distance of the point d' from p is 7+ 3=10 feet, 

p' is 3+ 3= 6 ditto, 

• p"isl2— 10= 2 ditto. 


Example 2. At right angles to the extremities of the mast 
line of a ship, 200 feet in length, are attached ropes, which acting 
in the same direction, urge the ship towards one side of the bason, 
with forces of 40 and 50 tons respectively. To one of the masts, 
which is 50 feet distant from tiie head of the ship, where the 
greater force is supposed to act, is attached another rope, which 
urges her towards the opposite side of the basin with a force of 
55 tons, acting in a direction parallel to the other two ; at what 
point in the line of the masts ought a fourth force to be applied, to 
sustain the ship at rest, and what is the intensity of that force ? 

. Let the shaded figure ap"i represent the upper deck of a ship, 
of which the line pp", which divides it into two equal and similar 
parts is the mast line ; the place of the mast, and pa, p'b, and 
p"e, the given forces acting at right angles to the line pp" in the 
points p, p' and p". 

Produce PA to H, and make pm equal to p"e, and mH equal to 
PA ; join HP", and through the point m, draw 
mD parallel to hp", meeting the line of the 
masts pp" in the point d ; then is d the place 
of the resultant of the two forces pa and p"e, 
which act in the same direction at the stern 
and head of the vessel ; through d draw df 
parallel and equal to ph, then is df the resul- 
tant of PA and f"£. 

Take dz equal to p'm' of any convenient 
magnitude at pleasure, and complete the rectangular parallelo- 
grams DFias and p'bmW ; join dw and wV, which produce to meet 
each other in the point c ; through c draw cd' parallel to d f ; then 
is d" the place of the resultant of the three forces pa, p'b and p'^e, 
and, consequently, d' is the point at which a fourth force ought to 
be applied to keep the ship at rest ; produce cd' to k, and make 
i/k e^ual to ' the difference between df and p'b ; then is n't the 
intensity of the force required ; therefore, the forces p'b and d'k, 
acting on one side of the line pp", at the points p' and d', will just 
balance the forces pa and p"£, acting on the other side at the points 
p and p". 

Put D=pp", the whole length of the mast line, or distance be- 
tween the extreme forces; d=pp', the distance between the first 
extreme and middle forces; and assume x to denote the distance 
FD,^ while a:'=DD',the distance between the places of the resultants. 
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Then by the similar triangles hpp" and mpu, we have 
PH : pp" : : p»i : pd ; that is, 

' rn, 

(a+c) ; D :: c i x 

but p'd =£|— j? = pp'— PD ; 

, , CD d(a+c)— CD 

therefore PD = d— : — ■■ v= ■- / - . ■ ; — ’ 
(fl+c) (a+c) 

Now pV=p'd+dd'; that is, 

, «^_(«+c)(//+ar')-cD. 

- (i+ir"*; (i+Ji — ’ 

tlicreforc, by the similar triangles cnV, and pW, we have 
bm' ; bp' : : nV : d'c ; that is 

..(«+'?) (rf+a^')-c». .^/_*((«+'^)(rf+*')-CD}. 

® •• (a+c) • bm"]^+7) 

and by the similar triangles cd^d, and tvzD^ wc have 
Bz=:Bn* I wzll dd^ I cd' ; that is, 

nn* I {a+c)::x'l ; 


Bn 

consequently, by comparison, we have 
X (fl+c) Z»((n+c) (d+jf)— cp} 
b 5? "" Bn'(a+c) 

from which equation, by reduction we get 

(o+c) («+<?— A) 

to which add the value of p'd, and we have 
, ,_d(o+c)-OT. 

(a+c-J) 


But pd'=pp'— p'd'; that isPD'= 


ca—bd 


(b) 

(o+c— A) 

'i'horofore, substituting the numbers proposed in the example, for 
their appropriate symbols, in the equations (u') and (c^), and we 
siiail have 

p'D'= ^- - ^^j { :^^i~’y,^^ — = 100 feet from the place of the mast^ 
40+,50— 55 

rD^= ^ ^ =50 feet, from the stern of the ship; and 
40 -f .50—55 

consequently pV= 100+50= 150 h'et from the head. 

205. The magnitudes of the forces, and their distances from one 
another may be such, as to place the point where the resultant is 
applied, entirely beyond either extremity of the line connecting^ the 
extreme forces, but in practice, the circumstance of the case, aided 
by an accurate construction, will, in every instance, be sufficient to 
preclude die admission of error. 

Q 
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We merely mention tills, to account for the (circumstance of 
omitting to illustrate the several varieties that may occur, in 
respect of the equality of magnitude, the equality of distance, and 
the various other conditions that influence tlie position of the point 
where the resultant ought to act, in order that its single efibrt may 
be equal to the united efforts of all the composants, or if opposed 
to them, may be sufiicient to maintain the system in a state of 
(|uiescence. 

20(>. Tin's suggests t(i us another construction, and an additional 

I irinciplc, which if properly attended to, will become the means of 
eadiiig to some very important results in practical mechanics. We 
anticipated the principle in our remarks at the end of the solution 
to the example for the composition of three parallel forces, (icting 
in the siime direction. It is there stated, ‘‘ that the point of appli- 
cation of the resultant will always occur where that power ought to 
act that would maintain the system at rest and we now find the 
statement corroborated by the construction and solution of the case 
immediately preceding, where the action of one of the composants 
is opposed to the joint action of the other two. It there appears, 
that if the resultant of the three forces be produced, and made to 
act on that side of the line of application where the opposing force 
acts, and if it be compounded with that force, the resultant will 
occur in the same line with the resultant of die other two forces, 
directly opposite, and equal to it in magnitude ; which moreover es- 
tablishes the principle of equilibrium,'*^ 


Section Fifth. 

WHEN THE DIRECTIONS OF THE FORCES ARE NOT AT RIGHT ANGLES 
TO THE LINE OF APPLICATION, BUT OBLIQUE TO IT. 

207. We stated at the outset of this division of our subject, the 
general principle which devclopes the several conditions for die 
second variety. That principle we now adopt as a distinct 

Proposition. If two parallel forces act obliquely at two 
points in a straight linCj eitlwr in the same or in different 
directions^ their resultant is parallel to them, equal to 
their sum or dfference^ and divides the straight line drawn 
through its point of application^ perpendicularly to the 

* Equilibriuh is an equality of weights, powers^ or forces of any sort. 
Bodies at rest are said to be in a state of equilibnum, when they are so 
balanced by opposing forces as to have no tendency to motion in any 
direction. 
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direcHofis of the forces^ into two parts^ which are to each 
othei\ inversely^ as the the magnitu^ or intensities of 
the forces. • 

From the above principle it may be inferred, that the several 
conclusions at which we have arrived, in establishing the theory of 
parallel forces, acting at right angles to material points in a straight 
line, will equally apply in the case of parallel forces acting 
oblicpiely; for no element or principle of construction can be at all 
aifected by reason of riie obliquity, as will be made manifest by the 
following demonstration: 


208. Let the straight lines pa and p'b, represent the magnitudes 
or intensities of two forces, acting perpendicularly to the straight 
line pp^ at the points p and p^. Find d, a point in the line of appli- 
cation pp^, such, that 


PA : p'bIIp'd : pd; 

then is d the point where the resultant 
of the forces pa and p'b is applied. 

Through the point n, draw the 
straight line a/, anyhow inclined to the 
line of application, pp', and produce ap 
to meet the line cc^ in c; then, by similar 
triangles, we have 

c'd : cd::p'd : pd. 

Here it is obvious, that the two last 




terms of each analogy are the same ; expunging therefore the*cora- 
mon terms, and comparing those that remain, wc have 


PA : p'dIIc'd : cd. 


Hence it appears, that the i)oint d divides the line oc', exactly in 
the same proportion as it divides the line pp'; that is, into parts, 
which arc to each other reciprocally as the magnitudes of the forces 
PA and p'n. Now, it is evident, that the force pa which is applied 
at p, in the line pp', would produce exactly the same effect if it 
were transferred to the point c in the line of its direction ; and it 
would be the same with regard to the force p'd, if it were transferred 
to the point c'; it consequently follows, that d is the point of 
ap[)licution of the resultant of the tw’o forces pa and p'b as referred 
to the line cc'. 


Corot. From this it is manifest, that the obliquity of direction 
hfis no influence whatever on the d» tiiciplc and method of construc- 
tion, j)rovided that the composant and resultant forces are always 
supposed to act in directions that are parallel to one another. 

lint although, as wc have said, there is no difference in the 
method or principles of construction, occasioned by the obliquity of 
direction, yet we think it of importance to propose an exain|)le 
in corroboration of our assertion, and, in order that one example 
may suffice, we sliall propose it iii such a manner to embrace 
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both cases of the problem ; that is, when the forces are supposed to 
act on the same, and on different sides of the line of application. 


209. Example. Suppose the magnitudes or intensities of three 
component forces, acting in directions parallel to one another, at 
three material points in a straight line, are respectively represented 
by the numbers 15, 24, and 17 ; the distances between their points 
of application, reckoned on the oblique line passing through them, 
being respectively 18 and 44 feet; at what point in that line must 
the resultant be applied, supposing the middle or greatest force to 
act in opposition to the other two, and the line of application 
to cross tlicir directions in an angle of 52 degrees ? 

This example, except in the value of the data, and the obliquity 
of the line of application to the directions of the forces, is the same 
as that immediately preceding, and the intelligent reader will per- 
ceive, that the data have been selected in such a manner, as to 
cause the place of the resultant to fall wholly without the forces. 
We have purposely made tins selection, in order to shew that the 
determination of Uie point where the resultant or its opposite 
equivalent ought to be applied, is of far greater importance, in a 
practical point of view, than the determination of its magnitude : 
indeed, in the case of parallel forces, the magnitude of the resultant 
is known, when the magnitudes of the composants, and the several 
conditions that modify their energiQ 39 are given ; consequently, no 
specific operation is requisite for the determination of its magnitude; 
the dhief object then, is to find the point of application, and for this 


purpose 

Let pa=z15, p'b=24, and p"e=:17, represent the linear magni- 
tudes of the three composant forces cf, 5, and c, which are sup- 
posed to act obliquely at the points 
p, p', and p", in the straight line pp", 
crossing their directions in an angle of 
52 degrees ; and let the extreme forces 
a and c, whose magnitudes are repre- 
sented by PA and v'% be supposed to 
exert themselves in one direction, while 
the middle force 5, whose magnitude is 
represented by p's, is supposed to exert 
itself in an opposite direction, at a point 
18 feet distant .from a, and 44 feet dis- 
tant from c. 

Produce the straight line pp^^ both 
ways to m and making pm equal to 
p"m"of any convenient length whatever; 
then it is evident, that since pm and 
p'W' are equal, and directly opposed to 
each other, they can have no effect upon the system, although 
they serve admirably for the purpose of construction. 
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Complete the oblique parallelograms pa nut, p"£ n'W', draw the 
diagonw pn, p'V and produce them till they meet each other in 
the point c; through the point of concourse c, draw cd parallel to 
PA or p'^E ; then is d the point where the resultant of the two forces 
PA and pe" ought to be applied Produce cd to f, and make uf 
equal to the sum of pa andTp'^E taken conjointly; make p'm^ and dz 
each equal to pm or p"m", and com{)lete the oblique parallelograms 
p'bmW, DFwZf and produce the diagonals nV, dw, to meet each 
other in the point c'; through c', the point of concourse, draw c'd' 
parallel to pa, p'b, or p"e, meeting pp" produced in d'; then is d' the 
point where the resultant of the three forces pa, p'b, and p'^e ought 
to be applied, and pd'=:77*72, pV=59*72, and pV=15*72, are 
its respective distances from tlie points where the several 
forces act 

Produce c d' to g, and pd' to h, making d'h equal to and 
d'g equal to the difference between df and pb; complete the 
oblique parallelogram dgiii, and produce the diagonal in'to meet 
wV ])rodueed in k; then will k be a point in the line df; conse- 
quently, the resultant of the two forces i^'b and d'g is equal and 
directly op])osite to the resultant of the two forces pa and p"e ; 
therefore, if a force d'g, equal to the resultant of the three forces pa, 
p'b, and p"e, be applied at the point d', as determined by the 
construction, and all the four forces act simultaneously at their 
respective points, the whole s^tem will remain at rest. 

210. The numerical operation is precisely the same as that 
employed in the preceding example, and is as follows ; 

15+17: 18+44::i7:32.93feet, 

15+17 : 18+44:: 15 : 29-07 feet; 

hence it appears, that the point where the resultant of the extreme 
forces PA and p'^e is applied, is 32 -93 feet distant from the first, and 
29*07 feet distant from the second. 

I-.et / represent the subsidiary force pm, p'm', or p''m", and put r 
for the distance p'd', between the point of application ibr the middle 
force, and the resultant of all the three; then, we shall have 
DD^=ir— 14*93; therefore, by similar triangles, we get 
/:24::x:cd', 

/:32::x-14*93:c'd'; 
consequently, by comparison, we have 
24 A=32;r- 477*76; 

that is, by transposition, 32 jr— 24ar=477*76, or ar=59*72; 
ncnce, the several distances of the point d' from the forces are as 
below, viz. 

The distance of the point d' from p is, 59 * 72+ 18= 77 • 72 feet, 

= 59*72 

^p'— 59*72-44=15*72 — . 

{ 
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211. Such, then, is the method of assigning the point ot appli- 
cation of the resultant of three parallel forces, acting in the same 
plane, whether their directions are perpendicular or oblique to the 
line of application, or whether they act all in one way or in different 
ways ; and it is easy to perceive, that the same principle of compo- 
sition will apply to any number of parallel forces, but the operation 
becomes more tedious, and the diagrams more complex, as the 
number increases ; for which reason, we have thougnt proper to 
limit our inquiries to three composants only, presuming that the 
reader will be enabled to extend the principle which wo have 
employed to any number of forces whatever, whether they act on 
the same, or on different sides of the connecting line ; the following 
precept, however, may be useful, when there are several forces 
acting in opposition to one another, on each side of the line of 
ap])Iication. 

212. GENERAL RULE FOR THE SOLUTION OF SEVERAL FORCES 
ACriNG IN OPPOSITION TO ONE ANOTHER, ON EACH SIDE OF THE LINE 
OF APPLICATION. 

Rule. — Let all the forces acting in nnisoUf on one side of 
the line of application^ he compounded ; then all those ariing 
in opposition on the other side ; and^ Ifistlj/^ compound the 
resultants arising from the contftosition of the opposite forces^ 
and the point where this resultant meets the line of application^ 
wit I be the point required in the quest urn, 

213. We shall here anticipate an objection that may be made to our 
manner of treating the latter part of this case ; that is, in having 
abandoned the algebraic mode of developement for that which is 
exclusively geometrical, lliis objection, although just, is very 
easily answered. In the first place, we were unwilling to crowd our 
pages throughout with algebraical formuL'e; and, in the second 
place, the varieties and examples bcjir so lu'ar a resemblance to 
one another, that the formulae and rules derived from the j)receding 
eases, would, with very little or no alteration, api)ly Imtc ; in fact, 
the numerical operations which we have exhibited in the solutions, 
are the direct appliances of the algebraic indications, or they rather 
shew the method by which such expressions were obtained. This 
being the case, we choose rather to depart a little from our original 
plan, than to bring forward theorems and rules that have been 
exhibited and drawn up in words at length in another place. 

We are now arrived at the last, and least important, division of 
our subject, which we shall endeavour to discuss as briefly as 
possible, l)y reason of its small importance in the theory of ele- 
mentary mechanics. 
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CASE IV. 

WHEN THE COMPOSANT AND RESULTANT FORCES ARE SITUATED IN DIF- 
FERENT PLANES, AND DIRECTED TO DIFFERENT POINTS OF A BODY. 

214 In this case, which is the fourth and last branch of our sub- 
ject, according to the order of division, there ere, as in the preceding, 
two varieties, viz. 

1. When the fcrces act all in me directtm, 

2. When some of the forces act in me direction^ and some 
of them in a contrary directioru 

Here, also, the forces may be conceived to act either at right 
angles, or obliquely to the lines connecting their points of applica- 
tion ; but, to avoid prolixity in the solution, we shall suppose the 
dirc(;tions of all the forces to be parallel to one another, whether 
they act at right angles or obliquely to the connecting lines, and 
whether they act all in one or in different directions. 

In this case it is obvious, that there cannot be less than three 
composant forces concerned in the inquiry, for, in whatsoever 
manner two forces are applied, a plane can always be made to pass 
along their directions, and the resultant of any two forces is always 
in the same plane with themselves ; therefore, in order to have the 
forces situated in different planes, it becomes necessary to add 
a third force to the system, aqd then they may be considered as 
being situated two and two in the same plane, and the three planes 
in which they act will constitute the sides of a triangular prism, 
of which one end is the plane passing through the points of 
application, and the three edges are respectively the directions 
ot the forces. 

Section First. 

WHEN THE FORCES ACT ALL IN ONE DIRECTION. 

215. When the forces act at right angles to their connecting 
lines, the figure formed by planes passing along their directions is a 
right prism; but when they act obliquely, the figure so formed 
is an oblique prism; in both cases, however, the magnitude or 
intensity of the resultant, and its point of application, will be the 
same ; the only effect of the obliqiuty being to change the direction 
of the resultant into that of the general direction of the com{K>sants. 

The annexed diagram will expb^*^- the nature of the forces, acting 
in the manner implied above, and be principle on which the solu- 
tion depends is the same as that given for the preceding case, 
and which we have.expressed in the following 

216. Proposition. The magnitude or intensity of the result 
tant is equal to the sum of the composants^ when they act 
all in one direction^ or to the excess of the sum of those 
acting on me side of the plane passing through their points 
of application^ above the sum of those acting on the other side 
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of itj when they act in contrary directions ; and the point 
of application of the resultant of any tvio of the forces^ 
divides their connecting line into two parts^ which are to 
each other reciprocal^ as the magnitudes or intensities 
of the forces. 

Let the parallel straight lines pa, p'b, and p"e, anyhow posited in 
space, represent the magnitudes of the three composant forces a, 
and c, whose resultant is required. 

Connect the points p, p^, and by the 
straight lines pp', p'p", and pp"; parallel to 
which, at any convenient distance, ^aw their 
equivalents pp\p*p^\ and ppl\ and produce pa, 
p^n, and f"£, to meet the plane pp'p'' in the 
points Pj p\ and p"\ then does the prism 
ppV'jujo'/i" unfold the action of the parallel 
forces a, and o, whose magnitudes are respec- 
tively represented by the straight lines pa, p'b, 
and p"e. ^ 

If the straight lines pa, p'b, and p"e, are each 
of them perpendicular to the plane pp'p", in the 
points of application p, p^, and they shall also 
be perpendicular to the plane pp'p'\ in the 
points Pj p\ and jti", and therefore the figure is a 
right prism, the edges of which pyi, rp\ and p"//', represent the 
directions of the forces, and the end or base pp'p'' is the plane of 
application, the boundaries of which are the connecting lines pp', 
pV', and pp". 

however, the lines pa, p'b, and p"e, instead of being perpen- 
dicular to the plane ppV^, are oblique to it, they are also oblique to 
the opposite plane pp'p*', and the figure is consequently an oblique 
prism ; but its edges do nevertheless indicate the directions of the 
forces, and its end or base ppV^ is tlie plane of application; conse- 
quently, whether the forces act at right angles or obliquely to the 
connecting lines, the figure wliich unfolds the circumstances of 
action is ^ prism, in whose end or base tlie position of the resultant 
must occur. This being premised, we shall now proceed to shew 
the method of construction. 

Produce ap to c, make pd equal to p'b, and dc equal to pa ; join 
cp', and through the point n draw df parallel to cp'; then is f the 
point where the resultant of the two forces a and A, whose magni- 
tudes are represented by pa and p'n, ought to be applied. 

Again, produce pp' to c', make fi>' equal to p"e and d'c' equal PC, 
or equal to the sum of pa, p'b taken conjointly; join c'p", and 
through the point d' draw d'f' parallel to c'p"; then is f' the point 
where the resultant of the three forces fl, A, and c, whose magni- 
tudes are represented by the straight lines pa, p'b, and p"e, ought 
to be tippHcd ; and the point f' is called 

The centre of the parallel fofiT.es. 
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The three composant forces, bein^9 as heretofore, denoted by 
the three letters of the alphabet, a, and r, ^ 

Putc/=pp^ the straight line connecting the points of- the forces 
a and b, 

8 =zpp^^, the straight line connecting the points of the forces 
aandc; 

n=PF9 the distance of the point of the first resultant* from 
the point of the force a, , 

ar=FF^ the distance between the points of the first and second 
resultants ; 

^=p'pp"9 the ang^ contained by the straight lines pp' and 
pp'^, connecting the point of the force a with the 
points of the forces b and c. 


llien, by the proportion specified in our principle, or by the 
similar triangles pcp' and pdf, we have 

a+A : A::d : n; 

or, by equating the products of the mean and extreme terms, and 

dividing by the coefficient of n, we obtain 

bd . 

— nr- (*^) 

(a+b) ' ' 

And by Plaue Trigonometry, we have 


nS cos. p; 

and, again, by the proportion specified in our principle, or ty the 
similar triangles FcV'and fd'f', we have 

(a-j-A+c) : cos. f : x\ 

or by equating the products of the mean and extreme terms, and 
dividing by the coefficient of x, we get 




c y n 0 cos. 


(a+A+c) 


if, for n and w® in this equation, we substitute-r — -^and; — 

^ (a+b) (a+b)^ 

as computed above, wc finally obtain for the value of x^ 


x= 



(a+b)* 


+ ^ -(^h) ^ 

(a+b+c) 


} 


(£') 


Where we have to observe, that when 9 is obtuse, the upper sign 
of the term involving cos. ^ must be employed ; but when 9 is acute, 
we must make use of the lower or negative sign. 


* The first resultant is that whicli is determined from the two eomposants 
a and 6, and the second resultant is that which is determined from the three 
eomposants a, 6, and c. ^ 

R 
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The equation marked (e') expresses generally the distance 
between the points of the first and second resultant ; but since the 
expression is a little complicated, it may perhaps be useful to 
resolve an example, both by construction and numerically, in order 
that the reader may perceive the relation of the two methods, and 
how the one serves to check and verify the other. 

217. Example 1. Suppose that the magnitudes or intensities of 
three parallel forces, acting simultaneously at right angles to three 
material points in the same plane, but not in the same straight line 
with one another, are represented respectively by the numbers 
12, 19, and 10; at what point in the plane will tho resultint, or 
centre of the ])arallcl forces, occur, supposing the distanc^e of the 
force (I from the forces b and r, to be respe(;tively IS and 29 feel, 
and that those distances are inclined to each otlier in an angle 
of 67° 56'? 

Let the three parallel straight lines pa, p'd, and v'% which 
represent the magnitudes or intensities of the forces cf, i, and r, be 
made respectively equal to 12, 19, and 10, and let vi/ equal to l-‘3, 
and pp" equal to 29, be inclined to each other in an angle of 
67 degrees 56 minutes. 

Produce the straight line ap to the point c, making pd equal p'u, 
and DC equal to va ; that is, equal respectively 
to the numbers 19 and 12; join cp', and 
throu^ D draw df parallel to cp', and join 
FP''. rroduce fp' to c', making fd' equal to 
and d'c' equal i*c ; that is, equal respect- 
ively to the numbers 10 and 12 + 19=:J1; 
join c'p", and through d' draw dV parallel to 
c'p" meeting p"f in the point f'; then 
is the point f' the place of the residtant, 
or the centre of the parallel forces; join 
pf' and pV, then will pf', p'f', and i^y, 
be the distances of the three forces, 
respectively, from the point f', or place of 
the resultant. 



218. The following is the modeof calculation from equation (e'), viz. 

2 A c/a=2 X 1 9 X 13 X 29 = 14326, 

2 irfa cos. ^=14326 X -37569 = 5382- 13494, 

,2Adav 5382-13494 

— 12 + 15 -='™-“**’= 

29 X 29 =841, 


A*rf*=(19Xl3)®=61009, 

(a+i)«=(12+19)«=961, 

61009 

•=63*4746; 


(«+*)* 


961 
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b"'(P 


(a+b)' 


£'=63.4745+841=904.4745, 


c^(^.^J+£«-^^fcos.f=10V904'474r-173-29467 =270-4; 


Ha+b)*. 

consequently we have :c= 


270-4 

41 


=6-6 feet, very nearly. 


The whole length of the line fi*'' is expressed by the combination 
under the radical sign in the numerator of the fraction in equation 
(k'), and is as follows, viz. : — 


Fe 


_ [|27*04 feet, 

cos.? . = V»04'4745-l 73-29467 = 

^ (u+hy- Vrt+5/ 

consequently, fV'= 27-04— 6'(5=20-44 feet; 
and moreover, the distance pf, by equation (o'), is 
I)d 19X13 
(;^)=T-+l9=7-»7fect; 

hence, the distances pf' and p'f' can easily be found. 


If the lines pa, p'b, and p"k, instead of being at right angles to 
the plane pp'p", were anyhow inclined to it, but still retaining their 
parallelism, the magnitude of the resultant fc', and its point of 
application at f', would, notwitlistanding, be the same; for it is 
obvious, since the angles which the directions of the forces make 
with the plane of application, do not enter the general formula the 
obliquity can have no influence whatever on the point of the rcsul- 
tcant, and its magnitude must be equal to the aggregate of the com- 
jiosants, whether they act at right angles or obliquely to the plane ; 
it is, therefore, unnecessary to give an examjde of oblique forces, 
because its solution would present us with no variety, it being 
effected by the same equation and in the same manner as that im- 
mediately preceding. 

'I'he distances pf and ff', can be deduced immediately from the 
figure, without reference to the equation which expresses those 
distances; thus, 

Ily construction, rc is equal to the sum of pa and p'k taken con- 
jointly ; the jiart pd being equal to p'n^and oc equal to pa; then, by 
similar triangles, we have 

19+12 : 13:: 19 : 7-97 = pf; 

then, in the triangle fpp", we have given the two sides pf, pp", and ‘ 
the contained angle, to find ti. ride fp" o]>j)osite to the given 
angle. 


•By Plane Trigonometry, we have 

FP = V7 • 9^+W*-2 X 7 .97 X 29^37569 =27 • 04; 
and again, by similar triangles, we have 
10+19+12 : 27-04 :: lO : 6-6 =ff', the same as before. 
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219. In the preceding example, we have supposed the angle in the 
plane of application^ contained by the lines pp' and pp"' as being 
acute, in which case, the term involving the cosine of that angle is 
subtractive ; if, however, the value of p had been obtuse, the steps 
of the operation would have been the same as above, only the tenn 
involving cos. p, would in that case be additive ; thus, 

Let the data remain with the exception of the angle p, which 
take equal to the supplement of 67° 56', or 112° 4'* then its cosine 
is ~ .37569, and 

rp^=^7-97*+29*+2x7-97X‘29X-37569=z82.83j 
then, by similar triangles, 

10+19+12 : 32-83 :: 10 : S-Ol feet nearly. 


220. Example 2. — Suppose that to the angular points of a board, 
in the form of an equilateral triangle, each of whose sides is 12 
feet, there are attached weights of 20, 30, and 40lbs., at what dis- 
tance from the angular points must the board be suspended, in order 
that its plane may be horizontal ? 

Let pp'p" be the equilateral triangular board, at whose angles the 
weights p, p' and p'' are applied, respectively equal to 20, 30, and 
40lbs., and of which it is required to find the point F, where, by 
being suspended, the plane of the board shall be horizontal. 

Produce the side p''p to c, and make pd equal to 30 and oc equal 
to 20, taken from any scale of 
equal parts, either the same or 
different from that on which the 
sides of the triangle are mea- 
sured ; join cp', and through the 
point D, draw df parallel to cp', 
meeting the side of the board in 
the point f, then is the point f 
the place of the resultant of the 
two forces p and p' ; join p''f and 
produce the side p'p to c' ; make 
fd' equal to 40 and d'c' equal to 
20+30=50, and join c'p"; through the point n', draw d'f' parallel 
to c'p"; then is f' the point in the plane of the board, by which it 
ought to be suspended, in order that the weights p, p' and p" may 
sustain it in a horizontal position. 

,Put D=pp', the side of the equilateral triangle, 

i/=PF, the distance of the force at p from f, the place of the 
resultant of the two forces p and i>'. 

and 3=p'f, the distance of the force at p' from the place of the 
resultant,^ and let a. A, and c, represent the forces or weights applied 
at tlie points p, p', and p" respectively. 
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Then by the third problem to the equation marked {w, at p. 98)) 
we obtain 

. Ad , . CD 

but, it was shewn in the last example that the line p"f, is expressed 
by tlie following equation, viz. 




=v< 


«* D* .2 OD* 

+»*- TrrTxCo®* P» 


(a+by--^" - (a+by 
and because the triangle is equilateral, ^z=60°, and its cosine = J; 
consequently, by substitution and reduction, we get ^ 

1 ) V 

’’^=(o+A)'V^ ^a^b 

then, if we conceive ibe forces a and i, to be a single force applied 
at the point f, the same problem to equation (w), gives 

nierefore, if the numbers proposed in the example, be substituted 
for their appropriate sjinbols iu the above equation, we have 

p"*''=*20+yoT40V^ ;30 -20 -5-812 feet; 

and the placn of the point is consequently determined ; and if the 
board be anyhow supported at the point f', the whole will remain 
at rest in a horizontal position. 

221. If the forces a, //, and c are equal to one another, and f> less 
than a right angle, then equation (f/), becomes 




(F') 


In whi(di equation no force occurs ; consequently, the magnitudes 
of the lines connecting tlic force a with the forces h and r, (or 
rather the points where the forces are applied), together witli the 
angle of their inclination, are sufficient to deteiTnine the place of 
tlie resultant ; for f, the point of the first resultant, obviously falls 
in the middle of the line in*', and f', the point of the second resul- 
tant, must, for the same reason, occur at one third of the line fp" 
distant from f. This will become manifest from the following con- 
struction. 

222. Let the straight lines pa, v'ji, and p"e, which represent the 
magnitudes of the* forces a, i, and c, be equal and parallel^ to one 
another, and let the angle p'i*p" contained by the straight lines pp' 
and pp", be less than a right angle. 

Produce the straight line ap to c, making pd equal to dc, and 
each of them equal to pa, p'«, or p"e, which are by hypothesis all 
e(|ual to each other ; join cp, and through d, draw pr parallel to 
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Cl*', meeting pp' in f ; then is f the point of the first resultant, or 
that of the two forces pa and p'n ; and be- ii ^ 

cause PJ> is by construction equal to dc, it , 
follows, that PF is equal to fp' ; consequently 'y' 

F is the middle of the line pp'. L' 

Join Fp", and produce fp to d. making fd' 
equal to p''e, and n'c' equal to i*c ; that is, 

Fc' is equal to pa, pu, tand p"e taken con- 
jointly, or fd' is one third of fc' ; join c i 

and through d draw d'f' parallel to c'p'' ; then is f' the point of the 
second resultant, and ff' is equal to one third of the line fp". 

llinice this simple construction, without taking into the account 
any of the forces : viz. 

Ijisect the straight line pp' in the point f ; join fp", which trisect 
in the point f' ; then is f' the place of the resultant sought. 

'riiis is tlie construction indicated in equation (f'), which tlic 
following example shews the method of reducing. 

223. Exampt.e. Suppose the distance of the point of application 
of the force «, from the points of application of the fences h and t-, 
to be respectively 35 and 32 feet, and the angle contained by tbe 
straight lines connecting those points, to be 57*^ ; at what jioint in 
the ])lane of application must the resultant occur ? 

Here we have c/=35 feet, 5=22 feet, and ^ = 57'*, its natural 
cosine is *54464; consequently, by substituting these numbers in 
equation (f'), we get 

W=x=\^ 35H4 X 2‘J«-4 X .*35 X • 54464= 6- 42 fecL 

224. If the forces «, A, and c, are equal to one another, and (p a 
right angle; then cos. p = o, and equation (f'), becomes 

••'= fiV . (o') 


The construction of this case is exceedingly simple, and is as 
follows : 


Let p'pp" be the plane of ajiplication, of which the angles p, p', 


and p", are the points where the 
forces act; pp' and pi" perpendicu- 
lar to each other, being resjicctively 
tlie distances of ‘the point p from the 
points p' and r", or the distances of 
the force a fi’om the forces b and c. 

Produce p"p to the point c, making 
PD equal to nc; join cp',and through 
the point n, draw df par<allcl to 
cp', meeting pp' in f ; or, which is 
the same thing, bisect pp' in f and 



join Fp": produce fp' to the |K>int c', making f'd (Mpial to pd, 
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and dV equal to Pc; that is, make fc' eqtial to three times 
Fi/ ; join c'p", and tlirough the point d' draw dV parallel to c'p,"# 
nieeting fp" in f' ; then is f' the point in the plane, where the 
resultant of any three equal forces, acting in directions parallel to 
one another at the points p, p', and p", ought to be applied. 

This is the construction indicated in equation (o'), and the nu- 
merical operation deduced from the same source, is as under; su{i- 
])osing pp=30Hcet, and pp'= 27^ feet ; then vre get 

FF'=a;=-i^ 30*5‘^+4XtJ7-5®=10*48 feet, nearly. 

If the forces A, and c, are equal to one another, and ^ 
greater than a right angle, then equation (p'), becomes 

it“+4S^-\-4dc cos. (n') 

This is the same as equation (f') foregoing, with the exception 
of the sign of the last tenn under the radical expression, which, on 
account of f the angle of inclination being obtuse, hec-omes positive, 
whcrcuS, when <p is acute, the same term is negative. 

The construction of this case is as follow^s. 

Let p'pp" be the plane passing through the points of application 
p, !•', and p', of the three forces cr. A, and c; and let pp' and pp'^bc 
the distances of the force a from the forces A and c\ the angle i"pp" 
being greater tlnm a right angle. 

Produce p"p to the point c, making pd equal to dc of any mag- 
nitude whatever, and join ( p'; through 
n, draw df parallel to cp' meeting I'p' 
ill F ; join fp", and jiroduce ri»' to the 
point c' making fd' equal to pd, and d"c' 
to i*f:; or, which is the same thing, make 
Fc' equal to three times fd'; join cp", 
aud through d', draw d'f' parallel to 
CP' meeting fp"' in the point i*^; then 

is F' the point in the plane of application, where the resultant of any 
three ecjual forces, acting in parallel directions at the j)oints p, p 
and p'", ouglit to be applied, in order to produce, by its single effort, 
the same effect as the three composants acting simultaneously at 
their respective points. 

226. The preceding is the construction indicated by equation (ii') 
and the calculation is simply as follow's : viz. 

Suppose the lines pp' and pp", which connect the point of appli- 
cation of the force a, with the points of application of the forces A 
and c, to be respectively 21 and 23 feet, and the angle p'pp" con- 
tained between them 126® 30' ; at what point in the plane of appli- 
cation will the resultant obtain ? 
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Here we have rf=?21 feet, S==2S feet, and 126® 30'; its natural 
•cosine is, —•59482; consequently, by substituting these numbers 

in equation (H')^we 

FF'=a:=^V 21^+4 X 23^+4 X 21 X 23 X -59482= 10.15 feet, 
very nearly. 

227. What we have hitherto done, has respect only to the case in 
Tvhich the forces are supposed to act all in one direction, on the 
saiiie side of the plane passing through their points of application ; 
this is, of course, the most important case, and consequently that 
which requires the greatest share of the reader’s attention ; but in 
order that nothing may be wanting to oluddate the subject, we 
shall, before bringing it to a conclusion, point out the method of as- 
signing the point of the resultant, when the composants are sup- 
posed to act in contrary directions, on the opposite sides of tlic 
plane of application. 


Section Second. 


WHEN SOME OF THE FORCES ACT IN ONE DIRECTION, AND SOME OF 
THEM IN A CONTRARY DIRECllON. 

228. Problem. LiCt the parallel straight lines pa, pB, and p'^e, re- 
present the magnitudes or intensities of die forces a, /y, and c, acting at 
the points p, p', and p", in the plane ppp", and let the two forces a 
and c, represented by the straight lines i»a and p"e, be supposed to 
act in one direction on the same side of the plane, while the forc-c A, 
represented by the straight line p'b, is supposed to act in a contrary 
direction on the opposite side ; the directions of all the forces being 
parallel to each other, and either at right angles or oblique to the 
plane of application, to find the point of the resultant. 

Connect the points p, p'', and p', by the straight lines pp', pp ' and 
p'p", and produce the straight line 
PP' both ways to fn, and make 
pm equal to pW, of any magnitude 
whatever, that may be found con- 
venient for the purpose of construc- 
tion; complete the parallelograms 
PATim, P'Bii'm', and produce the di- 
agonals p?i, nV to meet each other 
in the point c ; through the point c 
draw CF parallel to pa or p'b, meet- 
ing p/n.produced in f ; then is f the place of the first resultant, or 
that of the two composants a and A, acting in opposition to each 
other at the points p and p'. 
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Make ao equal to p^b, and through o draw od parallel to p'p 
meeting cf in d; then does df represent the magnitude of the 
resultant of the two foroes pa and p'b; which, because pa is by 
assunaption greater than p'b, falls on the same side of the plane of 
apj^cation as the remaining force p^^e. 

noduce ep" to dy and make pV equal to df and dd e<^ual to 
; join c'f, and through d', draw dV parallel to c'f meeting fp' 
in the point f'; then, is f' the place of the second resultant, or the 
resultant of the three forces a, by and c, whose magnitudes or inten- 
sities ore represented by the straight lines pa, p'b, and p^'e. 

229. Example. If pp'= 23-3 feet, pp''=i25 feet, and the angle 
p'pp"=^=40° ; then the numerical calculation of the point f' 
will stand as under, the magnitudes of the forces being respectively 
equal to the numbers 17, 7, and 12. 

Let f be taken to represent the subsidiary force p?ii=pW, and 
assume x equal to the distance pf; then will pf=a*— 23«3, and 
by the simiW triangles p'bw', i*'fc and vnviy pfc, wo have 
/: 7::j::cf, 

/: 17:: AT— 23-3 : cr; 

expunge the common terms, and by comparison we obtain 
7Ar=17^-396.1; 
or by transposition, we have 
10 j;= 396*1, or Ar=39*61 feet; 

consequently AT— 23-3=89-61—23*3=16*31 feet, for the produced 
distance from p to f, the place of the first resultant. 

By Plane Trigonometry, we have 

fp''=V16-31H28®+2x16-31x 25X -766=36.93 feet 
But by construction 

pV=DF-f p"e; that is, pV= 17— 7+12=22 feet; 
then by the similar triangles p"fc' and p"f'd', we have 
22 : 38-93:: 17-7 : 17.7=pV, 
the distance of the place of the second resultant, or that of the 
three given eomposants, from the point d ' ; consequently, 

38- 93- 17.7=21- 23= ff', 

the distance between the place of the first and second resultants ; 
the distances of the point f from p and p', the places of the two 
remaining forces a and are easily found. 

Such then is the Doctrine of ■ he Parallelogram of Forces ; 
and although we have treated the subject very diffusely, yet wo nmy 
not have given it .all the variety of which it is susceptible, but it is 
presumed that very little of great practical importance has been 
omitted ; and we have only to add, that if the reader btudy with 
attention all that has been hud before him, he will find no dimculty 
of resolving other cases that may occur in the course of his 
practice. / 
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In order to facilitate the process of reference, it is convenient 
for the purpose, to collect and i^ange the several formulsB of which 
the theory is constituted ; it being of tbe«greatest importance in all 
practical cases, to lay the different theorems of computation imme- 
diately under the eye of the reader, as he is then enabled to select 
from the mass, the particular form which applies to the subject in 
hand, without being put to the trouble of searching after his object 
amongst the scattered materials of the previous pages. 


The following is a tabular view of the equations connected with 
the doctrine of the Composition and Resolution of Forces : — 


Uelation 
of the 
Forres 
a and 6. 


Values of 

Of the Composition of Two Forces ; a and b 

Page 

the angle 

the composantSf r the resultant, and 0 the 
angle of inclination. 

where 

found. 




s/ ..... 



V'2 

2 a cos. I ^ 


The formula which follow refer to the 
portions of the amjle i^^made by the direc- 
tion of the lestdlant. 

h sin. 0 

ab cos. ^ 

cot. j:=-^coBec. 0:i:cot. 0 . . . j 

cot. jr= —cosec. 0 + cot. ^ 




of the Values of Of the Composition of Three Forces ; a, b. 

Forces the angles 0 and c the composantSy it the resultant y Pago 
a, 6 and c. and the angles of inclination. 


nss^ ^ab eos. 2c cos. y j) ^ «* *-|-6*i2<iA cos. ^ 

0 anil Uses >/fl*+6*-i-c*4-2«6-+-2 tfc-l-26f =a+6+c 82 

^j=f=180° R= s/ 6^Hhc*— 2 « 6-f 2 « c+2 67 ss a+c— 6 32 


* We employ the two dots to denide any relation whatever between tho 
quantities. 













OF THE COMPOSITION AND RESOLUTION OF FORCES. 


131 


Values of 

Of the Composition of Three Forces ; a, h 

Page 

the angles 

0 and 0 '. 

and c the composants^ k the resultant^ 
and the angles of inclination. 

where 

found. 

•e- 

II 

II 

H=^a*+^+c* — 2 c sin. . 

32 

0 = 0 '=: go 

B=^/3a’‘‘— 2 <i^a 

32 

0 = 0 ' less 1 
than SX)° 3 

R=a >/ 3+2 cos. 0+4 cos. 1 0 cos. ( 0 '+ i 0 ) . 

33 

0=90, if/"/ 00 

ii=<iV3+;2co8.(0'+46®)v'2" • 

34 

0 and 0 '/. go 

R=aV3 — 2COS.0 — 4 cos. 4 0 cos.(0'+40) 

36 

0 = 0 ' Z. 120 

R=a(2cos.0 — 1) 

37 


For the direction of the resultant of the 
three forces a, b and c. 

, c cosec. ( 0 '+jr) , , 

k ^±cot. (»+j)* 

V <*“*+ 6 *+: 2 a 6 cos. 0 

^ cosec. ( 0 '+ J 0 ) ^ ^ 

cot. a' 7 :: — ■■■ ■ — — ± cot. ( 0 '+ x) 

>/ 2 ± 2 co 8.0 ^ ' 

43 

44 


Of the Resolution and Reduction of Two 



Forces; a and b the composants^ r the 
resultant^ and 0 the angle of inclination. 


p acute 

j|-^,.a+^«(cos*. 0— 1— ^*C03. 0 . 

It 

49 

p obtuse 

« = ± >/ !•’*+ 6 *(cos*. 0 — 1 + A* cos. 0 , 

49. 


fi=r sin. X cosec. 0 

51 


6 = rsiii. ( 0 — .r)ros .0 .... 

51 


«=rsin.a: 

51 


^=r cos. X 

52 


Of the Composition of Two Forces by the 
method of rectangular co-oidinates ; a, b 
the composants^ r the resultant^ and tb, w 
the inclinations to the axes. 

r cos. x^h cos. ir+o cos. (^ -|- tt) . 
r sin. j: = 6 sin. IT +<181 n. (0+9r) . 
r cos. dr==2 a cos. Q cos. i 0 

r sin. xz=2a sin. > ir) cos. i 0 
^ b tan. *r+o sec. «• sin. ( 0 + ir) 


Tiic render must here refer to the diagrams, pages 34—38. 
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Relation 
of the 
Forces 
n, b and c. 

Values of the 
inclination. 

0/ the Compoiition of Three Forces by the 
method of rectangular co-ordinates, when 
the planes in which the forces act are at 
light angles to one another; a, h and c 
the composants, R the resultant, and 
0 the inclination. 

Pagre 

where 

found. 



11 = 0 *+ 2 0 5 cos. 0 

04 


^=00“ 

ii=Vo*+«»+c» 

64 

a^b:ze 

#=00° 


65 

azzlczc 

^Zor7 \ 
than 00^ J 

Il=a^/3dt2cos. 0 

67 


#=30* 

R=a^/4co8‘^i 0+1 

68 



cos*. A + cos®. B + cos*. C =1* 

68 



Of the composition of Three Forces by the 



Vulucs of the 

method, of rectangular co-ordinates, when 



inclinations 

the planes in which the forces act are 


' 

0, 0 & 0 . 

oblique to one another ; a, h and c the 



r ' r T 

composants, u the resultant, and 0,0', the 



, 

inclination. 




R= •s/ cos,0d:2<ic cs 0 '± 2 /»t C 8 . 0 " 

74 

assb^c 

of any mag. J 

11 = >/ 3+2 (± cos. 0 ± cus. 0 '± cos. 0 ") 

75 

aszbssc 

^0=0" 

ii=Zfl\/3±6co8.0 

75 

asssbssc 


R=a>/6 

75 

assfesre 


Rlza>/3— 3=0 ..... 

75 

a : 6 : c 

#=#'=#" 

R= %/fl*+6*+c*±2 cos. 0 (fl6+oc+6c) 

75 

1 


There are several other equations to be found in the text, besides those which w'e have 
registered above ; but because they are of less practical importance, and not so well adapted 
for tabular arrangement, we have thought proper to omit them altogeclier, those which we 
have collected being sufficient for every purpose to which the composition and resolution 
of forces become applicable. The formulae that we refer to having been omitted, will be 
found at pages 80, 88, 00, 91, 94, 103, 108, 113, 121, 125 and 127. 

The phrase Arithmetie rf Sines which occurs in the text, is that department of science 
which has for its object the tracing out and explaining the various relations of angular 
magnitudes. 

The Trigenomeirical Values qf Sines, a phrase which also occurs ; means the numerical 
values, as arranged in the tables employed in all angular calculations. 

* The reader must here refer to the diagram, art. 107. 
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It clearly appears from Plutarch, that the Pythagoreans ivcre 
aware of the tendency of all material points or particles to a 
common centre, which, they maintained, was the sun; and 
Aris’^tle, who combats this doctrine, argues that the mass of the 
earth must be heavier than the mass of the sun, which was believed 
to be a body of fire ; and that, therefore, the earth, and not the 
sun, as the Pythagoreans asserted, ought to occupy the centre of 
the universe. But this"^ only proves that the doctrine of a centre 
of pressure or of gravity, in a system of bodies, was known long 
before the age of Archimedes ; and, if of a system so vast as the 
sun and his attendant planets, shall we be so ungenerous as to 
deny to the remotest antiquity the principles of that science, and 
the use of those machines, which have suspended the name of the 
Syracusan philosopher in the temple of Fame. 

Archimedes discovered and demonstrated, that ^Mf one of the 
arms of a balance be increased, and the equilibrium still con- 
^^tinue, the weight appended to that arm must be proportionably 
‘‘ diminished.” 

This important discovery is said to have conducted the Syra- 
cusan philosopher to another fact equally useful in mechanical 
science. For reflecting upon the balance, which, by its construc- 
tion, moves upon a fulcrum, he perceived that the two weights 
exerted the same pressure on the fuhram as if they had both rested 
upon it. Arrived at this result, he considered the sum of these 
two weights as combined with a third, and the sum of these as 
combined with a fourth; and discovered, that, in'eVery such com- 
bination, the fulcrum must support their united weight ; and, there- 
fore, that r 

A 
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** There is, in every eomhination of bodies, and in every single 
“ body, which may be conceived as made up of a number of 
" lesser bodies, a centre of pressure, or of gravity.” 

This valuable discovery of a ciontre of pressure, Archimedes 
applied to particular cases, and pointed out the method of finding 
the centre of gravity of plane surfaces, whether bounded by a 
parallelogram, a triangle, a trapezium, or a parabohu 

Lucas Valeriu^ contemporary with Simon Stkvinus, extended 
the doctrine of the centre of gravity to solid bodies, for which 
Galileo honours him wdth the distinguishing apjicllation of 
Novus NOSTRyK iETATIS AuCHIMEDES. 

The science of mechanics assumed a new form in the hands of 
Galileo, who, in 1572, wrote a small treatise on Statics, wlych he 
reduced to this principle ^that 

‘‘It recpiires an ecjual power to raise two differont bodies to 
“ altitudes in the Inverse ratio of their weights ; or, that the same 
“ power is requisite to raise lOlbs. to the height of 100 feeU and 
“ 20lbs. to the height of 50 feet” 

Galileo did not pursue this fertile principle to its different 
consequences. It was, however, ajiplied to the determination of 
the equilibrium of machines by Des Caui'Es, who, it is said, had 
not the candour to acknowledge his obligations to the 'I'uscan 
philosopher. But with the jirogrcss of modern discovery, as we 
have observed, the doctrine which Archimedes applied to plane 
surfaces, was extended to solid bodies; and the modern analysis 
has conferred upon this doctrine all the improvement perhaps of 
which it is susceptible. * 

Thus we see how the discovery advanced, that, in every body, 
whether plane or solid, there is a certain point, which we call the 
centre of gravity, and when this point is supported, the body will 
remain at rest. 

The weight of the body may therefore be understobd to be united 
and collected in the centre of gravity; and hence the centre of 
gravity of a system of bodies is, in like manner, the centre of the 
weights composing the system. 

Every thing upon this earth which has weight, bulk, or material 
form, tends to the common centre of gravity, the centre of the 
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earth, and seems to be acted upon by a force which urges it in the 
direction of a straight line perpendicular to a plane coincident with 
the visible horizon. This force, equal in all the particles of matter, 
and constant in each, wc designat# by the term gravity^ without 
attempting to explain its nature and essence; or we may denominate 
it pressure or weight. Weight, however, depends upon the mass, 
but gravity has no dependence at all on it ; for, under the exhausted 
receiver of the air-fMmp (where the resistance of the air is removed), 
the heaviest metals and the lightest feathers fatl in the same time, 
through the same space. The reader will fully understand that we 
are not treating of motion, though we allude to falling bodies. 

We may consider all those lines which bodies trace in their 
descent to the earth, as parallel one to another; they are frequently 
called lines of direction. All bodies coniiposed of molecuhe, wliich 
are of the same size and substance, and similarly posited throughout, 
are considered as homogeneous. Such are the bodies which we 
shall consider in this treatise, in which w^e have deviated, as in the 
])arallelogram of forces, very considerably from our predecessors and 
contemporaries. In the case of the trapezium, especially, we have, 
in a manner, shaped out a new patli for ourselves, as none of the 
authors we have p(!rused appear to have considered the general mode 
of determining the centre of gi-avity of that figure. They merely 
state its construction in detail, and confine the numerical process 
ro a particular case, as if the general case was of no importance. 
We, however, take a different view of the subject, and consider the 
general case as of paramount utility ; and the second example which 
we have given for illustration, will coufinn this position. 

This example is a practical question, the diagram being that of 
a floor, which fell in the new prison, Westminster, in the month 
of February, 1803* In the present instance we have branched 
the solution into two parts : the fir*5t diagram gives the floor that 
gave way ; and the outline of the second diagram is merely the 
trapezium in the first, detached and drawn to a larger scale, tliat 
being the portion of the floor which was actually supported by 
tlie transverse girder ; and consequently that which it was neces- 
sary to determine, for the purpose of ascertaining the strength of 
the beam, and settling the dispute occasioned by tlje accident 
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We have not, however, carried the solution further than the 
determination of the centre of gravity, because this is all tliat our 
present subject requires ; but the solution is completed further on, 
when treating of another subjedi to which it belongs. 

Our mode of handling the doctrine of the centre of gravity 
has precluded all reference to contemporary authorities. 

Except for tiie general principles of the science, we are not 
aware that we standi indebted to them, and we have carefully 
avoided borrowing from our predecessors. In this department of 
our work, as in the Parallelogram of Forces, we produce an 
original composition, theoretically arranged, and systematically 
illustrated by practical examples, which, in their solution, are 
generally freed from any symbols unemployed in equations of the 
second degree. Our labours are rendered bulky by the solu- 
tion of many beautiful but practical examples, which have been 
worked out at full length ; and our reason for doing so was this : — 
Having brought our notation within the limits of an equation 
of the second degree, we were unwilling, in figures purely recti- 
linear, to introduce but plane trigonometry and mensuration. We 
had hoped, but found it impracticable, to dispense with fluxions, 
or equations derived from fluxional analysis, in those problems in 
which the doctrine of the circle and the cone are concerned. It would 
tire, but not profit our readers, to detail our endeavours to divest our 
subject of the formidable appearance which analytical formulas alone 
throw over the writings of many distinguished authors who have 
treated of mechanics. In so far as we have succeeded, the task 
has been ours, the pleasure will be that of Practical Men ; and we 
have only in conclusion here to remark, that those writers who 
have written before us upon Mechanics, without introducing flux- 
ions, have studiously avoided all those cases which could not by 
them be solved without the appearance of this elegant branch of 
matheviiatical investigation. 
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OF THE CENTRE OF GRAVITY. 

D^nition and Characteristics of the Centre of Oravity. 

1. ^le cmtn ef -^avity of any body, or system of bodies, is that 
point in it which, if it b^ supported or'fixed, tlie body, or system of 
bodies to which it belongs, will remain'in .equilibrio’in every pos* 
sible position abou* that centre'. .Or,. 

2. TIu centre of gravity is diat, point in a body, or system of 

bodies, into which, if the whole matter of the body or system were 
collected, it would produce' the .same effect - as the body qjr system 
producer in its original state. Bui^ the most remarkable and com* 
prehensive characteristic, of ' ' ' ’ ' 

3. Ttie centre of gravity is, that the mass of any body, drawn 
into the distance of its centre of gravity from any plane, is equal to 
the aggregate of the products of all the constituent particles of that 
body, multiplied by their respective distances from the same plane. 

4. In treating of the composition of parallel forces in the foregoing 
treatise, we there stated, that the place of the resultant of any 
system of parallel forces, occurs at that point where a certain force 
ought to be applied, in order to maintain the system in a state of 
equilibrium; which point, agreeably to the custom of mechanical 
writers, we designated “/Ac cenfre of the parallel farces f hence^ 
and from the hrst of the above characteristics, 

TAe centre of gravity, and ...the centre of the parallel forces, 
are the same. 

5. Scholium. When a Une, or a plane, can be so drawn as to 
divide a surface or a solid into two equal and similar parts, or when 
it c^n be drawn in such a manner, that tbe elements of the surfree 
or Solid, taken two and two, shall be similarly disposed with respect 
to such line or plane, the body thus divided is said to be 

Symmetrical with regard to the axis, or plane to which 
it is referred 

Consequently, in all sudi bodie's, it is evident that the sum of the 
efforts of the several constituent elements with respect to such axis 
or plane will he nothing; for, we take two particles, similarly 
disposed, but on different sides of the axis or plane tp which they ' 
arc referred, their efforts will be eoual, but opposed to each otheis, ' 
and therefore their sum is nothin^,* tlid'tHe same may he shewn of 
any other two particles similarlymluated ; but, by the hypothesis, ■ 
all the particles or constituent elements are similwly situated; 
hence, the resultant of die system will be in the axis or plane by 
which the surface or solid is supposed to be’ divided, and of course 
its centre of gravity must be there also ; for it is stated in the fourth 
characteristic, that the- centre of gravity and the centre of the 
parallel forr^s, or the place of the resultant, are the san/e. 

B 



10 


OF THE CENTRE OF GRAVITY. 


Section First 

OF THE CENTRE OF GRAVITY OF TWO BODIES IN THE SAME 
STRAIGHT LINE. 

6. Proposition 1. The commoti centre of gravity oj any two 
bodies^ is in the straight line joining their respective centres of 
gravity^ and the distance of either body from that centre is 
reciprocally as the quantity of matter in it. 

Let the points a and b be the centres of gravity of the bodies 
Aands; and suppose ab to be an inflexible 
straight bar or lever, supported at the point g, 
and considered to be devoid of gravity or weight; then, if the point o 
be the centre of gravity of the bodies a and b; these bodies, by our 
definition, will be in equilibrio, or in a state of balanced rest ; and 
by our principle for the composition of two parallel forces, we have 

a:b::bg:ag.* 

This property is analogous to that which we adduced for the 
composition of two parallel forces, acting in the same plane, and on 
the same side of the line of application ; conseipiently the develope- 
ment of the theory must in a great measure be similar; indeed, in so 
far as the consideration of parallel forces is concerned, the place of 
the resultant and that of the centre of gravity coincide. This 
circumstance identifies the composition of parallel forces with the 
determination of the centre of gravity ; but we shall not avail our- 
selves of the aid thus placed within our reach, for it is a prominent 
feature in the plan of our work, that each article shall depend on 
principles peculiar to itself, and that no references be made beyond 
the pages of the immediate article, unless in cases where it is 
essentially necessary to produce the authority of some foreign 
principle. 



* Let a and b be the centre of grarity of the K 

bodies a and b, and suppose a b to be an inflexible 

bar without weight, connecting the bodies A and n. A 

Then, the weights of these bodies, or their tendency — 7" 

to descend to the earth, may be considered as two K 

parallel forces, in which case their resultant will therefore divide An reci- 


procally proportional to the weights. (Comp, of Forces, art. 1G7). And 
the direction of the resultant, must evidently pass through the centre of 
gravity, in order that the bodies may be in equilibrio; let it cut ab in g, 
then by what we have just said 


, A ; n :: on : ag. 

Now this point (g) is the ^ntre of gravity ; for if not, let it, if possihle, be 
K, and join ak, bk, then to have the bodies in equilibrio there shall neces- 
sarily be ,4 ’ 


A X AK=BX BK 


.*.A : B : : BK : AK ; 
but A : B : : OB : Au ; 

whence bk : bg : : ak : ag, and since the angles at 
O are right angles ; therefore, the triangles aok and no k are (Eiie. b. \ 1 . p. 7,) 
equiangular, which, since ok is common, is evidently impossible, exeej>t 
wheij .a=r, or ao=s ok, therefore o is the centred gravity of the two 
bodies, as stated in the proposition. 
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lliis premised, we shall proceed with the solution of a few of the 
most important problems, as follows : — 

7. Problem 1. To find the centre of gravity of two bodies^ con^ 
nected together by an inflexible straight line passing through 
their respective centres. 

Let A and b be any two bodies, connected together by the 
straight inflexible line ab, which is conceived to pass through the 
centres of gravity of the bodies a and b. At the points a and b 
erect the perpendiculars ac |ind bd, of any con- Fi^ 
venient length whatever; through c draw cu 
parallel to ab, and produce a c to the point f; 
make ce to ef, as the body n is to the body a, 
and join fd; through e draw EH: parallel to fi>, 
and from h let fall the perpendicular iig; then isG 
the point in the line ab, where the common centre 
of gravity of the two bodies a and b occurs , and by the proposition 

a : bIIbg : ag. 

For, by reason of the similar triangles fcd, ech, it is 
FE : ecTIho : cii; 

but HD is equal to bg, and cu is equal to ag by the construction ; 
consequently, 

FK : jLcllm : ag; 

now, EF is proportional to the magnitude of the body a, and ec pro- 
portional to that of B ; therefore we have 

A : bTIbg : ag; » 

hence, by equating the products of the extreme and mean terms, 
we have 



a*ag=b«i;g. (1). 

From which wo infer, 

2yiat when two bodies^ connected together by a straight 
inflexible bar^ are in eqnHUtriOy the products of their 
masses^ into their respective distances from the common 
centre of gravity ^ are equal. 

Let tf =the mass or elFcctive energy of the body a, supposed to 
be concentrated in the point A ; 

^n=thc mass or effective energy of the body b, supposed to 
be concentrated in the point b ; 

AG, the distance of the body a from the centre of gravity g, 
2 =BG, the distance of the body b from that centre, 
and D=AB, the central distant , or the whole distance between 
the centres of tlie bodies a and b ; 
then, according to the foregoing inference, we have 

but ; consequently, we obtain 


which, by transposition and division, gives 
bo t 

(«+ 6 ) ’ 


(«) 
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And in a similar manner we obtain 


an 


(A) 


(a+A) 

Consequently the place of the centre of gravity is known in terms 
of the masses, and the distance between their respective centres. 

ITie formulae («) and (A), give the following practical rules for 
the distance of either body from their common centre of gravity. 

8. Rule. — Multiply either body by the whole distance between 
their centres^ and divide the product by the sum of the bodies ; 
then the quotient will be the distance from the centre of gravity 
of that body opposite to the one by which the whole distance 
is multipliciL 

Example 1. There are two bodies connected together by a 
straight inflexible bar of 24 feet in length ; at what distance from 
each body must the bar be suspended, that the whole system may 
remain at rest, supposing the one body to weigh 4 cwt, and the 
other 7 ? 

Here, we have given, 0=4 cwt; A=7cw't., and D=24feet; then, 
to find the distance of the centre of gravity from the body n, we have 


7X24 


=:15Afeeti 


4+7 ■ 11 

and consequently, its distance from A, is 


4x24 


4+7 


= 8j|feet. 


9. Example 2. If the quantity of matter in the moon be to that 
of the earth, as 1 to 39, and the distance of their centres 240000 
miles, where is their common centre of gravity ? 


Here 


240000X39 


and 


1+39 
240000 X 


=234000 miles from the moon’s 


1+39 


= 6000 miles from the earth’s 


for 234000+ 6000=240000 the distance of their centres as given 
in the question. 

Example 3 Two masses, the one of 56 and the other of 63 
stone weight, are to be suspended from a straight inflexible lever, 
at the distance of 9 feet and a half from each other ; at what point 
in its length must tlie lever be supported, that the whole may 
remain at rest ? 

Here, we have given, a=56; A=63, and d= 9^ feet; then the 
distance of the centre of gravitv from the mass c£, is 

slfeet! 

96<|-63 34 ’ 

and, consequently, the distance of the centre of gravity from the 
n|ass tk, is 

. 4— feet 

56+63 34 



OP THE CENTRE OF GRAVITT, 


13 


9. Proposition. fVhen the weight of the connecting bar is taken 
into account^ and becomes an eletnent of the united masses. 

^JThese two examples have been produced on the supposition 
that the bar or lever with which the bodies are connected, is per- 
fectly inflexible, and void of gravity or weight ; but this is obviously 
erroneous, for no material substance that is capable of supporting 
a heavy body, can in itself be supposed to possess the property of 
perfect levity ; yet our investigation has proceeded on this hypo- 
thesis, and the resulting theorems have undergone no modification 
to allow for the weight of the connecting bar; but this element can 
be very easily taken into the account, for we have already shown 
(in equation 1), that the mass of one body multiplied into its dis- 
tance from the common centre of gravity, is equal to the mass of 
the other body multiplied into its distance from the common centre 
of gravity; and exactly the same law must obtain with respect to 
the portions of the connecting bar, that are situated on opposite 
sides of the centre of support , 

Now, we have already stated in our scholium, that the ^centre of 
gravity of a prism or cylinder, is in its middle point; hence, since 
both portion 3 of a uniform connecting bar must cither be prismatic 
or cylindrical, it follows that the centre of gravity of each arm or 
portion, as referred to the common centre, must be at the middle of 
its length, and from our definition, the whole weight of the arm 
must be referred to that point ; consequently 

if 971= the mass or weight of one unit in length of the bar ; 
then is -^wid-=the effective energy of one portion, 
and ^ m3* = the effective energy of the other ; 
and these, together with the effective energies of the respective 
bodies referred to opposite sides of the centre of gravity, must still 
be in equilibrio ; therefore, w^e have 

af/+ -g- md- = A3 + mhr ; 

but we have shown above, that 8zzD—~d; therefore, by substitution 
and reduction, we obtain 


(a+b+mD)d=(/j+i mo) d; 
which, by division, gives 

(2A4-mD) D 

^ 2(a-hb-h?nd) ' 

And in a manner exactly similar to the above, we obtain 


(2a D 
*2(a+b-’l f/td) 


(d) 


Hence, the place, of the centre of gravity has been determined 
in terms of the central distance, the masses of the bodies and the 
connecting bar. The formulae (c) and*(f/) afford the following 
practical rule for the distance of either body from the common 
centre of gravity, the weight of the connecting bar being taken into, 
consideration. ' 
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10. Rule. — To twice the weight of either hodi/, add the whole 
weight of the lever or connecting bar^ and multiply the mm 
by the central distance ; then divide the product by twice the 
mass coinpounded of the bodies^ and the bar, and the quotiefit, 
will be the distance of the centre of gravity from that hody^ 
oppfmte to the one whose double is employed in the first step 
of the 2 }rocess. 


Example 1. There are two bodies connected together by a 
straight inflexible bar of 24 feet in lengtli, and weighing one cwt. ; 
at what distance from each body must the bar be suspended, that 
the wliole system may remain at rest, supposing the one body to 
weigh 4 cwt. and the other 7 ? 

Ilere we have given, a = 4 cwt; i = 7 cwt; d = 24 feet; and 
cwt ; then, to find the distance of the centre of gravity from 
the body a, wc have 

2i= 2 X 7=14 
* 0=^14X24= 1 

2 A+mD = 15 

and (2 &+7/ID) 0=15X24=360 
2 («+5+mD)=2 (4+7+l)=24 

then, we get -^^-=15 feet, from a, 

and consequently its distance from b is, 

24—15=9 feet 

This case may also be resolved in a manner purely algebraical, 
as follows : — 

I^et X = tlie distance of one body from the common centre of 
gravity; then will 24— a:= the distance of the other body; conse- 
quently, we have 

4 j:=168— 7:i:; 

this' equation expresses the effective energies of the bodies alone, 
but in the example it is proposed to consider also the eftcct/>f the 
connecting bar; now, since the whole weight of the bar is one cwt, 
and its length 24 feet, it follows that the weight of one foot is ■.}^ part 
of a hundred weight ; consequently, the weight of one portion of 

the bar , and the weight of the other is 1 — hence the 


effective 


of these portions are 




X X *r * . 

(1— — ) X 4 (1— = 12— jt+t:;; wherefore the above equation 
' 24 24 4o 


becomes 




or by expunging from both sides, and transposing 8 x^ we obtain 


12x=:180, 
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and, lastly, dividing both sides of this equation by 1:2, we get 
. :r= 15, the same as before ; 

and 24— ^==24— 15=9 feet, for the distance of b. • 

ExA]\n>L£ 2. The weight of a straight uniform bar of cast iron, 
connecting the centres of gravit}^ of two bodies, is 252 lbs. and its 
length is 42 feet ; at what point of its length must it be supported, 
that the whole system may remain in a state of quiescence, sup- 
posing the bodies to weigh respectively 13440 and 17920 lbs. ? 

Here we have given, a = 13440 lbs., A = 17920 lbs., ?w=6 lbs., and 
D =42 feet ; then, to nnd the distance of the body a from the common 
centre of gravity, we have 

2 A=2x 17920=3.5840 
mD=6x 42= 252 

2 A+7nD=36092 

and (2 b+mu) d=36092 x 42= 151.5804 
2 (a+b+mD)=^2 (13440 +17920 + 252) = 63224; 

- , 1515864 

hence, wc have— — =231+S-S feet from r/, 

and, consequently, its distance from b is 
42-23i+gf = 18rt-J-7 feet 
l^'he algebraic process is as follows : 

Let .T= the distance of the centre of gravity from the body g, 
then will 42-- A* = its distance from the body b\ consequently, we get 
13440 x+S = 757932-181 72 x+Sx^ 
therefore, by expunging the common term and transposing 
1 81 72 X, we get 

31612 .r= 7.57932, 

then, dividing both sides of this equation by 31612, wc obtain 
.T=23LLgS feet,' 

and 42— ^*=42— 2^1 j'U 5 = IB^J feet, the same as before. 

1 1. .This theorem, however, may assume another form of inves- 
tigation, and present a rule for ])ractical operations somewhat 
simpler than the foregoing. 

Thus, let An be an iiiilexiblo bar of uniform thickness, at the 
extremities of which are siisi)ended the unequal 
weights a and A ; it is required to find the point r, 
tlie centre of gravity of these weights, and of the 
bar AB. 

Since ab is of uniform thickness, it - centre of gravity is evidently 
in its middle point c ; therefore, conceiving the entire mass of am ip 
be collected at c, and represented bv the weight w ; our problem is 
identical to this: 

To find the resultant of three parallel forces^ «, w. A, acting per- 
pendicnlnrlt/ to the straight line ab, (which in this view of the 
ease is void of gravity). * 
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Denoting the distance ab by d we get, 

1st (a+A) : a: :d : Ar=:-^---^ which determines the resultant 


(or centre of gravity) of a and 

2ndly. Suppose the weights a and to be applied at r, we shall 
then have 


rc : cR::(a+w+6) : (a+A) 
a+A 


therefore cR=rc» 


• CR 


But rc=Ac— Ar=iD- 

__ D (a-^A) (a+h) _ 


D& D (a— />) 

2 (a+A) 

{a+w+by 


tt-f" A 

D (g— &) 


2{a+b) {a+w+b) 2{a+w+b) 

And this equation affords the following easy practical rule for 
finding the centre of gravity, when the i^eight of the connecting bar 
is taken along with that of the bodies suspended upon it: 


llule. Multiply half the length of the Aar Ay the difference of 
the weights, and divide the product by the sum of the weights, 
and the iveight of the Aar, the quotient is the distance of the 
centre of gravity from the middle of the Aar, and it lies on 
that side of the centre on which the greater weight is 
snwended. 

12. The preceding investigations have been conducted on the 
supposition, that the bar or lever which connects the centres of 
gravity of the two bodies, maintains a horizontal position ; but it can 
easily be shewn that this condition is not necessary, for, acconling 
to our definition, a body, or system of bodies, is at rest when sup- 
ported at the centre of gravity, whatever may be the position of the 
body or system; and we have shewn in the composition of parallel 
forces, that whether the directions of the forces be at right angles, 
or oblique to the lines of application, the place of the resultant will 
be the same, and the centre of gravity of any system of bodies, 
corresponds to the place of the resultant or the centre of parallel 
forces; hence it appears, that in determining the place of the 
centre of gravity, it is a matter of no importance in what position 
we consider the body or system of bodies to be placed, for the place 
of the centre will notwithstanding remain the same. 


Section Second. 

OF THE CENTRE OF GRAVITY OF THREE BODIES IN THE SAME 
STRAIGHT LINE. 

13. Our next object will be, to determine the centre of gravity of 
three bodies, subsisting in the same straight line, and having their 
centres connected by inflexible levers or bars, considered in the 
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first instance without reference to gravity or weight And the 
method by which this is accomplished is obviously a simple exten- 
sion of that by which we determined tlie centre of gravity of two 
bodies, under the conditions specified in the first problem; and the 
proposition may be enunciated as follows. 


14 Proposition 2. The common centre of gravity of three 
bodies subsisting in the same straight line^ occurs in the line 
connecting the centre of one body with the common centre of 
the other two ; and it divides the distance between these 
centres into two parts, that are to each other, redprocnlty, 
as the mass of one body, is to the mass compounded of the 
other two. 


Let us consider the points a, m, and n, as the centres of gravity 
of the three bodies a, and b ; and suppose the straight line ab, 
passing through m, to be an inflexible bar ^ 

or lever, devoid of gravity or weight ; then, ^ A ft 
if the point g, be the common centre of gravity of the bodies m and 
B, we have, by the first proposition, 

m : n : : BG : 7170 ; 

hence, the distances ag and bg are known ; but by our definition, 
(he bodies m and b may be supposed to be concentrated in the 
point G, whicdi is the common centre of gravity of them both ; then, 
by the first proposition, the point u, which is the centre of gravity 
of the bod^ a and the compound mass 771 -fB acting at a, is found in 
the following manner : 

A : 7n-f-B rioii : ah. 

ITiis analogy involves the principle enunciated in the second 
propositions and the solution of the following problem will unfold its 
utility. 

15. Problem 2. To find the common centre of gravity of three 
bodies, connected together by an inflexible straight line passing 
through their respective centres : 

Let us consider a, m, and b as any three bodies, connected to- 
gether by the straight line ab, which is supposed to be inflexible, 
and conceived to pass through the centres of gravity of the bodies 

m, and is. 


no 


At the points a, m, and b, erect the perpendiculars ac, mk, and 
cf any convenient length v hatever; 
through the point c draw the stra’ ht line 
CD parallel to ab, and produce c* to f, 
ii.aking u£ to ef as m is to u ; join Fk, and 
iLrough E draw eA. parallel to rk, and let 
fall the perpendicular ho ; then is o the 
common centre of gravity of the two bodies 
7n and b, or the point into which, if they were 
both collected, they would produce the same cflect as they would 
do in their present positions, as is manifest by the definition. 
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From the point h draw hf in any direction at pleasure, and make 
hd to df as the body a is to the mass compounded of the two bodies 
m and *b ; join /c, and through d draw db parallel to /c, and let fall 
the perpendicular In ; then is the jmint h the common centre of 
gravity of the three bodies a, wi, and n ; consequently, by the pro- 
position, we have 

a : : ah. 

For by reason of the similar triangles fchj and db/ij it is 
hd I d/ll hb : h : , 

but by the construction, hb is equal to gh, and Ac equal to ah ; 
consequently 

hd i df ll Gi\ : All ; 

now, hd is proportionid to the magnitude or mass of the body a, 
and f(/*is proportional to the compound mass m+B ; therefore, we 
have 

A : m+Ti r: oil : ah 

and by equating the products of the extreme and mean terms, we 
•get 

A-AU=:(m+B)-Gll. (2) 

From which we infer 

That when three bodies^ connected together hjf a straight 
inflexible har^ are in equildmoj the product of one body^ 
into its distance from the common centre of gravity' of 
the system^ is equal to the pt'oduct which arises^ when the 
sum of the other two bodies, is multiplied by the distance 
between their common centre, and that to which the 
whole system is referred. 

Let a=the mass or effective energy of the body a, concentrated 
in the point a, 

A=thc mass or effective energy of the body b, concentrated 
in the point ii, 

m=thc mass or effective energy of the body wi, concentrated 
in the point ?n ; 

d=the distance between the bodies a and A, 

2= the distance between the bodies a and m, 
and x=AH, the distance between the body a, and the common 
* centre of gravity of the system, situated in ii. 

Then, if the common centre of gravity h, falls between the bodies 
a and m, we shall have mH=8— x, and Hn=rf— a:; but if the com- 
mon centre of gravity falls between the bodies A and ?n, we shall 
have mH=x^S, and BAzz/f— x; and in either case, we obtain, 
according to our inference, 

(a + A+m) x=bd+mSf 

which, by division, gives 

bd+mS . . 
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This equation determines the distance of the common centre of 
gravity from the first body a, and its distance firom each of the 
other bodies i and jn, can easily be found, from their values as riven 
above, in reference to the position of the body m, in respect of the 
common centre h. • » 

The practical rule afforded by equation (e)^ is as follows* 

16. Rule 8. — Multiply each of the bodies b and wi, by the re- 
. spective distances from the body a ; thesis divide the sum of 
the jiroducts by the aggregate of the three masses^ for the dis- 
tance of the centre of gravity from the first body a, to which 
the distances of the other bodies b and m are referred. 

Example 1. There are three bodies, a, m and A, whose weights arc 
respectively 15, 20 and 25 tons, connected together by an inflexible 
bar or lever, at the distances of 12 and 16 feet from each other; 
at what point in the connecting bar does the common centre of 
gravity of the three bodies occur, and what is its distance from cac^ 
body, supposing the .bar to be perfectly straight, and unuifluenecd 
by its own w'eight, or the. effects of gravity. 

NUMERICAL CALCULATION. 

Here we have given, a=15 tons; m=20 tons; i=25 tons; 
^=12 feet, and 12+ 16=28 feet; therefore, we have 
Arf=25X28=700, 
w?5=20 X 12=240, 

^ then Arf+m5 =1)40; 

but (a+A+7/<)= 15+25+20=60; 
consequently, 5^ = 15 ^ feet, 

the distance of the centre of gravity from a ; but since this distance 
is greater than the given distance between a and m, we have, for 
the three distances, as follows : 

:r=15 5 feet, distance from «, 
a:— 3= 35 feet^ distance from wi, 
d— .f=12-^ feet, distance from b. 

And these results may be verified by means of the following con- 
struction. 


GEOMETRICAL CONSTHUCriON. 


Draw the straight line ak, and from a scale of equal jiarts, make 


Am equal to 12, and mi\ equal to 16 feet ; through 
the point n, draw the straight line ijf in any direc- 
tion whatever with respect to ab; aakc be c(jual 
to 20, and ef eijual to 2.5, the nue hers which re- 
spectively express the magnitudes of the bodies m 
and A, acting on the straight line ab, at tlu* points 
m and b ; join fwi, and through the jioint e, draw 
Eu parallel to f/b, which produce to c, and make 
on equal to 15, the number which expresses the 
magnitude of the body n acting at the point a, and 
make dc equal to 4.5, the number which expresses 


• F 



c 


the^sum of the 
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bodies m and A, acting at the jpoint o ; join cAj and through the 
point D, draw dh parallel to the lines ca; then is h the place 
of the centre of gravity of the three forces a, m and ft, acting at 
the points a, m and ii in the straight line ab ; and ah, mu and bh, 
are the n'spective distonces, which being m&sured on a scale of 
equal parts, will indicate, as follows, viz. 

Aii = 15f feet, or the distance of a from h, 

7Bii= df fee^ or the distance of m from h, 
and bii = 12^ feet, or the distance of b from h, the same 
as above. 

It may perhaps be of use to remark in this place, that in con- 
structions of this kind, it is not necessary to take the numbers 
which express the magnitudes of the bodies from the same scale 
jis those which exjwess their relative distances ; for since they arc 
magnitudes dissimilar to one another, they cannot be compared ; 
consequently, tlie ratio of the numbers is all that is wanted: it is, 
however, necessary that all magnitudes of the same kind be taken 
from the same scale. 

■ The above remark became necessary, in consequence of the num- 
bers that express tlie weights of the bodies in the foregoing con- 
struction, not being taken from the same scale as those that express 
the distances : this was purposely ‘done, iu order to preserve the 
diagram of a proper size, but the circumstance can have no elFect 
whatever upon the truth of the result » 

Example 2. llircc bodies are connected together by a straight 
inflexible l)ar, or beam of iron psissing through their centres of 
gravity ; the first weighs 25 tons, the second 12 tons, and the third 
1 8 tons ; and, moreover, the distance of the second from tlie first 
is 24 feet, while the distance of the third from the second is only 
9 feet ; at what distance from each body must the bar be su])porte(l, 
that the whole may remain at rest, the weight of the bar itself not 
being considered ? 

Let these weights be represented by a, w, />, and we have given, 
//zz25 tons; 7u=12 tons; />=18tons; and for the points of dis- 
tance, 24 feet, and d=24+9=3«‘3 feet ; therefore, we get, by 
actual calculation, 

. W= 18 X. 33=594, 

?n^=12x24=2as 

then bd+ = 882 ; 
but (a+ft+ w) =25+ 18-h 12=.5.5 
consequently, 1-^® distance of the common 

centre of gravity from the first body a; but since this distance is 
less than the given distance between the bodies a and wi, we have 
for the three distances as follows, viz. 

feet, distance from a, 
a:= 7 ^ feet, distance from wi, 

//— a:= 16^;? feet, distance from b. 
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From the results of this example, it appears, that Ae common 
centre of gravity of the system is very nearly in the Aiiddle of the 
connecting bar, or very nearly at equal distances from the extreme 
bodies a and b\ and that this is actually the case, will become 
manifest from the folfowing 


GRAPHICAL OR GEOMETRICAL CONSTRUCTION. 

Draw the straight line ab, and from a scale of equal parts, make 
Am equal to 24, and mn equal to 9 feet; through 
the point b, draw the straight line bf, making 
any angle whatever with ab ; and make be, ef, 
equal respectively to the numbers 12 and 18, 
being the numbers which express the weights of 
the bodies m and b\ join Fm, and tlirough the 
point E, draw eg {mrallel to mF, which produce 
to c, and make gd equal to 25, and dc equal to 
•10, the numbers which express the weight of the 
body a and the aggregate weights of the bodies m and />; join ca, 
and through the point d, draw dii parallel to ca ; then is ii the place 
of the common centre of gravity of the three forces w, m and b ; and 
ah, mn and bu, are its respective distances from the bodies, which 
being applied to a scale of equal parts, will be found to measure 
respectively as below, viz. 

AH =16;^^ feet, 
mH= 7^3feet^ 

and 1111 = feel^ the same as before. 



The difference between the distances bh and ah is only parts 
of a foot ; let us therefore inquire what change must take place in 
the position of the body m, so that the point ii shall bisect the line 
of communication between tlie bodies a and b. 

In the ])resent instance, the wliole distance is *1^1 feet, and its half 
is 16*5 fret; consequently, substituting this number for x in equa- 
tion (c), we have 


hd+ml 

(«+6+»/i) ... 

in which ecpiation, S only is unknown : hence, by multiplication and 
transposition, we get 

mS= 16-5 (a+b+m)^bdf 

tlierefore, by divisioi:, it becomes 
5 16>5 (a+b+m)--bd^ 

V— ■ ■ .... - j 

• m 

but we have shewn above, that the sum of the weights, or 
(a+/>+wi)=55, and id=594; consequently, by taking mzz\% its 
original value, we obtain 




907 *5— 594 


12 


=26^ feet 
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Therefore, if the place of the body m be removed 2^ feet further 
from the place of the extreme body towards that of the other 
extreme body 6, all other things remaining; the common centre of 
gravity of the system, shall then bisect the line of communication 
which passes through the respective centres. 

17. TAe same thing hmoevery may be determined generally 
in the foUwoing manner: 

Since the letter d in our notation, denotes the length of the con- 
necting line, or the whole distance between the centre of a and o 
tlie extreme bodies of the system ; it follows from the conditions of 
the question, that 

x^^df 

where x denotes the distance between the centre of the extreme 
body ff, and the common centre of gravity of the system ; therefore, 
from the equation marked (e), by substitution, we obtain 

(hd+nit) 

^ (a+A+?n) ’ 

in which exi)ression S is the only unknown quantity ; by multipli- 
cation, we get 

2 (Ad+mc)=:d (a-f-A+w?), 
and finally, by transposition and division, we obtain * 

(/) 

18. From this equation it is manifest, that if A be greater than a 
and ?n together, S is negative, and the body m lies on the other side 
of a ; but this is contrary to the supposition, or the conditions t)f 
the question, which distinctly imply, that the body m must exist 
somewhere in the line between the extreme bodies a and A, uhich 
cannot be the case if S is negative ; for then the body m exists at a 
point, in the line produced beyond a, Jind instead of being the 
middle body, changes its character, and assumes the ])osition of one 
of the extreme bodies of the system, connected to the other bodi('s 
by a line which has no existence ; hence we infer, that in order 
that the question may be consistent, it is a necessary condition, that 
the sum of the bodies a and m together, shall be greater than the 
body A, 

And, moreover, in order that the question shall be consistent, it 
iS also a necessary condition, that the sum of the bodies A anti m 
together, shall be greater than the body a\ for, if otherwise, 
then S is greater than rf, and this also, is contrary to our premises ; 
for, as we have already stated, the body m must exist somewhere 
in the line between the bodies a and A, which cannot be the case 
if B is greatci than d ; because d in our notation, has been taken to 
denote the distiince between the centres of a and A, the extreme 
bodies of the system. 
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It does not follow however, as a necessary condition, that the 
sum of the extreme bodies a and b, shall be greater than the 
middle body 7 / 1 ; for, whatever may be the proportion, or relation 
between the sum of the extreme bodies and the middle one, it can 
always be so situated as to produce an equilibrium, provided that 
its magnitude is such, as being added to either exteeme body, the 
sum shall exceed the other extreme ; under this limitation, there 
are three cases, in which we can compare the magnitude of the 
middle body with the sum of the two extremes, and in which the 
premises of the question shall always be fulfilled. 

If b is equal to the sum of a and m together, then 3 vanishes, 
and the system becomes that of two equal bodies, sustained in a 
state of rest at a point equally distant irom both ; that is, at tiie 
middle of their connecting line. 

If the extreme bodies a and b are equal, whatever may be the 
magnitude of the other body, then 0 is equal to r/, and conse- 
quently, the common centre of gravity of the system coincides with 
that of the body ?n ; for they both occur at tlie middle point of the 
connecting line. 

19. We shall now endeavour to give a numerical exemplification 
of these inferences, as the process of reasoning by which they are 
directly obtained from the equation, may not at first sight be 
sufficiehtl 3 ii explicit. 

The several inferences which we propose to exemplify numeri- 
cally, when brought into one view, are as below, viK. 

1. When h is greater than a+?n, S is negative. 

2. When a is greater than ^ is greater than r/. 

3. When m is less than a+by but such, that a-f-m is greater than 

bf and also A+m greater than a, b is less than d. 

4. When ?n is equal to a+b, S is less than d. 

5. When m is greater than a+A, 8 is less than d, 

6. When a is equal to A+m, 8 is equal d. 

7. When A is equal to a+^n, 8 is nothing. 

8. When a and A arc equal, and m of any magnitude, 8 is equal 

[to (L 

In the examples by which we propose to illustrate these 
inferences, it may be of use to consider the distance d as constant, 
or the same in all, as by so doing, we shall preclude the necessity 
of repeating the condition of dislJ for each example, and the 
conclusions will nevertheless, be *'qually convincing; we shall 
therefore assume 16 feet as the constant distance, and apply it 
instead of d in the following examples: — 

Example 1. The weights of three bodies, acting on a straight 
inflexible bar or lever, are equal respectively to 12, 5 and 18 tons; 
in what manner are the bodies situated on the bar, the centre of 
gravity being at the middle of d? ^ 
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Here we have given, a = 12; m =5; & and </ = 16 feet ; let 
these numbers be substituted in equation (/), and it becomes 

c=i^(12+5-18)=-1.6feet. 

Tlii? result cxein{)lifieB the first inference, and indicates by its 
negative afiection, that the body ti?, which ought to be situated on 
the line between the bodies a and ft, occurs at the distance of 
1 • 0 feet on the other side of the body a. 

Example 2. The weights of three bodies, acting on a straight 
inflexible bar or lever, are respectively equal to 18^ 5 and 12 tons; 
what is the situation of the bodies with respect to each other, 
supposing the common centre of the system to be at the middle of d’i 

Here we have given, fi=18; A=12, and (1 = 16 feet; let 

these numbers be substituted in equation (/), and it becomes 

2=11 (18+ 5- 12) = 17. 6 feet. 

This result exemplifies the second inference, and since the 
calculated value of B exceeds the given value of f/, it indicates that 
the body y/i, which* ought to be situated between the !)odies a and ft, 
occurs at the distance of 1-Ofect on the other side of 6; but, 
because the body //?, although it is situated beyond ft, lies in the 
same direction with re8j)ect to its distance beyonil nmst bo 
regarded as a positive quantity, notwithstanding that it falls without 
^ the limits prescribed for the operation of the system. 

Example 3. llic weights of three bodies, acting on a straight 
inflexible bar or lever, are equal respectively to 12, (> and 14 tons; 
what is the position of the bodies with respect to one another, the; 
common centre of gravity being at the middle point of the distance 
between the two extremes ? 

Here wc have given, a = \2; m=6; ft = 14, and f/ = lG feet; let 
these numbers be substituted in equation (/), and it hcconies 

fl=r~ (12+6-14)=3L feet 

This result exemplifies the third inference, and by its magnitude 
and positive character, it indicates a situation between the 
bodies a and ft, being at the distance of feet from a towards ft, 
and at the distance of 10^ feet from ft towards a ; (*ouseqiiently, the 
body m is situated at the distance of 2^ feet from the common 
centre of gravity of the system. 

Example 4 The weights of three bodies, acting on an inflexible 
bar or lever, are equal respectively to 8^ 15 and 7 tons; what is 
the situation of the bodies with respect to one another, in (;ase of an 
equilibrium, the connecting bar being supported at the middle of 
its length ? 



OF TH£ CENTRE OF ORAVlTr. 


25 


Here we have given, a = 8; ms: 15; 5=7, and ^=16 feet; let 

these numbers be substituted in equation (/), and it becomes 

This result exemplifies the fourth inference, and. the same 
remarks apply to it as those which we made use of for the third 
inference preceding; the body m being situated at the distance 
of feet from a, and 7-^^- feet from 6, being of a foot from the 
common centre of gravity. 

Example 5. The weights of three bodies, acting on an infiexible 
bar, or lever in equilibrio, are respectively equal to 20 and 
1 1 tons ; how arc the bodies situated with respect to each other, the 
lever being supported at the middle of its length ? 

Here we have given, az=8; »i = 20; Az=ll, and rfzrlG feet; let 
these numbers be substituted in equation (/), and it becomes 

^=l^(8+20-ll)=64.fcct 

This result exem))lifies the fifth inference, and indicates that the 
body 7Ji is situated between the extremes a and % at the distance of 
(»^ feet from the former, and 9^ feet from the latter ; being 1^ feet 
distant from the centre of the system. 

If we compare the results of the third, fourth, and fifth examples 
with one another, it will appear, that wlien the magnitude of the 
middle body in is less than, equal to, or greater than the sum of the 
extreme bodies a and Zi, its situation in the system is nearest to 
the lighter body; this happens as a necessary consequence, of 
the centre of the system being limited to the middle point of the 
connecting line. 

Example 6. Tlie weights of three bodies, acting on an inflexible 
bar or lever, are equal respectively to 12, 5 and 7 tons ; how are 
the bodies situated with respect to each other in the case of an 
equilibrium, the lever being supported at the middle of its length ? 

Here we have given, a = 12 ; m =5 ; 6=7, and rf = 16 feet ; let 
these numbers be substituted in equation (/), and it becomes 

2=^ (12+5-7)= 16 feet 

This result exemplifies the sixth inference ; it indicates that the 
bodies in and b coincide and operati. £S ^one body, which reduces 
the system to two masses of equality, kept in equilibrio by a power 
e([ual to their sum, applied at the middle of the connecting line or 
distance between the centres of the extreme masses. 

Example 7. The weights of three bodies, acting on an inflexible 
bar or lever, are e(|ual respectively to 9, 5 and 14 tons; how are 
tl;e bodies situated in the case of an equilibrium, the line of com- 

its nii Idli' unint? ^ 
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Here we have given, rt=9; ?«=:5; A=z 14, and «?= 16 feet; let these 
numbers be substituted in equation (/), and it becomes 

j=.J|(9+6_14)=0feet 

This result exemplifies the seventh inference ; it indicates that 
the bodies a and m coalesce in the point a, and form one body of an 
equality with thus reducing the system to two bodies in 
equilibrio about the middle of their connecting line^ the same <ts in 
the preceding example. 

Example a The weights of three bodies, acting on an inflexible 
bar or lever, are equal respectively to ft, 1 5, and 8 tons ; how are 
the bodies disposed with respect to each other when in equilibrio, 
the lever or bar on which they auet being supported at its middle 
point ? 

Here we have given, /i=8; m= 1 5; />=ft, and d= IGfeet; let these 
numbers be substituted in equation (/), and it becomes 

■* «=~(8+15-8)=8fect 

oU 

This result exemplifies the eighth inference ; wc loam from if, 
that the bodies a and h being equal, they have no eflbet whrtov('r 
upon the system, and therefore the o([uilibrium would bo o(iuallv 
complete, if no other body but m existed ; for the distance of in 
from a is the very same as its distance from A, and consequently 
its situation coincides with that of the common centre of gravity, or 
that point at which the bar is supported. 

Thus have we (lomplctcd the numeri(*al exemplification of -the 
several inferences derived from equation (/). It now remains to 
select from among them, those that can be made available in a 
practical point of view; for it is only by furnishing the Practic.al 
Man with valuable deductions, and shewing him in what manner 
those deductions are applied to mechanical constructions, that our 
labours become appreciable, and important to the community, for 
whom they have been written. 

Cases of Utility Consistent with the theorem, 

20. The only useful cases then, consistent with the conditions 
of the question, are the tbllowing, viz. 

1. When m is less than a+A, but such, that a+m is greater 

than A, and b+m greater than a, 

2. When m is equal to a+A. 

8. When m is greater than a+b. 

^ All the remaining cases of the preceding class, are cither incoii- 
sistant or need no calculation ; but to shew this, it was necessary to 
enter into the proofs, as we have done by numerical calcu- 
lations. 
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These three cases, then, being aU that are useful to the practical 
mechanic, we shall proceed to ^ow the utility of our theorem, by 
applying it to the solution of two or three useful examples. 

Example 1. At the extremities of an iron shaft 22 feet long, 
are fixed two wheels of the weights of 2, and 2^ cwt, and some- 
where between these, is fixed another wheel of l^cwt.; at what 
distance from each of the extreme wheels must the intermediate 
one be fixed, in order that the whole weight may come upon the 
middle of the shaft, at which poiut it is supported by a transverse 
bearer ? 

Here, we have given, a=2; 9n=l-5; b=zQ>5, and ^{=22 feet, 
supposed to be the distance between the centres of the dktreme 
whecds ; then, since the shaft is supported on its gudgeons at the 
extremities, and on the journal at the transverse bearer, we may 
consider it as having no etTect upon the system of wheels as regards 
the place of the centre of gravity ; therefore, by substituting the 
above numbers in equation (/), we get 

(2 + 1 • 5 — 2 • 5) = 7 3 feet distant from the lighter wheel, 

14^ feet distant from the heavier wh^Hel, 
and 3^ feet from the middle of the shaft. 

Example 2. The weights of three bodies, suspended on a straight 
inflexible metal bar, are equal respectively to 224, 460, and 2f36lbs.; 
at what distance from the extremi weights must the intennediate 
one be suspended, that an ecj^uilibrium may obtain when the bar 
is supported at its middle point, supposing the whole length of 
the bar, or distance between the extreme weights to be 38 feet ? 

Here, we have given, a=224lbs.; yn = 460lbs.; i&=236lbs., and 
f/z=38 fret; therefore, by substitution, equation (/) becomes 

(224+460— 236) = 18 feet distant from the lighter body, 

19 feet distant from the heavier body, 

and of a foot distant from the middle of 

[the bar. 

Exajmple *‘1. The weights of three bodies, acting on a straight 
inflexible bar or lever 40 feet in length, are respectively equal to 
20, 60, and 30 tons; at what disttince* from each of the extreme 
bodies must the; intermediate one be placed, so that the whole may 
be in e(|uilibrio, when the connecting bar is suspended from the 
middle of its length ? 

Here, we have given a=20toDs: m=60tons; ft=30tons, and 
rf=40 feet; therefore, by substituli^*\*, . equation (/), becomes 
iVo (29+60— 30) = 16 i feet distant •'lom the lesser extreme weight; 

23 i feet fi’om the greater extreme, 
and 3 feet distant from the middle of the bar. 

fF'heti the distance is knmm^ or othenvise limited by situation. 

21. The preceding enquiry has had respect only to the deter- 
mination of the distance between the place of the middle body m, 
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and that of a, the first extreme; but in practice it may frequently 
happen, that this distance is known, or at least limited by the cir- 
cumstances of situation, and therefore, in order that the conditions 
of the (|ucstion may obtain, it is requisite to ascertain the value of 
rf, the distance between the extreme bodies a and 6. This is, per- 
haps, the more important case of the two^ and cbnsequently it is 
entitled to a separate discussion. Our next object then, will be to 
resolve the following problem. 

22. PiiOBf.EM 3. Given the magnitudes or weights of three bodies 
a, m and b, acting in the same straight line, and the distance 
between the middle body m, and the first extreme a ; to find 
the distance between the extreme bodies a and b such, that the 
common centre of gravity, or the centre of the system shall 
occur at the middle of that dvttance. 

In the equation m<aked (e), x expresses generally the distance 
between the common centre of gravity, and the first extreme body 
a, and we have sliown, that rf— jr, is the distance between that centre 
and the other extreme body b ; let denote that distance ; then, 
we have 

Arf+wid ^rf(r/+»i)— 
a+b+m’~ a + A+m 

but according to the conditions of the problem, x‘=x\ that is, the 
c.ommon centre of gravity is at the middle of the straight lino (»on- 
nccting the centre of the extreme bodies a and b ; therefore, we 
have 

rf (n+w/)— ww Arf+m^ 
rt+A+m + m 

or by cancelling the common denominator, wc obtain 

/ 2/wo 

rf= 

a+m — b 

This equation, it is evident might have been deduced, or in- 
ferred at once from equation (/), but we have thought it preferable, 
for the sake of system, to deduce it in the above manner, as it then 
has a more direct allusion to the principle exhibited in equation {e), 
and consecjuently has a tendency to keep the mind of the reader 
more steadily directed to the property enunciated in the proposition. 

Practical examples illustrating the last Problem. 

23. Tlie following examples will show the utility of the formula, 
and exemplify the miinner of its application to the resolution of 
practical mechanical questions. 

Example 1. Suppose that three bodies, a, m and A, whose weights 
are respectively, 20, 36 and 48 tons, act togc&er on a straight inflexi- 
ble bar or lever, considered without weight; what must be the length 
of the lever to admit the system to be at rest when sup])orte(l at 
its middle point, the distance between the first extreme and inter- 
mediate body being 18 feet ? 



OF THE CENTRE OF GRAVITV. 


29 


Here we have given, «=:20, w=36, A=4^ and c=18; let these 
numbers be substituted for the literals in equation (g), and it 
becomes 


2x36x18 
20 + 36-48 


= 162 feet; 


consequently, the common centre of gravity is 81 feet distant from 
each of the extreme bodies a and and 63 feef distant from the 
intermediate body m. 

Verification of the foregoing result. 

The truth of this result may be verified in the following manner, 
viz. ; find the common centre of gravity of the extreme body and 
the intermediate body on the supposition of the distance d being 
determined or known ; thus. 




48x63+81 

36+48 


= 82-^ feet, distant from the place 


of the body r/i, but by the preceding process, the centre of tlie 
system is 6;3 feet distant from the same body ; consequently, the 
distance between the centre of the two bodies m and />, and 
the centre of the three bodies »i, and A, is 82^— 63=19f feet; 
then, by equation (2), we get 

81 a =19f (A+m), that is 
81 X 20=84x19^=1620, 

therefore, the conclusion at which we have arrived is rigorously 
correct. 

The same thing may be determined analytically in the following 
inaiiiier, viz. 

Let 2 a* = the whole length of the connecting line, or distance 
between the extreme bodies a and A. 

:i*zzthe distance of each from the common centre of 
gravity of the system. 

and . 2 *— 18= the distance of die body 7nfrom the common centre; 
then by the principle implied in equation (2), we get 

20.1 + (j:- 18) x 36 = 48a: 

;l6j:-648=28ar 
8 a: =648 
a:= 81 

or, 2 a’=81 X 2= 162 feet, the same as before. 


Example 2. The shaft of a mill h h to sustain three wheels, of 
the weights of 2, 7 and 3 cwt. ; what must be the length of the 
shaft from centre ta ( cntre of the extreme wheels, in order that a 
transverse girder jilaced at the middle of its length, shall remove 
the pressure from the gudgeons, and sustain the system at rest, the 
distance between the first extreme and intermediate wheels being 
12 feet? 
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Here we have given, « = 2 ; r/i =7; A = 3, and ^ 12 ; 

let these numbers be substituted in equation {g)j and we have 


rf= 


2x7x12 
2 + 7-3 


=28 feet, the distance 


between centre and 


centre of the extreme wheels a and b ; consequently, the place of 
the common centre of gravity is 14 feet from each extreme, and 
2 feet from tlie place of the intermediate wheel. 


Verification of the foregoing remit. 

To verify the result, compute tjxe place of the common centre (?f 
the two wheels m and by the first problem, thus, 

=4*8 feet distant from w; consequently, 

the distan(*e between the centre of the system and that of the two 
bodies m and 6, is 4* 8-2=2- 8 feet; then, by equation (2), we 
have 

14 a=2-8 (m+i), that is 
14x2=2-8x10=28. 

Tlie analytical operation is as below, thus, 

Let 2 a: = the whole length of the connecting line or shaft, 

ar=the distance of each extreme wheel from the centre 
of tlie shaft, and 

A*— 12= the distance of the intermediate wheel; then, by the 
princijile of e<iuatioii (2), we have 

2A’+(a:— 12) X 7=3a:, 

7^—84= X 
6Ar=84 
a’=]4, 

or 2a:= 14 x 2=28 feet, the same as before. 


Analytical Deductions from the foregoing Equation, 

24. llcfoiring to equation *(g*), if wc attentively examine the 
relation that subsists among the quantities of which it is comjioscid, 
it will occur to us, that : 

1. If b be greater than a+m, the vrilue of d is negative, and the 
shaft must lie in a diflerent direction with respect to the wheel //, 
from w'hat wc have supposed in the question ; or, in other words, 
a becomes the intermediate wheel, and h and m the extremes, 
which is contrary to the supposition ; consequently, in order that 
the conditions may be fulfilled, it is necessary that a+m shall be 
greater than h, 

2. If b be equSl to w?, the value of d is infinitely gn^at; that is, 
the value of d must be such, that the value of ^ in respect of it shall 
vanish ; h\X because is supposed to be a real positive (piantity, its 
value as (onipairJ with that of d cannot vanish, unless </ be con* 
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sideml as greater than any assignable quantity whatever ; that is, 
iiiiiiiitely great : but the same thing is obvious from the equation 
itself ; for if b be equal to a + 7 / 1 , the denominator vanishes, and by 
the operations of ^ebra, we know that if any quantity is divided 
by zero, the quotient is to be considered as greater thm any real 
assignable magnitude whatever. 

3. If b be less than a+nu then the value of d is positive; but in 
order that b may always occupy a prominent place in the system, 
it is necessary that 27/1 shall be greater thm (a+m) — b; other- 
wise, die value of ^ will exceed diat of d, and m will assume the 
place of an extreme bod}', cind b will become the intermediate one, 
which is contrary to the supposition. 

Hence, we infer, that the only hxnitation necessary in the present 
instance, is, that \a+ni) shall be greater than //, and 2//! greater 
than 7/1)— 

If («+7/i) — &=27n, then cZ=r\ and the bodies m and b coalesce, 
reducing the system to that of two bodies only, which brings us 
back to the solution of the first problem, alrhady fully exemplified. 

Problem 4. To find the centre of gravity of three bodies acting 
in the same straight line, when the weight and the connecting 
bar beco7nes an element of the general inass, 

25. I n what we have hitherto performed w ith regard to the common 
centre of gravity of three bodies, acting in the same straight line, 
the connecting bar or lever has been considered as devoid of gravity 
or wx'ight, but in order that the subject may be rendered as com- 
plete as possible, we shall, in what follows, take into ac^count the 
weight of the bar itself 

For this purpose let die foregoing notation remain ; and let w 
denote the weight of one unit in length of the bar ; then if the bar 
be considered uniform in shape and density throughout the whole of 
its length, the centre of gravity of each sclent made by the centre 
of the system, will occur at the middle of its length, and the weight 
of the segments will be war, and w {d — x) respectively, making the 
effective energies, ^ war* and {d—xYi consequently, in case of 
an equilibrium, we have 

«ar + 77i (x— 3)+^war®=i(/Z— a:)4-iw (d— x)* : 
or x)-f->/i(^— x)+iw(f/— x)*: 

but in either case, after the requisik reductions, we find generally, 
that 

{2b+ wd) d+'2mh ^ 

^■"2(a+6+7/i+wd) ^ 

This equation, as might be expected, is more complicated than 
any of the former, nevcrdieless it is not difficult to reduce, as will 
become manifest from the following examples. 
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Example 1. A cast iron shaft, 4 inches square and 36 feet be- 
tween gudgeon and gudgeon, is required to sustain three wheels of 
the weights of 4, 7 and 6 cwt., placed at the distances of 14 and 
22 feet from each other; at what point of the shaft must an upright 
support be placed to remove the whole pressure from the gudgeons, 
and balance the shaft with its appendages ? 

In this example there are given, o=4; »w=7; A=6; rf=36, 
and ^=14; let these numbers be substituted for the literals iu 
equation (h), and it becomes 

(2X6+36m»)’'1<>+2x7X 14 
*2 (4'+6+7+«*i6wi) 

Now, sinoe the material of which the shaft is constructed is cast 
iron, the weight of one foot in length, or the value of w is 
4x4x;3*2=5l'2lbs.* ; consequently, hy employing 51-2 instead 
of w in the foregoing value of we shall obtain 


(2Xf>+:3«X51-2) Xv)6+2X7X 14 

- 

2(4+G + 7+n(iX5‘l'^>) 


= 18 feet, very nearly; 


therefore, the place where the support ought to he fixctl, is 18 feet 
from each of the extreme wheels, and 4 feet from the inttirmeciiato 
one ; but if the weight of the shaft had not been hiken into the 
account, ecpiation (e) would have given 

2rz=l8 87 feet; 


hence, the effect that the weight of the shaft T)roduces on the jilacc 
of the centre, is of a foot, or very nearly half a foot, a quantity 
which may safely be disreganled in largo constructions. 

Example 2. Three bodies, whose weights arc respectively, 2 1, 
40, and 53 tons, are su])p()rtcd on a straiglit uniform beam of cast 
iron, at the distances of 1(5 and 29 feet from eacth other; at what 
point ought the beam to be supported, so that the whole system 
may remain in cquilibrio, the depth of the beam being 18 inches, 
and its breadth 2 inches? 

Here, we have given, o=24; »i=40; 5 = 53; f/=16+29z=45, 
and f=16, and since the depth of the beam is 18 inches, while its 
breadth is 2 inches, the weight of one foot, or the value of 7c, is 
18x2x3'2=115-2lhs., let these numbers be substituted for the 
literals in equation (A), and it becomes 

(27(53+ 115-2x45)45+2x40x16 ^ ^ 

arz= =22*574 fcet, 

2 (24+53+ 40+115-2 x 45) 

hence, the common centre of gravity of the Iiiodies and the beam 
is, iu the beam, 22-574 feet from one extreme, 22-420 from the 
other extreme, and 6*574 feet from the intermediate body. 


♦ The wfiglit of a bar of cast iron, one inch square, anil 12 indies long, 
is ;3 2*[*v uiii!.s 
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If the place of the centre be calculated'!^ e«ini^on {e^ disre- 
gaiding the weight of the beam, it will be. 

»=25 *854 feet; > . ' ' 

consequently, the effect of the weight of fbe'Lbeain in this example^ 
is very considerably being not less thiii 3 ‘ff9 ! ' 

An equation to express, generally, tim ' di^^ce'- between the 
value of y as calculated by the e^uatioiiii'(e)- a4d''(A), would be 
very complicated, and at the same time, it would lead to Nothing of 
very great practical utility. We shall not, therefore, attempt to give 
a formula for that purpose in this place, but proceed. 

• 

Problem 5. Ih determine the ffdative positiom of the bodies 
with respect to each others when the common centre of gravity 
of the system^ is situated in the middie of the connecting Une. 

26. Since d is taken to denote the whole distance between the 
centres of the extreme bodies, and x to denote the distance between 
the first extreme and the centre of the system, it follows, that when 
this centre falls in the ipiddle of the connecting liny’we have 

X d% 

therefore, if ^ d be substituted for x in equation (A), it becomes 
(2 A-i-ied) t/+2 mi^ 

"■ (a+b+m+wd) ’ 

which, by reduction, gives 
2mS 

(a+m-b)’ 

d 

and «=^(a+TO— A) ; 

equations perfectly identical with (g) and (/), already established; 
fixim which we inter, that when, the system is in eqiiubiio, at the 
middle of the connecting line, the weight of such Une or to, has 
no tendency to disturb uie equilibrium, and consequently, in that 
easy it need not be considered in the cidculation. 


Section Tinno. 


OF THE CENTRE OF ORAVITT OF FOUR OR MORE BODIES 
SlTDAtED IN THE SAME RIGHT LINE. 

27. In a sumlar manner to that which we have exhibited for 
determining the centre of gravity of three bodiey may the centre 
of gravity of four or more bodies be found, supposing them to be 
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4ll ritoated in lihe same right line ; indeed, the law of continuation 
is so obvious, that it is amost unnecessary to dwell loi^r on the 
subject ; we shall, therefor^ pursue it only one step &tber, by 
deriving the equation for four bodies, leaving its foil developement, 
and the extension to a greater number, for exercise to the reader. 

Let a, ntf n and ^ represent the four bodies taken in order, 
from the first a, to the last fi; and let i denote the i&tance from 
a to ffi ; the distance from a to n, and d the Stance firom a to fi; 
X denoting the distance from a to the place of the common centre 
of the system. 

Then, if we suppose that tiie bodies a and m subnet on one 
ride of foe common centre, while foe bodies n and h subsist on foe 
other ; we shall have x; (x—2 ) ; (2*— ar), and jid—x), for foe respec- 
tive distances of foe bodies from foe centre of gravity;- conse- 
quently, by foe principle indicated in equations (1) and (2), we 
have 

ax+m (*— 2)=stt (J*— a:)+4 (d—x ) ; 
which, by transposition and division, gives 

( mS+n^+bd\ /« 

a^mTn^b) 

The following is foe practical rule furnished by this equation. 

Rule. Mtdtiply the magtniitde or dentUy of each body, by its 
respective distance from the beginning of the system, and divide 
the sum of the produxts by the sum of the bodies for the dis- 
tance of the centre of gravity sought. 


The following examples will suffice for foe illustration of 
equation (t). 

Example 1. Four bodies connected together by a straight 
inflexible bar or lever, have their weights equal respectively to 
18^ 26, 12, and 30cWt. ; at what point in foe length of foe 1^ 
is foe common centre of gravity, foe distance between foe bofoes 
being as below, 

distance firom a to m, 17 feet^ 

'' o—n, 23 

a—b, 40 ? 


Here^ we have given, a= 18 ; m=26; n=:12; 4=30; * 2=17; 
2* =23; and d=^; let these values be substituted in equation (t), 
and it becomes 


_26x 17+^x23+30 x 40 
18+26+12+30 

5«3feet from in;«7 firom n, and 17*7 firom 4. 


= 22*3 feet firom a; 
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Geometrical CoNsntvcnoM. 

It will however, render the subject someiHiat more complete, to 
exhibit the method of oontmuation grajdiically; for which purpose^ 

Let AB be a stni^t line passing' throng the centres of the 
bodies a, m,n and h. Make ab equal to 40 ' 
feet, token from a scale of equal pi^ of any 
convenient munitude whatever; on the straight 
line ab^ set off Am and An equal req>ectively 
to 17 and 2S feet^ taken from the same scale 
as AB ; then are the points a, m, n, and b, the 
portions of the four bodies, whose weights 
are given, and whose common centre of gravity 
is reqtiir^ to be detemuned. 

Through the point B, draw the straight line 
BF in any direction at pleasure ; make be pro- 
portional to the weight of the body n, and ef 
proportional to the weight jom Fn, and 
through the point e, draw eq parallel to fb; 
then IS the point o the common centre of gravity of the bodies 
b and B. 

Produce eg to making an proportional to the weight of the 
body m, and nc equal to bf, or proportional to the sum of the 
bodies h and n ; join cn^ and through tne point n^ draw dh parallel 
to cm; then is me< point h, the common centre of gravity of the 
three bodies m, b, and b. 

Produce dh to the point k, making hi proportional to the weight 
of the body and ik equal to oCt or proportional to the sum of the 
bodies m,' n, and b ; join ka, and through the point i, draw ix paral- 
lel to_KA, then is (he point x the centre sought 


Demonstration. Since the preceding construction involves the 
combinations exhibited in equation (t), it is obvious that the method 
of finding the place of the common centre of gravity, may be traced 
with great facility from the diagram, in the iulowing manner. 


In the »n»«nii.r triangles beo and bfb, it is 
BF : bbICef : no : that is. 


then in the similar triangles hdo and mco, it is 
hc:am::Dc:^, thatis^ 

(m+n+b ) . ••(«+») • »*« 
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Again, in the similar triangles hix and uka, it is 
UK : haIIki : ax; that is 
,W+»»S+«3\ , 

{a+m+n+b) : ( tn+n^ ^ * <“+*»+*) 
which, by equating the product of flie extremes and means, gives 

“ equation (»). 

The reader will be the better enabled to trace the terms of 
the tlirce foregoing proportions, by observing the following com- 
parisons, viz. 

iiF=n Ba=(f— 3^; EFSi^ 


GC 


=-»+»+», «„=‘l±=2gE=?), 


Hli=0+l«+»+ij y= ! U=l«+»+J. 

'Die formation of these terms from the parts of the figure, is too 
obvious to require illustration. 


Example 2. There are four cast iron wheels, whose weights are 
respectively 4, 5, 6 and 7 cwts., and their distances from each other 
taken in order, are 8; 10 and 12 feet ; what is the distance of each 
wheel from the common centre of gravity, supposing the shaft 
on which the wheels are suspended, to have no influence on its 
position? 

Here, we have given, a=4 ; »t=5; »=6; £=7; 3=&; 3'=18 
mid cf=d0 ; let these numbers be substituted in equation (t), and 
it becomes 


5X8+6X18+7X30 . 

x=: 4 ^ 5 ^e ^7 =16^f feet from the body «, 

8/t from m, 1^- from n, and 13^ from b. . 

The numerical operation deduced from the , preceding diagram, 
consists of t^e elegaqit.proportions, which are these:. 

. 6+7 : 30-18 :: 7 ; nQ=J^, 

5+6+7 : f|+(18-8) ::6+7 :niH=«jV. 
4+5+6+7 :^+8;:5+6+7 : i 

consequently^ by division we get 
. ax= 16^ feet^ the same as before. 


Thus have we deduced from prindples of great simplicity, tlie 
theory of the common centre of gravity for several bodies situated 
in. the same right line ; we shall in the next section proceed to 
determine its position, when the bodies are placed under any other 
circumstances whatever. 
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Section Fourth. 

OF .THREE BODIES ANY HOW POSITED IN SPACE» AND CONNECTED 
TWO AND TWO. 

28L Of three bodies any how posited in spacer and connected two 
and two by straight lines, which meetinj^ in the centres of the three 
bodies, become me sides of a plane triangle, in whose surface the 
common centre of gravity of the system must occur. 

If the distance between the centre of gravity of one body, and the 
common centre of the other two were known, the resolution of this 
cas^ would differ but very little from that of three bodies existing 
in the same straight line ; but since that distance depends on the 
position of the common centre of the two bodies taken in connection, 
the complete developement involves the consideration of other 
principles, as will become manifest from the following problem. 

Problem. Let the points a, b and c, be the positions of the three 
bodies^ whose magnitudes or weights are represented by a^h 
and Cj and whose common centre of gravity is required to be 
found. 

Draw ab, bc and ac, and produce ac to f, making ce proportional 
to the magnitude or weight of 
the body 6, and ef proportional 
to that of the body c ; draw fb, 
and through the point e, draw 
the strai^nt line eg parallel to 
FB, meeting bc in g ; tlicn is o 
the common centre of gravity of 
the two bodies b and c. 

Draw the straight line ag, and 
produce cb to the point d, mak- 
ing Gi proportional to the mag- 
nitude or weight oT the body and id equal to cf, or proportional 
to the sum of the bodies b and c ; join da, and through the point i, 
draw IH parallel to ad, meeting ag in the point h ; tnen shml h be 
the common centre of ^avity of the three bodies a, b and c, whose 
situations in space are indicated by the positions of the points a, Bt 
and c. Join bh and ch ; Ihen are a^, bh and ch^ the distances of 
the common centre from each of the ; 3^s. 

By examining the above construction, it is obvious, that the 
ma^itudes or weights of the two bodies b and c, may bear such a 
relation to one another, as to cause their common centre of gravity 
G, to fall at any point in the line bc ; consequently, the magnitude 
and position of the line ag, in which the common centre of the system 
occurs, must remain unknown until the position of the point o has 
been ascertained. / 


D 
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Let (2 =ab, the distance between the centre of the two bodies a and 
SssBc, b Cf 

xssBOt centre of the body b and 

the common centre of gravity of the two bodies b and c, 
d/sTAH, the distance between the centre of the body a and 
the common centre of gravity of the three bodiesa,6and c, 
and f =the angle abc, which can always be found, when tihe three 
sides of the triangle, S and or the respective distances between 

the centres of the bodies are known. 

Then, by Pl ane Trigonometry, we o btain 
AG=-^d*-|-»* 72 dx cos. ft 
but by equation (a), we have 
cS 


and consequently, by involution, its square is 
(A+c)* 

and moreover, by Plane Trigonometry, we get 

coB.f= L 

Let these values of x, and cos. f be substituted instead of them, 
in the above expression for the value of ag, and it becomes 

c{d^+{s+s')(s=:FTh 

By reducing the fractions to a common denominator, and collect- 
ing uie terms, the above equation will then bscome transfrirmed into 
the following, vi& 

When f is acute^ or less than a right angles we have 

. 1 y:: .. 


*°-jqrcV^ (b+c)(bifi+cS^)-bcS* (*) 

When f is obtuse, ot greater than a right ang les we have 




29. AUbniig h tfiese equations involve no Trigonometrical value 
of the angle f, yet it is easy to perceive that their fonn is in a great 
measure depenmnt on its magnitude, and consequentiyjitsrelationtoa 
right angle or 90 degrees, must alwara be correctly ascertained before 
the PAlpnlfttinn is begun, in order the proper formulae may be 
employed ; fer it is evident, that the equations (A) and (/), although 
they are both adapted to the determination of the line subtending 
the angle ft by no means similar, and therefor^ if they tiioum 
be used indiscriminately in any case, we may probably arrive at an 
erroneous result We are, however, in the possesmon of means to 
guard against this contingency, and since these means are very 
easily applied, we shall, before proceeding to the application of tiie 
foregoing theory, specify them in detaiL 
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1. If the square of S', Uie side subtending the an^le ^ is less than 
the sum of the squares of d and S, the sides containing that angle ; 
then is f less a ri^t angle, in which case^ equation {k) must 
be ajmlied 

Q. But if the square of S', the ride subtending the angle f, is greater 
than the sum of the squares of d and S, the sides contaimng it ; 
then is f greater than a right ai^le, and equation (/) has place. 

These pai^ulars being properly attended to» will guard the 
operator against the probalmty of error, ariring from the employ- 
ment of the wrong mrmula ; and in t^ view of the matter the 
reader will conrider them equivalent to a rule 

The following examples will suffice to exemplify what we have 
said on this point 

TAey comprise appropriate methods of practically ap- 
plying the formulcB of equations k and I, first, when two 
of the bodies form the denominator of the fraction which 
precedes the radical s^. 

Example 1. The weights of three bodies situated in space, but 
not in the same right line, are 4, 6 and 8 tons respectively, while 
their distances asunder are 12, 14 and 16 yards; what is the 
length of the line in which the common centre of gravity of the 
system occurs, or that which joins the body a to the common centre 
of the bodies 6 and c ? 

Numerical Calculation. 

In this example, there are given, a=;4; c=8; d=12, 

Sss 14, and 16 ; then, since S'* is less than the squares of d and S 
taken coqointly, we know, from what is stated above, that the 
angle which is subtended by S' is less than a right angle, or 90 
d^[rees; consequently, the question as it now stands, must be 
resolved by liie first of the preceding reduced equations, or that 
marked (k), in the followmg manner. 

W*=6x 12x12= 864 
cy*=8X 16x16=2048 
6tP+cS'*=2912; 

therefore, (A-(-c) 14x^12 =: 40768, the first 

member under the ramcal sign ; 

and again, beS^s —6 x 8 x 14*= — 9408^ the second 

member under the ramcal sign ; 

merefiire the sum is= 31360, and the 
square root is, 177*0875; wherefo<«, ^ division, we Itove 

177*0876 , 

AO= — gqpg — =12*65 yards, very nearly. 

The following geometrical construction will vei^ the result 
obtained from me equation ma^ed ^ and traced in the nume- 
rical operation agreeably to article 29, and its first process of 
application. f 
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Geometrical Construction. 

Make AB, Bc and ac, respectively equal to 12, 14 and 16 yards, 
taken from a scale of equal parts of any n 
convenient maj^itude at pleasure; then 
shall the angular points a, b and c repre- / 
sent the positions of the three bodies a, b aZ-iTT"?. 
and r, whose weights or magnitudes are ^ ^ 

respectively measured by the numbers 4, 6 and 8. 

IVoduce AC to the point f, making the lines ce and ef, respect- 
ively proportional to the numbers 6 and which measure the 
weights of the bodies b and c; join fb, and through the point e, 
draw EG parallel to fb, meeting bc in the point o; then is o the 
common centre of gravity of the bodies b and c ; join ga, which is 
the line required to be found, and which passes through the common 
centre of the bodies a, h and c; if ag be taken in the compasses, 
and applied to a scale of equal parts, of the same dimensions as 
that fnnn which the lines ab, bc and ac were measured, it will 
indicate 12*65 yards, the same as before. 

Example 2. The masses of three bodies are in proportion to 
each other, as the numbers 37, 18 and 49, while the distances 
between their centres taken two and two, are as the numbers 56, 
43 and 72 ; what is the length of the line connecting the common 
centre of gravity of the greatest and least bodies with the centre of 
the intermediate one ? 

Numercal Calculation. 

In this example we have given, not the absolute magnitudes of 
the bodies, nor the absolute distances, but merely the ratio, which 
they bear to one another; yet this circumstance can make no 
diilerence whatever in the method of solution, for the resulting line 
will bear exactly the same relation to its absolute magnitude, which 
the given lines bear to their absolute magnitudes ; wis may therefore, 
proceed to resolve the question, precisely as if the numbers which 
express the ratios, were those which express the magnitudes. 

Here then, we have given, from the data in question, a = 37; 5= 
18; c = 49; d=56; d=43, and ^=72. 

Then, becAuse the square of S', the side subtending the angle 
ft exceeds the sum of the squares of d and ^ the sides con- 
tai^g it, we know that f , the angle subtended by S' is greater than 
a right angle, and consequently, the question must be resolved by 
equation (/), in the following manner, where the seppate members 
under the radical sign, are traced in conformity with the means 
which we pointed out in a^cle 29, and which were limited in their 
appliption by the remark numb^^ % page 39. 
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LS X 56 x56 = 56448 
c(:-’-a-)=49(r>184- 1849) = 163415 

(5+c) =67 X ‘219863= 14730821, first member, 

c?'fj-*=(49x43)-= 21072 = 4439449, second member, 
sum of the members =191 70270, 
and the square root of 19170270 is 4378*38; 

wherefore, by division, we have, 

^°”“T8+49 nearly; 

then, suppose that the absolute magnitude of o', the side opposite 
to the obtuse angle is 432 instead of 72; that is, six times 
greater, then wo have 

72 : 432::65*35 : 392*2 

consequently, the length of the line which joins tho centre of the 
body «, with the common centre of gravity of the bodies h and r, 
has thus been determined, and the following construction will verify 
the result 

Geometrical Construction. 

Construct the triangle abc such, that its sides ab, bc and ac shall 
be respectively equal to the numbers 56, 

43 and 72, taken from a scale of equal \ 

parts of any magnitude at pleasure ; then \ 

shall the cangular points b and c, denote ^ \ 1 

the relative positions of the bodies h and c, .l\ji 

while the point a denotes the absolute posi- 
tion of the body a. 

Produce the side ac indefinitely towards ii, making ce propor- 
tional to 18, and ef proportional to 49, the numbers which express 
the ratio of the masses b and c ; join fb, and through tiie point e 
draw Eo parallel to bf, meeting bc in the point g ; join oa, which 
will fix the position of the line required. 

Make ah equal to six times the length of ac, and through tlie 
point H draw the line hk parallel to nc ; produce ab and ag, to 
meet hk in the points k and 1 ; then shall the points k and 11 
denote the absolute position of the bodies b and and i the posi- 
tion of their centre of gravity. 

Then, if tlie line ai be taken in i d compasses, and applied to 
the same scale of equal parts, on which the lines ab, bc and ac 
were measured, it will be found to indicate 392*2, the same as was 
found by tlie calculatfon. 

The object of this example is to show, that silthough the num- 
bers coni^erned in the question are large and unmanageable, either 
by calculation or construction, they may be reduced in/ any pro- 
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portion whatever to accommodate them to practice, and yet the 
result be strictly accurate, for the line ag, which obtains from the 
first part of the construction, being applied to the scale, will 
indicate 65*85, which being taken six times, will give the whole 
lei^th of the line ai. 

It is scarcely necessary to remark, that any other proportion 
may be adopted instead of that of one to six, aiid the result be 
equally rigorous, but the absolute magnitude of the original num- 
bers will always suggest the most convenient relative reduction. 
The original numbers in the present example are, for the masses 
222, 108 and 294; and for the distances, they are 336, 258 and 
432 respectively, which numbers would have greatly increased^ the 
labour of calculation, and to have taken them from a scale of 
such dimensions, as to be susceptible of accurate measurement, 
w'ould have required a diagram inconveniently large ; and to avoid 
this inconvenience, the preceding method of solution has been 
adopted, and may be very advantageously resorted to in all similar 
cases. 

Secondly. When the mm of the three bodies enter the 
denominator of the fraction which precedes tins radical 
sign. 

80. Having thus determined the magnitude of the line ag, in 
which the common centre of gravity of the system occurs; we 
have next to suppose the bodies h and c, to be brought together as 
a single body in the point of their common centre of gravity o ; 
then, by equation («), we obtain^ 

For the acute value of p, 

(A+r) (A</«+c5'®)— irf". {»«) 

For the obtuse value of p, 

*"~ a+I ' + cV^ 

Where the point h is the common centre of the system. (See the 
general diagram). 

If we compare the equations (m) and (»i) just derived, with those 
marked (A) and (1) preceding; it will be found that they differ in 
nothing but the introduction of the third body a, in the denominator 
of the fraction w'hich precedes the radical sign ; consequently, the 
operation will differ in nothing from that displayed in the two 
preceding examples, except in using the sum of the three bodies 
G, 6 and c for a divisor, instead of the two bodies b and c. 
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One example will suffice for the exemplification of each of tiie 
foregoing equations, according to the acute and obtuse values of 
the angle p. 

Example 1. The weights of three bodies, not situated in the 
same straight lin^ are equal respectively to 4, 6 and 8 tons, and 
the distances between their centres, are 12; 14 and 16 yards; 
at what distance from each body is the common centre of gravity, 
supposing the straight lines by which they are connected, to have 
no influence whatever on the equilibrium? 

Numerical Calculation. 

fn this example, there are given, as4; c=8; (fsl2; 

j = 14, and 16. 

Then because 2*^ is less than the angle p which is sub- 

tended by the mde is less than a right angle or 90 degrees; 
consequently, the question must be resolved by equation {mj, and 
tile operation is as below, viz. 

i5d«=6x 12x12= 864, 
cg^=8x 16x16= 2048 , 
id*+c3'«=2912; 

therefore, (b+c) (Ad®+cS'*) =14x^12= 40768, the first member 
under the radical sign, 

and ic2*= — 6 x 8 x 14 x 14= — 9408; the second mem- 
ber under the radical sign, 

sum of the members=31360, 

its square root is 177 >0875 ; 

wherefore by division, we obtain 
177.0876 „ , 

nearly. 

The value of ao is found by equation (A:), but having already 
determined the railical or surd part of that equation, it is nut 
necessary to repeat the whole process to discover the value of ao; 
for as we have already observ^ the only difference between the 
expresrions for the values of ah and ao is, that the multiplier for 

the one is and for the other, it is therefore, if the 

radical member as detenmned for .ai, be multiplied by we 
have the value of ao; that is 

177>0875X*=12.65, nearly. 

We have shown, that by equation (o), 

a 
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which ill the present example, is 
HX14 

consequently, cg=: 14 — 85s6* 

Then, in each of the triangles bag and cag, there are jpven the 
three sides, to find the angles gab and qac , which by Plane Trigono- 
metry, are determined in the following manner, to wit. 


COB. OAC 


.65 

and similarly 
_ 16 *+( 12 . 65 )*- 6 «_ 
2x16x12-65 


9487a 


Then in the triangles bah and cah, we have given the sides ba, 
AH and CA, AH, with the natural cosines of the contained angles 3 to 
find the sides bh and ch subtending those angles. 

Conseq uently, by Plane Tr igonometry, we have 

bh = \^12-+9'84- — 2X 12x9-84 X •79058=:7‘35 yards nearly. 
cii=; Y 16-+9-^- — 2 X 16 x 9-84x •93878=7'56 yards nearly. 

Therefore, the distances of the three bodies from the common 
centre of gravity, are respectively as follows, viz. 

« Distance of the common centre from a, is 9-84 yards, 

i, — 7.35 

c^ — 7-56 


31. But instead of finding the values of the lines bh and cii, by 
the method exemplified above, which may be justly objected to as 
a tedious operation, they can be found directly from die data, with- 
out ascertaining beforehand the values of the parts bg, gc, ag and 
AH, which must always be known previously, if the foregoing mode 
of operation is to be applied. 

The two following symmetrical equations, investigated after the 
manner of equation {n)^ are applicable to this purpose, viz. 

(«) 

CH = + ^ ) { (p) 

We shall calculate the value of bh and ch bv these equations, as 
the coincidence qf the results will manifestly be the means of 
establishing the truth of both methods. 

And first, for the value of bh, wc have 
iiJ*=4x 12’s=576, 
f(a»,,y«)=8(14»— 16»)=— 480, 

^'*)}=il2x 06= 1152,thefirst member under the radical sign, 
i:»5'*=r8*x 1C»= 16384, the second member under the rad, sign, 
therefore, the sum of the niemb.=17(>!lG, its square root is 132*42, which being 
divided by 18 the sum of the bodies,, gives 
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BH = 


132-42 

18 


=7-35 yards. 


Again for the value of CH, we have 
ai^X 16‘=1(«4, 
t(J— d*)=0(14»--l-2») = 312, 

ii>)}=10x I33e=13360,thefir8tinemb. under the rad. sign, 
M‘ssfS‘X 12*=: 5184 , the seed. mem. under the nid.sign, 
therefore the sum of the memberssrl8644, its square root is 136*1, which 
being divided by 18^ the sum of the bodies, gives 

CH= — — :=7-66 yards. 

Here then, the results are the same as found before, but it is 
easy to perceive diat the labour is considerably less by this latter 
method, and since it affords. the advantage of computing each 
(Stance independently of the others, and mreedy firom tlie given 
quantities, besides familiarizing the reader with the use and 
application of the formuke, we earnestly recommend its general 
adoption. 


Example 2. The masses or weights of three bodies not situated 
in the same straight line, are equal respectively to 2i^ 12 and 44 
tons, and the respective distances are 56, 42 and 84 feet ; at what 
distance from ea<5i body is the common centre of gravity, supposing 
the lines connecting the bodies to have no influence on^^ the 
equilibrium? 


Numerical Calculation. 


Here, we have given, os=28; 6=12; c=44; d=66; 3=42, and 
3'=84. 

Then, because the square of 3*, the side subtending the angle 

is greater than tiie sum of the squares of d and 3, the sides con- 
taining it, f is greater than a right angle or 90 degrees ; therefore, 
in order to find the distance ah, we must employ equation («) as 
follows : 

56s 37632, 

biP^m X 56 X 66= 37632, [Inm. 

b X c){fcP+c (3^— 3*)}=56 X 270480=15146880, first term under llie vincu- 
C*8>=44*=42^ 3415104 second term under tliu viiicul. 
mim of the teTm8=18501084, itssquare root is 4308*36, 
wherefore, by division, we have 

ah .. =51-29 feet distant from a. 

Hien to find the value of bh, equation (o) gives the following 
operation, viz. 

ffld*=28 x 56x= 87808, 

c(a»_3's)=44(42*-84*)=232848, [member 

(a + c) {ad- +c = 72 x — 145040 = - 10442880, the first 

=44* X 84* =3696* = 13660416, -die sec. 

iiicmLcr; tiiereforc, the sum of the members = 321753^ and its 
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square root is 1798'75; which being divided by 84, the sum of the 
masses, gives 

1790,75 

BH=: — gj — =21*35 feeli very nearly, distant from b. 

Again, to find the value of ch, equation (p) ^ves the following 
operation, viz. 

28 x 84 x 84=197568, 

5(a»_d*) = 12(42»-66«)=- 15264, 
(a+Z>){nS'*+5(a<’-rf°)}=40 x 182304=7292160, the first member, 

5*<f»=12» X 56*= 672x672 = 451584, the second mem. 
therefore, the sum of the members= 7743744, and its square 
root is, 2782*76 ; which being divided by 84, the sum of the magapp, 
gives 

ch=^^^^= 33*13 feet nearly, distant firom c. 

Consequently, the distances of the three bodies, from the common 
centre of gravity, are respectively as below, viz. 

Distance of the common centre from a, is 51-29 feet, 

5,-21. 

C— 33.1? 

However simple and elegant the foregoing operations may appear, 
yet it is a fact not to be denied, that in questions of this sort, the 
numerical process in point of facility falls far short of the graphic con- 
struction ; but then, what is lost in this respect is amply compen- 
sated by the superior accuracy of the results obtained by calculation; 
nevertheless, if the construction be performed with good instruments 
and great care, the results obtmned in this way will be found 
sufficiently accurate for every practical purpose; but when the 
results are sought to be incorporated with ulterior mathematical 
operation^ they must be determined by calculation. 

Here follows the construction of the above example. 

Construct the triangle abc, whose sides ab, bc and ac shall be 
respectively equal to 56, 42 and 84 feet; in ac, ^ 
take CE and ef proportional to Ae numbers 
12 and 44 respectivmy, and join fb ; through / 
the point e, draw eg parallel to fb, meeting / 
the side bc in the point g; then is g the » 
common centre of gravity of the two bodies >1- /^ 

5 and c. • ^ M 

Join AG, and produce cb to d, making gi proportional to the 
number 2^ and in equal to cf, or proportional to 124-44=56 ; join 
DA, and through the point i draw ih pardlel to ad, meeting ao in 
the point h ; then is H the common centre of gravity of Ihe three 
bodies o, h and c. 

Draw* Bii and cH; then shall ah, bh and ch be the distances 
sought ; which being taken in the compasses and applied to a scale 
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of equal parts will indicate the numbers 51 *29 ; 21 *35, and 33* 13 
respectively. 

We have varied the mode of procedure in this instance, purposely 
to show, that we are under no restraint with respect to the pro- 
cess of construction, for, by whatever steps the operation is con- 
ducted, the result must be the same, because in whatever position 
the system of bodies may be presented, the place of the system, or 
the common centre of gravity cf the bo^es composing it, is a fixed 
and assignable point 

Thirdly. When the three lines^ by tvhich the centres of the 
bodies are connectedj are equal anityng themselves^ and the 
sum of the bodies becomes the denominator of the fraction 
which precedes the radical sign^ as in the equatiomof equi^ 
librium^ marked (m) and {n). 

32. If the three lines d^ S and ^ by which the centres of the bodies 
are connected,* are equal among themselves ; then, the distance of 
each body from the common centre of gravity of the system, is 
expressed by the following class of symmetrical equations, viz. 

d 

•• “=S+I+ 

The following example will suffice to exemplify the use of these 
equations. 

Example. The w’eights of three bodies, whose centres are at the 
angular points of an equilateral triangle, arc equal respectively to 
10, 20 and tlO lbs; whereabouts in the surfiice of the triangle is 
the common centre of gravity, supposing its side to be 3G inches 
in length ? 

Numerical Calculations. 

Hero, wo have given, a=10; 5=20; c=30, an^ d=86; 

then, to find the length of the line ah, by No. 1 class (q), it is 

b* =20 X 20=400, first term under the radical sign, 

ic=20 X 30=600, second , 

6^=30x30 =900 , third ; therefore, 

5^+56'-t-c^ = 1900, its square root is 48*5889; which being 
multiplied by 36, the side of the triangle, and divided by 60, the 
sum of the b^ies, gives 

43*5889x36 r 

Aii= =26*15 inches distance from o. 

Then, to find bh, or the distance from 5, No. 2, class (q) gives 
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z= 10 X 10= 100, first term under the radical sign, 

ac= 1 0 X 30 = 300, second^ , 

=30 X 30 = 900, third — 


therefore, rt-+rt6+6'«=’l300, its square root is 36 *0555, which being 
multiplied by 36 the side of the triangle, and dinded by 60 the 

sum of the bodies, gives bh = ^ =21*63 inches, from L 


Again, to find ch, or the distance from c. No. 3^ class (9), gives 

or = 10 X 10= 100, first term under the radical sign, 

ah=: 10 X 20=200, secoiid j 

*2=20 X 20=400, third ; 


therefore, «*+**= 700, its square root is 26*4556; which 

being multiplied by 36 the side of the triangle, and divided by 60 
the sum of the bodies, gives 

26-4556 X 36 . 

CH= gjU =15*87 inches, distance from c. 

Therefore, the distances of the three bodies from the common 
centre of gravity, are respectively, as follows, viz. 

Distance of the common centre from a, is 26*15 inches, 

*,—21*63 , 

c,— 16*87 . 


Geometrical Construction verifying the results obtained 

Numerically. 


The following construction will serve to verify the results wliicli 
the above operations have produced, and if the process be con- 
ducted with attention, the distances may be found nom an accurate 
scale to the greatest nicety. 

Describe the eijuilatcral triangle abc, such, that its sides ab, bc 
and AC, shall be respectively equal to d 

36 inches ; in the side ac, take ce and ypK 

EF proportional to the numbers 20 and / / \\ 

30, being the measure of the bodies / / \ \ 

which act at the points b and c ; join / / \ \q 

FB, and through the point e, draw eo / / j 

parallel to bf, meeting bc in g; then / / 'x\ 

shall the point g be the common centre ''ll .j\c 

of the two bodies 5 and c. ^ ** \ 

Join AG, and produce bc to d in such \ 

a manner, that gi shall be equal or 

proportional to the number 10, and id equal to cf, or proportional 


to 20+30 = 50; join ad, and through the jjoint i, draw m parallel 
to AD, meeting ag in the point ii ; then is 11 the centre of the 
system, or the common centre of gravity of the three bodies, a, * 
and c. ' 
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Draw BH and cii ; then shall ah, bh and ch be the distances 
required, which being applied to a scale of equal parts, will be 
found to measure 26*15; 21*63 and 15*87 inches respectively, 
the same as before. 

If the ^magnitudes of the bodies, as well as their mutual dis- 
tances are equal; then, the distance of each body from the place of 
the system or common centre of gravity, will be exprc1§s^ as fol- 
low!^ viz. 

AH=BH=;CH=^Vd= •577d5d!. (r) 

In this equation, the bodies which we have supposed to become 
equal to one another do not enter ; this is in consequence of ‘ the 
supposition of equality, for since the bodies oppose each other 
mutually with equal intensities and at e^ual distances, it is manifest 
that their effects become neutralized with respect to the centre of 
gravity, and consequently, whatever may be the ma^itudes of the 
bodies, provided they retain their equality, it is evident, that they 
cannot have any influence on the equilibrium or the position of 
the common centre; we may therefore, entirely disregard the 
effects of the bodies in our enquiry, and confine our attention to 
the consideration of the connecting unes only, and this brings us to 
a branch of the subject peculiarly adapted to all those departments 
of mechanical operations which are concerned in building, carpentry, 
and masonry. 


Section Fifi'h. 


OF the centre of gravity of the perimeter of right liked 

FIGURES, WITH THE METHOD OF DETERMINING THE SIDES OF 
TRIANGULAR FIGURES WHEN THE DISTANCES OF THE ANGULAR 
POINTS FROM THE CENTRE OF GRAVITY OF THE FIGURES ARE 
KNOWN. 


Problem. To determine the centre of gravity of the perimeter 
of a right lined figure ; and first of a triangle. 

33. The figure now under consiilf ration is an equilateral tri- 
angle, which, on account of the number and equali^ of its parts, 
is the least complicated of all straight lined superficies, and con- 
sequently, from this circumstance, as well as from its dependence 
on the foregoing principles, it claims the first of our atteninon. 

By our scholium (art. 5) the centre of gravity of a straight line, 
is at the middle of its length ; therefore, ^ 

Let ABC, be an equilateral triangle, the centre of gravity of whoso 
perimeter is requir^ to be found. 
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Bisect the sides ab, bc and ac, in the points e, d and f ; then 
are these points the centres of gravity of the 
straight lines ab, bc and ac, considered individually, 
and because the lines ab and ac are supposed to 
be placed wholly in the points £ and f ; join ef, 
and the common centre of cavity of the lines ab 
and ACf considered conjoindy, must occur in ef, 
the line connecting their individual centres. 

Bisect £f in G ; then shall the point 6 be the common centre of 
gravity of the two lines ab and ac, in which they are supposed to 
be wholly placed. 

But the point d is the centre of gravity of the line bc ; therefore, 
join DG and the common centre of ^avity of the two lines ab, ac 
placed in o, and the line nc placed in d, occurs in do, Tmd" divides 
it into two parts, which are to each other reciprocally as the line 
BC taken singly, to the two lines ad and ac taken conjointly ; that 
is, as one to two 

Join BF to cut DO in H ; then shall h be the centre of gravity of 
the three lines ab, bc and ac ; join dh and ch, and produce do to 
A ; then are the distances ah, bh and ch, equal among themselves, 
and the value of each is indicated in equation (r) ; where d denotes 
the distance between any two of the points a, b and c, or which is 
the same thing, the side of the equilateral triangle ABa 

Because the triangle abc is equilateral, and f the middle point 
of AC, the line bf is perpendicular to ac ; and for the same reason, 
AD is perpendicular to bc ; consequently, the triangles bfc and bdii 
are similar, and we have 

bf : BCl : BD : BH, 

but bf=^/bo*— OF*, and bd= i bc; that is,BF=^ V 3 ", and bd=^ ; 
therefore, the above analogy becomes 
4^3 I di: : BH=-f>/3 = •67735d, 
which is the identical value of bh indicated in equation (r) ; 
but BH-f-BF ; that is, » 

hencB we infer. 

That the centre of gravity of the •perimeter of an equi-- 
lateral triangle^ is distant from each of the anmlar points 
by two thirds of the line drawn from any of the angles 
to the middle of the opposite side. 

34. This is obviously the case with respect to the equilateral tri- 
angle; let us therefore inquire if the principle holds generally; 
for this purpose we must recur to the generd equations (n), (o) 
and (/;), in which, if we suppose the bodies a, b and r, to become 
equal ta^one another, the distance of each from the common centre 
or gravity, will be respectively expressed by the following class of 
symmetrical formulas ; that is, 
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1. AH=i^2(# + ff*)-a* 

a CH=i ^ 2 (3*+2'*)-rf' 

Now, the writers on Geometry have demonstratecf, that in any 

S lane triangle abc, whose sides are respectively b 

enoted by the letters d, S and ^ ; if straight lines yT\ 

AD, BF and CE, be drawn from the angular points 
A, B andc, to the middle of the opposite sides bc, 

AC an d AB : I heiu we have 

1. AD = S'*) - S* 

2. BF=i^2 (d*+a*)_S'* 

a ce=a ^/2 (S*+S'“)-cf* 

Let numbers 1, 2 and 3 in class («), be respectively divided by 
the corresponding numbers in class (^), and the constant quotient ^ 
implies, that aii, bh and cii are respectively equal to two thirds of 
AB, BF and c£ ; hence, wo infer generally. 

That the centre of gravity of the perimeter of any 
right lined triangle^ is distant from each of tJiC angular 
points by two thirds of the straight lines, drawn from 
the respective angles to the middle of the opposite 
sides. 

But the centre of gravity nf the perimeter of a triangle, must 
obviously^ be the centre of gravity of the triangular surface, or the 
area bounded by the lines whose common centre of gravity has just 
been determined; consequently. 




* For suppose the area of a abc (see the preceding figure) to be com- 
posed of an infinite number of straight lines parallel to ac ; then df drawn 
from the vertex b of the triangle to the middle of the base ao. divides each 
of these straight lines into two equal parts, therefore the centres of gpiivity 
of all these lines are in the straight line bf, and the A will therefore 
balance itself upon the straight line bf. If therefore the straight lineBF be 
supported, the a abc will be kept in equilibrio. 

In like manner, it may be proved, that if tlie straight line ab be sup- 
ported, the A ABC will remain in equilibrio. 

Therefore h, the intersection of ab and bf, is the point which, when 
supported, the a abo would be in equilibrio; ^ and therefore *h is the 
centre of gravity of the triangular surface, and of the perimeter of the 
figure. Q. B. D. 
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If two lines be drawn ft'om any two angles of a plane trU 
angle to ^the middle of the opposite sides^ the centre of 
gravity of the triangle^ is at the point of intersection ; 

and the distances of that point from each of the angles, arc expressed 
gfjiierally by the equations in class (r). 

We shall now propose an example or two^ to show the manner 
in which the formulae are to be applied. 

Example 1. If the sides of a plane triangle are respectively, 
24, 32 and 40 inches ; how far is its centre of gravity distant from 
each of the angular points ? 

Numerical Calculation. 

In this example, diere are given d=24; ^=32, and 2'=:40 
inches. 

Then, to find the distance ah, by No. 1, class («), we have the 
following process, 

r/2=24x24= 576 
y^=40x40 =1600 

2(ff^+5'*)=2 X 2176=4352, first member under the radical sign, 

J*= 32x32 =1024 , second , 

diiT. of the members =3328, its square root is, 57*69 nearly; 
therefore, we have 
57-69 

AH= — — = 19-23 inches. 

To find the distance bh, No. 2, class (.v), gives the following 
process, 

d«=24x24= 576, 

5^=32x32=1^24, 

2(iP+5*)=2x 1600=3200, first member under the radical sign, 

y* =z40 X 40= 1600, second — , 

difil of the members = 1600, its square root is 40 ; 

consequently, we have 
BH = V = 13^ inches. 

To find the distance cii. No. 3, class (r), gives the following 
process, 

5* =32 x 32= 1024 
y-=40 x 40 =1600 

2(5* + 5'* =2 X 2624 =5248^ first member under the radical sign, 

d*=24x24= 576, second 

diflerence of the mem. =467% its square root is, 68-64, conse- 
quently, we have 



OF THE CENTflE OF GKAVITV. 


53 


ch=- 2^-22.88 inches, 
o 

40 

BH=ySt:13.83, 

AH=:iZ^=19.2a 

o 

Example 2. A thin triangular plate of cast iron, whose sides are 
respectively 20, 28 and 39 fec^ is to he supported on the point of 
an upright spindle ; at what distance from the angular points of the 
plate must the spindle be applied, that the plate may remain steadily 
at rest in a horizontal position ? 

Numerical Calculation. 

In this example we have ^ven, (f=20 ; S=28» and S' s39; con- 
sequently. 

To find ah, No. 1, class («), gives the following operation : 
«P=20 x 20= 400, 

=39 x 39=1621, 

2((/*'^3'*)=z2 X 192i =3842, first member under tlie radical sign, 

S* =28 X 28 = 784, second , 

diflerence of the mem. = 3068^ its square root is 56 • 29 ; consequently, 

AH= — - — = 18*43 feet, nearly. 

«3 

To find the distance bh. No. % class (s), gives this process, 

(/*= 20 x 20 =400, 
c^=28x28=.784, 

2(d^+<T’)=2x 1184=2368, first member under the radical sign, 

S'*= 39 x 39=1521,second 

diff. ofthemembers = 847, its square root is 29 *103; consequently, 

29*103 _ 1-/11 t M, 1 
BH= — 5 — =9*701 feet, nearly, 
o 

To find the distance ch, Na 3^ class {s), gives the following process : 
=28x28= 784 
c'* =39 x 39 = 1521 

2(o^ =2 x 2305 =4610, first member under the radical sign, 

ti*=20 x 20=_400, second.— 

difference of the memb.=4210, its square root is 64*88; conse- 
quently, we have 

ch=-^^^= 21*63 fcof nearly, 

29*103 „ 

Bii= — ^ — =9*701— 

55*29 

AH= — - — =18*43 — . 

a 

for the respective distances from each angle of the pbte where the 
.spindle must be placed. 
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Trans/onnatim of the fanmda in.clasa (s), to determine the sides 

of the triangle. 

85. The formula in class (s), ance they involve both the sides of the 
triangle, and the distances of the centre of |;ravity from the angular 
points, can be so transformed, as to determine the sides of the tri* 
angle, in a manner nearly similar to that vhich we have just 
employed in determining the position of the centre of gravity ; and 
since this problem mav be useful on very many occasions, we shall 
here lay down the memod of its resolution. For which purpose, let 
each side of the three equations in class (s) be multiplied by the 
number 3 and afterwards squared, and we shall have 
9AH*=2d»+2S'*-2» 

9BH»=2rf»+23«-5" 

9ch* =2S>+2r-d», 
and these again by reduction, become 

1. ^ 2(ah»+bh *) — CH*, 

2. ■^ 2(bh* + qi’^ Ati*, > (h) 

a y = ^2(AH*+CH®)— BH®, ) 

Which three equations are not only_ symmetrical with respect to one 
another, but are, with the exception of the fractional cooflieient 
analogous in form to those in class (a), and, consequently, the 
methc^ of applying them will also be similar, as will appear from 
the resolution of the following examples. 

Example 1. The distances of three angular points of a plane 
triangle, fi:om the centre of gravity of the figure, are respectively 
12, 17 and 25 feet; what are the sides of the triangle? 

Nuhehcal Calculation. 

Here, we have given ah =12; bh=17, and cii=25fcet; conse- 
quently, to find the value of d, No. 1 class (n) gives the following 
process 

AH«= 12x12=144, 
bh«=17x 17=289, 

2(AH^-i-BH‘‘) =2 X 483=866, first member under the rad. sign, 

cii*=25 X 25=625, second : , 

difierence of the member8=241, hence we get 
d=V241 = 15-52feeb 

To find the value of No. 2, class (u) gives this process, 
bh*= 17x17=289, 
cii-= 25 x 25 =625 , 

2(bu*+cii^)=2 X 914= 1828, first member under the rad. sign, 
AH®= 12 X 12= 144i . second , 

difference ofthe members =1684; therefore, we have 
«=V1684=41-03feet. 
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To find the value of No. 9; class (u) gives 
AH*= 12x12= 144, 
ch^=25 x 25= 625, 

or 2 (ah*+ch^) = 2 X 769=1538^ first member under the radical sign, 

and BH*= 17 X 17 = 269, second , 

diflerenceofthememb.=1249, hence we get, 

2'=Vl^=d5-34 feet 

Exami>le 2. There is a mahogany board in the form of a triangle, 
such, that the straight lines drawn from tlie centre of gravity to the 
angular points, are respectively 36, 40 and 48 inches; what the 
sides of the board? 


Numeucal Calculation. 

Here, we have given, ah=36; bh=40, and cii=48 inches; con* 
scquently, to find the value of <1, No. 1, class (u), gives 

ah*=36 x 86=1296, * 

bh-=40 x 40= 1600, 

or 2{aii®+bh*)=2 x 2896 =5792, first member under the rad. sign, 

and ch®=48 x 48 =2304 , second , 

difference of the memb.=d488, hence 

d=■^3488=59^06 inches. 

To find the value of S, No. 2, class (u), gives 
bh«=40 x 40=1600, 
ch«=48 x 4 8=2304 , 

or 2(bh*+ch’^)=2 x 8904=78Q8^ first member under the rad. sign, 

and ah®=36 x 36= 1296, second 

difference of the memb. =6512 ; hence we get 

2=^6512=80.69 inches. 

To find the value of S', No. 3, class (u) gives 
aii«=36 x 36=1296, 
ch*=48 x 48=2304, 

or2(AH‘‘+CH*)=2 X 3600=7200, first member under the rad. sign, 

and bh‘=40 X 40= 1600 , second , 

difference of the memb. =5600, hence we have 
2'=Vd^=74*83 inches. 

If we take the squares of the formulas 1 1 class (u), and collect the 
members on both sides of these squared equations, we shall get 
t/®+2*+2^=3(AH*+BH*+CH*) (v) 

From which we infer, 

the stmi of the squares of the three sides of any plane 
triangle, is equal to three times the sum of the squares 
of the distances of its centre of gravity frmn the angular 
points. 
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I'his is a very curious inference ; it does not however, appear to be 
of any great practical utility ; because we have already got inde- 
pendent expressions for each of the distances of the centre of gravity 
from the angular points in terms of the sides, and also independent 
expressions for each of the sides in terms of the angular distances ; 
it would, therefore, be a matter of mere curiosity, and would lead to 
nothing useful, to advance any thing in the shape of examples for 
the illustration of equation (t^) ; we shall, therefore, drop tlie con- 
sideration of the plane triangle, and proceed with the next order of 
rectilineal figures which we meet with in buildings generally, namely 
such as are four sided. 


Section Sixth. 

OF THE CENTRE OF GRAVrrY OF TRAPEZIUMS. 

I i 

Problem. To determine the centre of gravity of a Trapeziwn or 
four sided figure. 

. 36 . 'rhe developemcnt of this problem depends on the same, or 
similar principles to those of the plane triangle just established. 

Let ABco be a trapezium, of which the sides ab, bc, cd and ad, 
together with the diagonal up are given, and let it be required to 
determine the centre of gravity of the figure abcd. 

Bisect the four sides ad, bc, cd and ad in the points n, o and 
and draw i>m, sp and bo, 
on meeting each other two and 
two in the points o and g\ ^ 
then are g and g, the centres of * 
gravity of the plane triangles 
ABD and BCD, which constitute 
the trapezium, or four sided 
figure ABCD. 

Join eg; then, if we conceive 
the triangles abd and bcd, to be 
collected in the points g and ^ ; it is evident that their common 
centre of gravity, which is the same as the centre of gravity of the 
trapezium, must lie in the line eg, and divide it into two parts 

^TiicA are to each other reciprocally as the areas of the 
triangles abd and bcd . 

Produce go to f, and makegr and ef respectively proportional to 
the measures of the triangles abd and bcd; join fg, and through the 
point £ draw eh paraUel to fo, and meeting eg in the point ii : 
then is H the centre of gravity of the trapezium abcd. 

We shaft not attempt to give an independent formula; for the cal- 
culation of this case, it would be too complicated to admit of an 
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easy rodiiction, and besides, it would increase the number of our 
symbols to a proa ter extent than our plan allows. Nevertheless, 
since a numerical operation must be resorted to when great accuracy 
is required, it is necessary that wc point out the method by whicn 
die plac^e of the point h is to be determined ; and, for tliis purpose, 
wc shall resolve at full length, the two following examples, where 
the data are selected in such a manner, that all the parts of the 
figure, necessarv for the display of a complete solution, are separately 
calculated ; and in order to have a check on the operation and prove 
our results, wc shall also give a graphical solution of both 
examples. 

Example 1. The four sides of a trapezium are respectively 18, 
20, 88 and 46 feet, and its diagonal connecting tlie remote extremes 
of the two shortest sides is 42 feet ; at what point in the surface of 
the figure abcd, is its centre of gravity ? 

Numerical Calculation. 

In this example, wc have given, adz= 18; An=26; bc= 88; 
CD =46, and bd= 42 feet; then, since the trapezium may be divided 
into the two triangles abd, bcd ; to find, first, the area of the triangle 
ABD it is, 

ad= 18 , 
ad =26, 

110=42, 

ad + ad+bd =86 

i{AD + AB-f-JiD} =4?^ .... log. 1 -638468, 

48-18=25, .... log. 1.897940, 

48-26=17, .... log. 1.200449, 

48-42= I, . . . . log. Q. 000000 , 

4.261 857, sum of tin? logarithma, 

nat. number 185.185 ... . log. 2.130928, i sum of the logs.; 
hence, the area of the triangle abd, is 185. 185 square feet. 

Secondly. To find the area of the triangle bcd, it is 
Bc= 88, 

BD= 42, 

CD= 46, 

BC + BD + Ul) =126, 

^{bc+bd+cd}= 6**), .*. . . log. 1.799341, 

68-88= 25, .... log. 1.897940, 

.63—42= 21, ... . log. 1.322219, 

63—46= 17, ... . log. 1.280449 . 

5 . 749949, sum of the logarithms, 

nat. number 749.85 .... log. 2-87497^ ^ sum of the logs.; 
hence the area of the triangle bcd, is 749*85 square feet 

H 
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Tlien, for the distances no and by equation (s), we have 
— 2(aB*+BD*) — AD®, 

and B!g’=:-J'^2(BC*+BD*) — CD*, , 

which formulae afford the following operations for the distances of 
die centres of gravity G and gj from the point b, viz. 


For the distance bg, it is 

ab*=;26x26=: 676 
bd®=:42x42=1764 

2{ab®4'Bd*}= 2 x 2440=4880, firstmemberundertbe radicalsign, 

ad®=18x 18 = 824, second — , 

difference of themember8=4556, its square root is, 67.49; 

67*49 

consequently, we get bg=— ^ = 22. 5 feet very nearly. 


For the distance Bg, it is 

bc®=38 X 38=1444 
bd«=42X42=1764 

2 {bc®+bd®} = 2x3208=6416, first member under the radical sign, 

cd®=46 X 46 = 2116, second— , 

difference of the member8=4d00, its square root is, 65.574; 

consequently, we get ng=-^-^ — =21 . 858 feet nearly. 

But BG='| and ^^=-1 bo, as we have already shown by the 
general inference under class {t ) ; therefore, we have 

Bp=22.5+=|-^=83-75, 

and bo= 21 •858+?i~®=32.787. 

Hence then, in the triangles pan and obd, we have given the 
three sides ps, bd and po, to find the angle onp ; and the three 
sides oB, bd and od, to find the angle dbo. 


Therefore, by Plane Trigonometry, we have 

Dp®— (BD m^ iw>)* 

vers. DBp=' ^ , 

^ 2bd.bp 

, do® — (bdo^ bo)* 

and vers, dbo = ^ 

2bd.bo 


which formulae afford the following operations for the versed sines 
vi die angles sought, viz. 
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To find the angle db/i, it is 
Dp=:i AD= 9 ... 9 

BO=42. ^=33.75 
51 42.75 

3^75 42 

17.25 75 ... . log. 9.875061, 

17.25 . . . . 1<^. 1.236789, 

33.75 .ar.co.log. 8.471726, 
42x2s84 .ar.co.log. 8-075721, 
nat. vers. ob;i= 5° 28' . . . 0.00456 . . log. 7.659297, 

To find the angle dbo^ we have 
Do=i dc=23 ... 23 

bd=42 .bo=32.787 
65 55.787 

32.787 42 

32-213 13.787 .... log. 1.139469, 
32.213 .... log. 1-508031, 
32.787 . ar. co. log. 8.484298^ 
42X2=84 . ar. CO. log. 8.075721, 

nat. vers. dbo= 34°2' . . . 0.16126 . . . log. 9.207519, 

Here then, we have the angle obp=db/>-|-dbo=5°28^4-34°2'= 
39® ; then, in the triangle OBgi we have given Ba=22.5 ; ig-= 

21 .658, and tiie angle OBg-=39® 30'j to find the side ag, opposite 
to the given angle g^. 

For which purpose, find p an angle such, that 

2 8in.iGiy^BQ-Bg 
' BG«^ Bg’ ' 

then, for the distance og, between die centres of gravity of the con- 
stituent triangles abo and dbc, we have 

og'=(Bo^Bg') sec. f. 

Now, the first oi these equations for the value of tan. f, gives the 
following process ; 

Ba= 22- 5 . . log. 1-352183, 

ii!g= 21-858 . . log. 1-339610 , [logs. 

BG. Bg= 491-805 . log. 2-69179% sum of the 

Vbo. ^.= 22-476 . log. 1-34589% half sum of 
2- . . log. 0-301030, [the logs. 

iaBg= 19® 45' log. sin. 9-528810, 

BO— Bg=22-5— 21-858=0-642 ar. co. log. 0- 192465 , 
hence we have p=87° 32' 50 log. tan. 11*368201, 

Then, to find the value of the distance og, the second equatum 
above gives 
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bo-b^= 22-5-21 -858=0. 642log. 9-607535. 

p=87° 32^ 50" log. sec. 11-368581 

henccwe have Gg= 15 feet ..... . .log. 1-176116 
But we have shown in the construction of the preceding diagramy 
tliat the centre of gravity of the trapezium lies in the line Gg-, and 
that is divided by it into two parts, which are to each other 
reciprocally, as the areas of the triangles abd, and dbc. Now, the 
areas of these triangles are respectively 135-185 and 749-85 square 
feet; or, they are to each other, as the numbers 1 and 5-546 very 
nearly ; consequently, we have 

1+5-546 : 15::5-546 : 12-7=gh; 
hence, the distance of the point ii from a is 12- 7 feet, and, conse- 
quently, its distance from ff is 2-3 feet; but the positions of the 
points G and g are known ; wherefore the position of the point u is 
known also. 

37. The foregoing operation is very laborious, but no part of it 
can be dispensed with, when it is found necessary to establish the 
position of the point ii by calculation ; indeed, if it were required 
to fix its situation with respect to the angular points of the 
figure, the labour would be very much increased, as several more 
operations would in that case be necessary, in order to determine 
the four distances, which fix the position of the centre of gravity. 

It is probably owing to the vast labour attending the numerical 
calculation of this problem generally, tliat writers on the subject have 
omitted to exhibit it, otherwise tlian in particular cases ; such as, 
when two sides of the figure are parallel to one another; but our object 
being more especially, to point out the methods of calculation 
generally, for the advantage of a numerous class of mechanicians, it is 
only in accordance w'ith our plan, that we have dwelt so largely on 
the preceding solution. 

Geometrical construction^ verifying the preceding calculation. 

The following grajihical construction will serve to verify the truth 
of the conclusion to which we have conic respecting the position of 
the point h, and other parts of the figure, which we have mad6 the 
subject of calculation. 

On the three lines ad, au and iiD, equal respectively to 18^.26 
and 42 feet, taken from a scale of equal parts 
of any convenient dimensions, construct the 
triangle abd, which will obviously limit the 
position of (he figure. Then, on bd as a^'basc, 
with the sides bc and cd, equal respectively, 
to 38 and 46 feet, construct the triangle bcd ; 
then shall abcu be the trapezium whose centre 
of pavity is required to be found. 

llisect the four sides ad, bc, cd and ad in the 
points ntf //, o aud p, and draw the lines o/zi, b/7, bo and d;/, meeting 
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each other two and two in the points g and g ; then are g and g the 
centres of gravity of the constituent triangles add and one. 

Join Ggf and conceive the triangles add and duc to be placed 
wholly in the points o and g ; then does their common centre of 
gravity, or that of the trapezium, exist in the line og, dividing it 
into two parts, which are to each other reciprocally as the areas ol 
the triangles add and dec. Now, the areas of those triangles, as 
determined by calculation, are to each other as 1 to 5 •546 very 
nearly; therefore, 

Produce gn to the point f, making gE and ef respectively pro- 
portional to the numbers 1 and 5*546; join fg, and through the 
point £ draw eh parallel to fg, meeting the line CMg in the point u ; 
then shall the point h be the centre of gravity of the trapezium 
adcd. 

Then if the lines eg. Eg, Gg and gh, be respectively taken in the 
compasses, and applied to the same scale of equal parts from which 
the figure was constructed, they will be found to measure respectively 
*2:1 • 5 ; *2 1 • 858 ; 15, and P2 • 7 feet, the very same as we found them to 
be by calculation ; and moreover, if the mejisures of the angles nnyi 
and DEO be taken in the compasses, and applied to a scale of chords, 
they will indicate respectively 5® 28' and 34“ 2', thereby confirming 
the truth of every part of our calculation. 

This method of proof by geometrical construction is very satis- 
fiictory to practical men ; and if the operation is skilfully per- 
formea with delicate instruments, the coincidence of the results by 
both methods will often be very remarkable. 

Example 2. There is a certain building, the plan of which is in 
the form of a rectangular parallelogram 41 1- feet long, and 24^ feet 
wide ; from one corner of which is separated a triangular space, 
cut off by a diagonal wall originating at one angle of the building, 
and terminating in tlie opposite side, at the distance of 17 feet from 
its remote extremity, thereby forming a figure compounded of a 
rightangled triangle and a rectangular parallelogram. At tlie 
junction of the diagonal wall with the side of the building, is placed 
a transverse girder, stretching directly from side to side, parallel to 
the ends, for the purpose of supporting the binding joists on which 
the floor is to rest. 

Now, the (jueslion is, what part of the floor is actually sustained 
by the transverse girder, supposing it to press equally on the walls 
all around, and whereabouts is the centre of gravity of that portion 
which the girder sustains, its foi*m behi r that of a trapezium whose 
diagonal is the length of die girder, and whose sides ajre such as 
the theory of gravity assigns to them ? 

The resolution of this question, it is manifest, branches itself into 
two parts. 

1. fVhat portim of the floor ?.v sustained hy the trnns^ 
verse girder f 

2. Whereabouts is the ventre of gravity of that jtorlioH ? 
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Now, in order to render the solution as simple and explicit as 
possible, we shall consider these parts separately; and to avoid 
confusion in the diagrams, we shall also give a separate construc- 
tion for each ; and first, 

To find what portion of the floor is supported by the 
transverse girder. 

Let the figure abdc represent the plan of the rectangular build- 
ing, whose length ad or cd is 41^ feet, and 
breadth ac or no 24^ feet ; the part ebd being 
separated by the diagonal wall de, commen- 
cing at the angle d, and terminating at the 
point E, 17 feet distant from a, the extremity 
of the side wall ab. 

Through the point £, draw ef parallel to ac ; then shall ef re- 
present me transverse beam or girder; by which, together witli 
the surrounding walls, the whole floor aeoc has to be sustained. 

Now, it is clear, that by reason of the transverse girder ef, 
stretching from side to side of the building, and resting on the walls, 
the froor aedc is divided into two straining portions, one of which is 
rectangular as aefc, and the other triangular as edf, and the por- 
tion of the floor, which is actually and wholly sustained by the 
prder, must obviously be bounded by the straignt lines connecting 
its extremities with tne centres of gravity of the straining portions 

AEFC and EDF. 

Draw the diagonals af and ce, meeting each other in the point 
G ; then by our scholium, the point g is the centre of gravity of 
the rectangle aefc. Bisect the lines ed and fo in the points m 
and and draw the lines Fm and e^i, cutting each other in the 
point g; then, as we have already shown, the point g is the centre 
of gravity of the triangle edf ; consequently, the trapezium GEgF 
is the portion of the floor which is sustained by the girder ef. 

Then, because the diagonals of a rectangular parallelogram are 
equal to one another, and mutually bisected in the point o, oe is 

equal to gf; that is, 

GE =GF = ef*-|- cp* ; 

but EF is the breadth of the building equal to 24^ feet, and cf= 17 
feet by construction ; therefore, we have 

GE==GF==-|^-^24^5*+l7*==14-91 feet. 

Then, by equation (a), we have 
V® (ef*+ed*) — FD*, 
and Fg=-J^2 (ef®+fd*)— ed*. 

'Which two equations, by reason of the right angle efd, and the 
equality of the lines ef,* fd, in the present instance, become 
simply 
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EF , 


EF ___ 

and FiSr= g ^ 2 


Eg=. 


from which we get 
24.5x2-236 


= 18.26 feet, and 


Fg'= ^^*^ =11.55 feet, very nearly ; 

consequently, the four sides of the trapezium OEg‘F, taken in order 
from the point g, are equal respectively to 14.91; 18.26; 11.55, 
and 14.91 feet, the diagonal being 24^ feet. 

Let fall the peipendiculars oo and gp ; then it is evident, that 
GO is equal to one half of cf, and gp equal to one third of fd ; there- 
fore, the area of the trapezium GEgfF, or that portion of the floor 
which presses on the transverse girder, is expressed by the 
product 

J^AiFX(iCF+iFD); 

but^EF= 12 ^; ^cf= 8 ^, and ^ fd= 8 J feet; consequently, the 
area of the trapezium 0 E^= 15 ii( 8 J‘+ 8 J) = 12 JXl6^|=204J 
square feet. 

This satisfies the first demand of the question, and reduces 
the second to the determination of the centre of gravity of a tra- 
pezium, whose sides are respectively 14.91 ; 18.26; 11.55, and 
14.91, and whose diagonal, which joins the remote extremities of 
the two contiguous and equal sides, is 24^ feet. 

Hence then, 

7b y&irf the centre of gravity of that portion of the floor 
supported by the aansverse girder. 

Let ABCD be a trapezium, whose sides ab, bc, ci> and ad, are 
equal respectively, to j4-91; 18*26; 11*55, and 14*91 feet, 

and whose diagonal bd is equal to 24^ feet. 

Bisect the four sides ab, bc, cd and ad in the points 9 i}, n, o and 
/;, and draw the lines d/b, sp, bo and Dn, cutting 
each other two and two in the points g and 
then are the points o and g the centres of gravity 
of the constituent triangles abd and cb 

Join the points o and g by the straight line Gg^ 
and conceive tlie triangles abd and cbd to be a 
collected in the^ points g andg*; then it is obvi- 
ous, that their common centre of ^avity exists 
in the line Gg^ which connects their individual 
centres; but the common centre of gravity of the 
triangles abd and cbd, composing the trapezium 
ABCD, must be the same as the centre of gravity of the trapezium 
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itself; the centre of p'avify of the trapezium abcd, ihtreforc lies in 
the line o^, and divides it into two parts, which are to each other 
reciprocally as the areas of the triangles abd and cbo, of which the 
trapezium is constituted. 

Now, the area of the triangle abd, as calculated from the fore- 
going diagram, is 

12J- X 8^= 104 J square feet ; 

and the area of the triangle cbd, calculated in the same manner^ is 
1 2 J X = 100^ square feet ; tlierefprc 

In the straight line gn, take and ef, respectively proportional 
to the numbers 104^ and 100^^^; join fo, and .through the 'point e 
draw eh, parallel to fg, meeting Gg in h ; then shall ii be the centre 
of gravity of the trapezium abcd. 

Then, if the lines no, ng-, Gg, gh and gii, be taken in the com- 
passes, and applied to the same scale of equal parts from which tlie 
figure was constructed, they wdll indicate 12-57; 13-88; 5-75; 
2-82, and 2-03 feet respectively ; and if the measures of the angles 
Dnp and dbo, be taken in the compasses and applied to a scale of 
chords, they will indicate 13° and 11° 28'. 

The areas of the triangles abd and cbd, having been already 
calculated, it is needless to repeat the operation, or to determine 
the areas by an independent process arising from die present datii; 
we, therefore, proceed to determine the distances of the centres of 
gravity of the constituent triangles, abd and cbd from the angular 
point B ; for which purpose equation («) gives 

BG= J^2(ab^+bd®) — ad^ 

Bg=-^V2(BC®+DU') — cd" ; 

and these formulae afford the following operations, viz. 

For the distance bg, it is 
ab«= 14-91 X 14.91=222-3081, 

BD®= 24.5x24.5 = 600.25, [sign, 

2(ab®+bd^)= 2X822-5581 = 1645-1162, first term under the rad. 

AD®= 14*91 X 14'91= 222*3081, second — , 

difference of the members =1422^*8081 its square root is, 37*72 ; 

37*72 

consequently, we get bg= — ^ — = 12*57 feet nearly. 

For the distance Bg, it is 
bc2= 18*26 Xl8*26=a33*4276 

BD*= 24*5x24*5 =600*25 [the rad. sign. 

2(bcHbd2) =2 X 933*6776 = 1867 * 3552 first term und. 

CD«= 1 1 '55 X 11.55= 133*4025 , second , 

difference of the memberB= 1738 *9527, its sq. root 

41*64 

is 41*64 ; consequently, we get Bg= — ^ — =13*88 feet 
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But bg= 3 H^ and 1 ^= 300 ^ aa wo have already shown hy the 
general inference under class (/) ; therefore, we have 

b;; = 1*2 • 57 + = 1 8 • 855, 

iq. 

and BO = 13 • 88+——= 20 • 82 ; 

2 

Consequently, in the triangles j»BD and obd, we have given ;;n, nn 
and /9D, to find the angle UB^i ; and the three sides ou, bd and on, to 
find the angle dbo. 


'Fherefore, by plane Trigonometry, we have 

np-— 7 bd'^ Bp)- 

vers. — 

' 2 BD . \\p 


and vers. dbo= ■ 


DO®— (bd*'^ Mo)tf 


2 BD . BO 


wliich formula) afford the following operations, for the versed siiu's 
of the angles sought, viz. 


To find the angle db;;, it is 

Dp=^AD= 7.455 . . . 7.455 
bd=24.5 . b/)=18.85.5 

mTir55 26. sF 
18.855 24.5 

13.1 1.81 log. 0.257670, 

13.1 log. 1.117271, 

18.855 . . ar. CO. log. 8.724574, 

24.5x2=49 . ar.co. log. 8. >*100804 , 

nat. vers. DBp=13® 0.02566 . . . log. 8.409328, 


To find the angle dbo, we have 

Do=^DC~ 5.775 . . . 5.775 

bd=24.5 . bo=20.82 

30.275 26.695 

20.82 24.5 

9.455 2.095 log. 0.321184, 

9.4.54 log. 0.975662, 

20.275 . . ar.co.log. 8.6930.39, 

24.5x2=49 . . ar. co. log. 8.309804, 

nat. vers. dbo=11°28' . 0.01994 log. 8.299689, 

But the angle ob/?=db 7 >+dbo= 13®+ 1 1°28' =24° 28 ' ; then in 
the triangle oBg*, we have given ug = 12.57; Bg^=13.8^ and tlie 
angle gb^=24° 28'; to find g^, the side opposite to the given 
angle. 


1 
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In order to whicii, let us find an angle <p, surh that 
tan. p= . 

then, for the distance g^, between the centres of gravity of the 
constituent triangles abd and disc, we have 

Gg^=(BG»>^ B^) sec. p. 

Now, the expression for tan. p gives the following operation, 
viz. 

BG=zl2.ri7 .... log. 1.099335, 

Bg= 13*1^8 .... log. 1.142389, 

nG*Bg-= 174.471 . . . log. 2.241724, sum of the logs. 

^bg.«^*‘=] 3.2 . . . log. 1 . 1208(52, sum of the logs. 

. . . log. 0.301030, 

^gb^= 12^14' log. sin. 9.32(5117, 

Bg--BGz= 13.88- 12.57= 1.31ar.co.log .9. 882729 , 
hence we have p= 76° 49' 42" log. tan. 10.630738. 

Now, the expression for the distance g^ gives 

B^-nG = 13. 88-12. 57=1. 31 log. 0.117271,’ 
p=76^ 49' 42" ... . log. sec. 0.64231>% 
henccwchavethedist.G^=5.75 feet log. 0.759584. 

And by the principle of construction, we get 

100^+104J : 5i :: 104f. : 2.93feet=^ii, 
and 5.75-2.93=2.82 feet=GH. 

38. Such is the method of calculating generally the place of the 
centre of gravity of a quadrilateral figure, whose sides and one of 
its diagonals are given ; the process exhibited in its full extent is 
very prolix and laborious ; but there are particular cases of the 
{)roblem, in which the operation may be greatly curtailed, and some 
of these we shall in the next place exemplify. 

First, When two of the sides of the trapezium are paraU 
lei to one another^ as the side walls of a hnihlmg. 

Let ABCD be a trapezium or Quadrilateral figure, of which the 
sides AB, Bc, CD and ad, togetner with the 
diagonal bd are given, and suppose the sides 
AD and BC to be parallel to one another ; it is 
required to determine the place of the centre 
of gravity of the figure abcd. 

Bisect the sides ab, bc, bc and ad in the 
points w, w, o and p ; join Dm, B/i, bo and dw, meeting each other 
two and two in tlie points g and g ; then are o and the centres 
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of gravity of the constituent triangles abd and dbc. Join og-, the 
common centre of gravity of the triangles abd, dbc, or the centre 
of gravity of the trapezium abcd, is situated in the line og; join also 
7ip, the middle points of the parallel sides ad and bc ; then because 
np bisects ad and bc, it will bisect all lines parallel to them, and 
consequently, by our scholium, the areas abw/i and cDup are sym- 
metrical with respect to the line np; but they are also equal 
between themselves ; therefore, it is evident, that if the line 7ip be 
supported, the whole figure will be supported ; hence, the centre 
of gravity of the figure abcd is in the line 7ip; but we have alread} 
shown, that it is in the line Gg*, therefore it must be at the point o^ 
intersection ; that is, at the point h. » 

Through the points g and g, draw or and gs parallel to ad or 
BC, and through the point h, draw nq and parallel to the sides 
ab and dc. 

Then, because ii is the common centre of gravity of the triangles 
abd and dbc, we get 

Gll : gll * ! DBC : ABD, 

and since the triangles abd and dbc arc of the same altitude, lying 
between the same parallels, their areas are to one another as their 
bases ; therefore, we have 

GH : gH : : BC : AD 

and by the similar triangles orn, gsu^ we have, 

GH : giillrn : sh, that is 
rn : shIIbc : ad, 

or by composition of ratios, we have 
rH : th+shI : bc : bc+ ad 

and again, by composition, we obtain 
2rii+sii : rH+«H::2uc+AD : bc+ad; (1) 

and moreover 
ni+5H : .mi: bc+ad : ad 
or rH+««i ; ru + 2sH:iBC+AD : bc+2ad. (2) 

llieii, by expunging the common terms in the analogies (1) and 
(2), or by comparison eo" wquo^ we have 

2ni+5H : 25H+rHr:2BC+AD : 2 ad+bc, 
but 2ni+«H=;>H, and 25ii+rH=rHH*; therefore, it is finally, 
p\\ :7<H::2BC+An 2 ad+bc; 

or by equating the products of the mean and extreme terms, we get 
jtyii (2 ad + bc) = ;iH (2 bc + ad) (w) 

From which we infer, that 


* This is obvious, for pr, rs and sn are each of them equal to one tliird 

of Mg. 
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If the parallel sides of a trapezium he bisected^ and if the 
linCy which joins the points of bisection^ be divided in the 
ratio of2m+Au to 2AD+BCy thepointii, where the division 
occurs^ will be the centre of gravity of the figure abcd. 
Because wy, is by construction parallel to ab, and by hypothesis, nc 
is parallel to ad, nq is equal to ab and Ay to ym ; and for the 
same reason, nt is equal to cd and to to hc; consequently, Aq+ti) 
= Bc, and y/=AD— BC ; but because A/7=Dp and Ay=D/, wc have 
pq '=.pt : that is, qt is bisected by the line np. 

Letrf=ABorwy, one side of the trapezium abcd, or of the triangle yn/, 
v=cD or ntf another side opposite to the former, 
and 5'=AD^BC=y^ thu third side of the triangle, or the difference 
between the two parallel sides of the trapezium, ad and bc. 

Then, according to No. 2. class (/), we get 
np=j^2(d^+S^)^B'% 

and by the above inference, or by the principle indicated in equation 
(w), we obtain 


1. nu= 

2 . pil=: 


( 2AD+B c) ^2(,/-i4.3«)-a^a 

6(ad+bc) 

(2HC+An)V2(rf»+c‘‘)-^ 

6(ad+bc) 


(^) 


These expressions determine the segments into which the line 
np is divideef by the point ii, which marks the position of the centre 
of gravity of the trapezium ABcp^ whose two sides ad and bc, are 
parallel to one another. 

We shall exemplify the use of these equations, by the resolution of 
thcfollowing numerical examples, and that we may have a check upon 
the operation and verify the results, it will be necessary to employ 
a graphic construction as well as a numerical calculation ; we shall 
take these in the order now written. 

Example 1. In the trapezium abcd, whose sides ad and bc are 
parallel to one another, there are given, the sides ab, hc, cd and ad, 
respectively equal to 317, 348, 278 and 254 feet, and the diagonal 
AC equal to 308 feet ; at what point in the surface of the figure is 
its centre of gravity ? 

The geometrical comtmetion proceeds thus. 

With tlie three sides ab, bc and ac, equal respectively to 317, 
348 and 308 feet, taken from a scale of equal 
parts of any dimensions at pleasure, construct 
the triangle arc, and on ac as a base, with the 
two sides cd and ad, equal respectively to 278 
and 254 feet, construct the triangle acd ; then 
shall abcd be the trapezium whose centre of 
gravity is required to bc found. 
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Bisect the sides ab, bc, cd and ad^ in the points m, Ti, o and p; 
join CTiij An, ao and cp, meeting each other two and two in the 
points o and gi then shall o and g be the centre of gravity of 
the constituent triangles abc and acd. Then, if we conceive the 
triangles abc and acd to be collected into the points g and g, they 
may be considered as exerting the whole of their energies in these 
points only ; join Gg, then shall the common centre of gravity of the 
triangles abc and acd, or the centre of gravity of the trapezium 
AUCD exist in the line Qg ; join also np cutting in h ; then shall 
H be the centre of gravity of the trapezium abcd ; and if the lines 
nil and/iH be taken in the compasses and applied to the same scale 
as was employed in constructing the figure, ||hey will indicate re- 
spectively 139" 54 and 154*87 feet. * ’ 


The numerical operation indicated in equation (x), is as follows ; 

viz. 


To find 9IH, No. 1 class (or), gives 
cP=317x317=100489 
^2=278X278= 77284 


[sign. 


2(d®+S-) =2 X 177773=355546 first member under the rail. 

a'^!=(348-254)*=94 X94= 8836, second 

difference of the members =346710, its square root is, 588*82; 

= 0 * 237 very nearly; the co-elficient ; 
6(ad+bc) 6(254+348) J 

then wh=588*82x0*237 = 139*54 feet. 

But wo have already stated, that the whole line np is expressed, 
thus : 

wp= 2 that is, 

588*82 Ai 4. 
np^ — ^ — =294*41 feet; 

consequently, by substraction we have 
y9H=294*41-139*64=154*87 feet. 

Now, the position of the line np is known, therefore, the position 
of the point h is known. 

But the distance pn may also be found by the second number of 
ecpiatioii {x), in the following mannei, viz. 
c/‘^=317x 317 = 100489 
^2zz278 X 278 = 77284 

2(d® + 5®)=2x 177773=355546, first mem. under the radical, 

(348— 254)^=94 x 94= 88?36, second , 

difference of the members =346710, its square root is, 588-82, 

2 nc -f ad 0-263, the value of the coefficient: 

6(bc+ai>)'“ 6(J348 + 254) 

then pH=588-82 x 0.263=154.87 feet very nearly, the same as 
before. 



70 


or TIIL CENTRE OF GRAVITY. 


Example 2. llie ground plan of a building is in the form of an 
isosceles right angled triangle, whose side is 41^ feet ; at the dis- 
tance of 17 feet from one of the acute angles, a wall is built, cut- 
ting off a triangular portion similar to the complete plan, and the 
remainder is to be covered with a fire proof floor of brick work, 
supported by the walls all round, and by a column placed directly 
under its centre of gravity ; it is required to determine the position 
of the column. 


Geometrical Construction. 

Let AED be the plln of the triangular building, of which the 
sides AE and ad, arc perpendicular to each e 
other, and respectively equal to 41^ feet ; and 
let Bc be the wall running parallel to ad, at 
the distance of 17 feet from the angular point 
E, and cutting off the triangular portion ebc, 
exactly similar to the complete plan ead ; then 
is the trapezium abcd, the portion whose cen- 
tre of gravity is required to be found. 

Through the point c, draw cf parallel to ae 
forming the rectangular parallclo^am abcf; draw the diagonals 
AC, BF cutting each other in the point o ; then shall o be the place 
of the centre of gravity of the rectangle abcf. 

Bisect CD and fd in the points m and o ; join Fm and co cutting 
each other in the point then is g the centre of gravity of the 
triangular space cfd ; join Gg-, then, the common centre of gravity 
of the rectangle abcf, and the triangle cfd must fall somewhere in 
the line Qg ; that is, the centre of gravity of the trapezium is situ- 
ated in the line Qgn Bisect ad and bc in the points p and n ; join 
pn\ then, the areas of the figures AB??p and Dciip, are equal to 
one another, and consequently, the centre of gravity of the trape- 
zium abcd lies in the line pn, but we have shown that it lies 
also in the line eg*, it must therefore be in the point ii, where 
these lines intersect each other; then, if n\\ and pn be taken in 
the compasses and applied to the scale employed in constructing 
the figure, they will indicate 15 *61 and 11.77 feet respectively. 

The numerical operatimi indicated in equation {xj, is as follows, 
viz. 

To find WH, No. 1 equation (or), gives 

1(2=24-5x24.5 = 600.25 

c2=t^4.5x 24.5x2= 1 200.5 [radical sign. 

2(^/2 + 42 X 1800.75=3601-5, first term under the 

a'2= (41 . 5-17)^ =24.5 X 24. 5= 600.25, second , 

difftTcnco of the terms =3001 .25, its square root is 54. 78, 
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2ad + bc 2x41.54-17 , , , « . 

6(AD+J»cr coefficient, 

then mh=54.78x 0.285==16.61 feet very nearly. 

To find ;m, No. 2, equation (jr), gives 
^2=24.6 x 24.5 = 600.25 

^=24.5 x 24.5 x 2=1200.5 [radical sign, 

2 (rf+5*)=2x 1800.75 =3601.5, first term under the 

ti‘-=(41. 5- 17)2=24. 5x24. 5= 600.25, second 

diflerence of tlie tenns=3001 .25, its square root is 
54.7^ the same as above 

2«c+ai> 2x17+41.5 ^ ..i in • 4. 

= — : — ,= ,. - .i -Fv =0.21o, nearly, the coefficient. 

6(bc+ai)) a (17+41.5) ^ 

tlien jm =54.78 x 0. 216 = 1 1 . 77 feet. 


Now, the position of the line np is known; consequently, the 
])osition of the point h is known ; and an upright column placed 
uiidcir the floor at the point ii, will produce tlie most advantageous 
effect in sustaining the superincumbent load. 

Secondly^ Whm the rectilineal figure takes the form of a 
trapezoidJ^ 


39. Recurring to the diagram immediately preceding equation 
(.v) ; if we suppose the sides aji and cd to be equal to each other, 
then the figure aucd becomes a trapezoid, and the value of the 
liiu? np^ in which the centre of gravity is situated, is thus expressed, 
viz. 

and equation (a*), becomes, 

1 (2a»+bc) 

6 (AD + IMJ) 

2 . = 

’ ^ ' 6 bc+ad) 



And these formulae will find their application in the following 
numerical examples, where, as in the two preceding cases, we shall 
resolve the questions both graphically and numerically, that the one 
may prove a check upon the other. 


Example 1. The two parallel sides of a trapezoid are respectively 
29 and 37 feet, and the two equal sides each 32 feet ; at what point 
in the surface of the figure does the centre of gravity occur ? 


• We limit the term trapezoid to that form of quadrilateral figures, which 
) as two of its sides parallel, and the other two equal to one another. 
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Geometrical Construction. 


Construct tho trapezoid thus ; make ad equal to the longer of 
the two given parallel sides, and at the points 
A and D, set off ae and df, each equal to one 
half of lie the shorter parallel side ; bisect ef 
perpendicularly in the point p, and from the 
points E and f, with the distances En and Fra equal 
to the otlier given sides, describe arcs, cutting 
the perpendicular line pn in the point ra ; through 
ra draw nc parallel to .40, and make rae and rac equal to ea and fd ; 
join Afi and oc, then shall the figure abcd, be the trapezoid whose 
centre of gravity is required to be found. 

To find the centre of gravity : bisect the sides ab, bc, cd and ad, 
in the points rai, ra, o and p ; join Ara, cm and ao, cp, meeting each 
other two and two in the points g and g* ; join og cutting the perpen- 
dicular np in the point 11 ; then is h the position of the centre of 
gravity of the figure abcd. 

If ran and pn be taken in the compasses, and applied to a scale of 
equal parts, of the same magnitude as that employed in constructing 
the figure; they will indicate 16*52 and 15*23 feet respectively. 



TAe numerical operation implied in equation (y) is as follows : viz. 


To find WH, No. 1, equation (y), gives 

4cf^=4 X 32 X 32 =4096, first member under the radical sign, 

3'^=(37— 29)^= 64, second 

difference of the members =4032, its square root is, 63*49; 

then nH=6d*49x0'26=16’52 feet very nearly. 


To find pH, No. 2, equation (y), gives 

4d*=4 X 32 X 92=4096, first member under the radical sign, 

a'*=(37— 29)*= 64, second 

4032, its square root is, 63*49 ; 

2bc+ad 2 X 29+37 „ ^ oi • l 

6(;iS+ir)= 6(29+87) Tory w, the cootocnl, 

then 63*49 x 0*24= 15*23 feet, for the distance pn. 


We have shown above, that the value of the whole line np for the 
case of the trapezoid, is expressed by the equation 

np^i’^ I therefore 

|Sq.4.Q 

ray = -^^^= 15 * 23+ 16 * 52 =31 • 75 feet. 


o 
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Example 2. A marble slab in the form of a trapezoid, has its 
parallel sides respectively equal to 12 and 18 feet; whereabouts in 
Its superficies ought it to be supported, to remain in equilibrio, sup- 
posing each of its equal sides to measure 9^ feet? 

Graphical C!on8Truction. 


Construct the trapezoid abcd in the following manner ; make ad 

1 _1 ,L__- A 11_1 I> 


equal 
sid 


to the shorter of the two given parallel 
bisect AD in the point p, and produce /ia 


sides; bisect ad in the point p, and produce /ia \\ / 

/>D to the points e and f, making jde and jdf each 
equal to one half of nc, the longer of the two pa- i 
rallel sides. At the points e and f erect the per- ^ ^ ^ ^ 

pendiculars eb and FC, *and at the points a and d, with the distence 
ab or DC the other sides of the figure, describe arcs crossing ed and 
Fc in the points b and c ; join bc, so shall abcd be the trapezoid 
whose centre of gravitj' is required to be found. 


D fe 


To find the centre of gravity; bisect the sides ab, bc, cd and 
AD in the points m, 9i, o and ; join ah, cm and ao, cp cutting each 
other two and two in the points g and g ; join also Gg and itp, 
cutting each other in the point h; then shml ii be the place of the 
centre of gravity of the trapezoid abcd. 

If HH and pH be taken in the compasses and applied to the same 
scale as that from which the figure was constructed, they will be 
found to measure 4.2 and 4.81 respectively. 

I 

77ie numerical operation derived from equation (y)^ is as 
follows. 


To find WH, No. 1, equation (y), gives 

4d'=4 X 9.5 X 9.5=361, first member under the radical sign, 

a'== (18-12)2 = 36, second 

diiferencc of the terms =325, its square root is, 18.027, 

2ad+bc 2x12+18 ^ u! • ^ 

6(ad+bc) =~ 6(18+12 )=Q-^^ coefficient 

then WH = 18.027 x 0.£33=4.2 feet nearly. 

To find pH, No. 2, equE^ on (y), gives 

4(f^z=4 X 9.5 X 9.5=361, first member under the radical sign, 

a's= (18-12)« = {16, s econd -y 

diff. of the members ={125, its square root is, 18.027, 

2bc+ad 2x18+12 ^ 

•6 (nc+A ' u )= 6(1^) =®-26b, the value of the coefficient 

then pH = 18. 027 xO. 266=4. 81 feet 
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Now, we have already stated that the value of the line np^ which 
connects the middle points of the parallel aides ad and bc^ is ex- 
pressed by die formula 

consequently, we have 
„;,-I®:^=4.2+4.81 =9.018 feet 

CoROL. If we compare the two particular cases which we have 
just exemplified, with the generd case of the trapezium formerly 
treated of ; it will appear, that the nearer the figure approaches to 
regularity, the simpler do its elements become, and the more 
elegant is the theory which those elements unfold. We shall there- 
fore descend one step further in the line of induction, in order to 
show that our inquiries will ultimately lead us to a perfect figure, 
in which the centre of magnitude and the centre of gravity are the 
same. 

40. If we suppose the parallel sides ad and bc to be equal to 
each other, then the figure will be a rhomboid or a rectangle, 
according as the other sides meet those that are parallel, obliquely, 
or at right angles ; and in either case, since ^ the difference of the 
two parallel sides vanishes, the equations marked (y) become 

and 

and moreover, if we consider all the sides to be equal among them- 
selves, the figure will be either a rhombus or a square ; and here 
also the values of hh and pu are expressed by id; hence we infer, 
that 

If in a rectangUj a rhrnnboid, a square or rhombus^ any 
two apposite ndes he bisected^ the centre of gravity of the 
figure is situated in the middle of the line that joins the 
points of bisection. 

But in all the figures just enumerated, the centre of magnitude 
is in that point ; consequently. 

In a rectangle^ a rhomboid^ a square or a rhombusy the 
centre of gravity and the centre of magnitude are situr 
ated in th<s same pmnt. 

These, with the general, and the two particular forms above 
alluded to, are all the varieties of the quadnlateral figure that can 
occur; consequently, the theory as we have now expounded it, 
may, as far as regards the quadrilateral only, be considered as 
complete; hence, it is quite unnecessary to dwell longer on 
this branch of the subject, as it is presumra that but little more 
can be advanced respecting it. 
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Wc therefore proceed to the determination of die centre of 
gravity of some other right lined figureS 9 which, from their useful- 
ness, do certainly merit a place in the ibeory which we are now 
endeavouring to establish ; and first of irregular polygons. 


Section Seventh. 

OF THE CENTRE OF GRAVITY OF IRREGULAR FOLYGONS. 


Problem. 7b determine the centre of gravity of any irregular 
polygon whatever. 

41. lliis problem, from its similarity to that which we have now 
resolved, will have its solution in a great measure depending on 
the same or similar principles ; but for the sake of variety, and for 
the purpose of introducing other modes of calculation, wc shall 
not confine ourselves entirely to the methods heretofore employed, 
but shall avail ourselves of the aid of other methods whenever they 
are found to answer our purpose. 

Every polygon whose sides and angles are given, may be divided 
into triangles or trapezia, whose areas can be found by the rules of 
trigonometry, and whose centres of gravity can be determined by 
the methods already explained. 

A polygon consisting of five sides, is divided into one triangle 
and one trapezium, by drawing a line from any angle to any other 
angle not immediately adjacent | or it is divided into three tri- 
angles, by drawing isvo lines from any angle, to the extremities 
of the side directly opposed to it 

In like manner, a polygon of six sides may be divided into two 
trapezia, and these again into two triangles ; hence, a polygon of 
six sides is divisible into four triangles, either by joining the 
remote extremities of two contiguous sides, or b^ lines drawn from 
any angle to those which are not immediately adjacent. 

A polygon of seven sides is divisible into five triangles, and a 
polygon of eight sides into six; hence, generally, a polygon of n 
sides is divisible into n — 2 triangles; that is, 

A polygon of any number of fddesj is divisible into as 
many triangles^ as are denoted by iwo less than the number 
of its sides. 

And since three operations are necessa^ to determine the 
centre of gravity of a quadrilateral or four sided figure, four ope- 
rations will be required to determine the centre of gravity of a 
figure of five sides, five operations for a figure of six sides, and so 
on, always one operation less than there are sides in the polygon. 
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Hence it appears, that a formula to calculate generally, the 
centre of gravity of a polygon of any number of sides, would be 
excessively intricate, and after all, it would involve the several 
operations necessary for determining individually, the centres of 
gravity of all the lower orders of polygons, from the triangle up- 
wards to the polygon of n sides. 

We shall not tlicrcfore, attempt to vesolve the present problem 
generally by calculation, nor yet to carry it to any high degree, for 
tile law of continuity being obvious, and the principle of construc- 
tion general, wc are apprehensive that but little advantage would 
bo derived by pursuing the process of induction, especially since 
the reader can have no difficulty in carrying it to whatever extent 
the subject of his immediate inquiries may demand. 

42. In the first place then, let it be proposed to determine the 
position of the centre of gravity of the five-sided figure abcde, whose 
sides and angles arc either all given or determinable from one 
another. 

Draw the diagonals ac and ad, then is the figure abcde divided 
into ‘ the three triangles ajsc, acd and ade, whose 
common centre of gravity must be the centre of 
gravity of the figure abode. 

J'isret the straight lines ab, ac, ad and ae in the 
points ntj ^i^d p, and join c/n, nw; nw, co; eo 
and Dp, cutting each other two and two in the 
points a, b and c ; then shall a, b and c be the 
centres of gravity of the component triangles abc, 

ACD and ADE respectively. 

Conceive the triangles abc and’ acd to be wholly 
collected in the points a and £, and join ah ; then 
shall the common centre of gravity of the triangles abc and acd, or 
the centre of ^avity of the trapezium abcd, occur in the line 
ab, and divide it into two parts that are to each other, reciprocally, 
as the areas of the triangles abc and acd; but the areas of tlic 
triangles abc and acd subsisting on the same base ac, arc to one 
another as the perpendiculars Bd and ve ; consequently the common 
centre of gravity of the triangles abc and acd, divides the line ab 
into two parts, that are to one another reciprocally as the perpen- 
diculars Bd and De. 

J^roduce &c to k, and make //f and fk respectively proportional 
to the perpendiculars Bd and De ; join kg, and through the point f, 
draw fo parallel to kg meeting ab in the point g ; then shall g be 
the common centre of gravity of the triangles abc and acd. 

Imagine the triangles abc, acd, or the trapezium abcd, to be wholly 
collected in the point g, while the triangle ade is in like manner 
supposed to be collected in the point c ; join oc, then shall the 
(‘ominou centre of gravity of the trapezium abcd and the triangle 
ADE, or the centre of gravity of the five sided figure abcde, occur in 
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the line gc, and divide it into two parts, that arc to each other 
reciprocally as the areas of the trapezium abco, and the triangle 

ADE. 

Produce cp to and make cr and rq^ respectively proportional 
to tlie areas of the trapezium abcd and the triangle ade ; join oq^ 
and through the point r draw ra parallel to ^g, meeting gc in tlic 
point H, then shall h be the common centre of gravity of the com- 
ponent triangles arc, acd and ade, or the centre of gravitv of the 
five sided polygon abcde, which is composed of these triangles. 

43. This ^ the general method of construction, and its application 
to particular examples will appear in what follows, where the solu- 
tions drawn out at length, will, it is presumed, suffice to show in 
what manner the position of the point ii is to be determined, rela- 
tively to the positions of the points g and c. 

Example L In the five sided figure abcde there are given the 
sides All, Bc, CD, de and ae, equal respectively to ^0, 30, 40, 50 and 
GO feet ; at what point in the superncies of the figure abcde does 
its centre of gravity occur, supposing the angles abc and bae to be 
respectively equal to 102®, 35' and 12G® 46' ? 

Geometrical Construction. 

Draw the straight line ae, and from a scale of equal parts 
of any convenient magnitude at pleasure, take 
AE equal to GOtcet; at the point a, in ae, 
make the angle eab equal to 126" 46' taken 
from the scale of chords, and set oiT At) equal 
to 20 feet; at the point b, in ab, make the 
angle abc equal to l62® 35' taken from a scale of 
(*hords, and set oft’ nc equal to 30 feet. Then 
from the points c and f, with distances cd equal 
to 40 and ed equal to 50 feet, describe arcs cut^ 
ting each other in the point d ; draw cq and ed ; 
tlicn shall abcde be tlie given five sided figure, 
whose centre of gravity is required to be found. 

Draw the diagonals ac and ad, thei^ is the figure abcde divided 
into the three triangles abc, acd and ade ; bisect the sides ab, ac, 
AD and ae in the points wi, w, o and p, and join cm, bw; d/i, co; 
Eo and pp, cutting each other two and two in the points fi, b and c; 
then shall g, b and c be the centres 'if gravity of the constituent 
triangles abc, acd and ade respectively. 

Produce the diagonal ac to the point e, and let fall the perpen- 
diculars Bd and ve ; then conceive the triangles abc and acd to be 
wholly concentrated in the points a and 5, and join ab. Produce ac 
to the point k, and make op and fk respectively proportional to the 
perpendiculars J>e and ud; join k&, and through the point f draw 
Fu parallel to Kb meeting ab in the point g, then shall g be the 
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common centre of gravity of the triangles abc and acd. Join 
and produce cp to q, making cr and ra respectively proportional to 
the areas of the trapezium abcd, and the triangle ade ; join 90 , and 
through the point r draw rH parallel to go, meeting gc in the point 
H ; then shall h be the place of the centre of gravity of the figure 
aucde. 

If OH and CH be taken in the compassesy and applied to the same 
scale of cqu^ parts from which the figure was constructed, they 
will indicate respectively 14«75 and lO*^ feet Hence, the position 
of the point 11 relating to the positions of the points o and c has 
been determined. « 

TIte numerical solution u effected in the following manner, viz. 

In the plane triangle abc, there are given the two sides ab and 
Bc, respectively equa} to 20 and 80 feet snd the included angle abc, 
equ^ to 102° 35' ; to find the side ac and the angle bac. 

first then for tiie side ac. 
find f an angle such, that 
y. .^ 2 sin- jABcVAB.BC 

Be — ab ’ 

here follows the operation : 

ab=20 log. 1.801030 

BC=d0 log. 1*477121 

ab.bc=20 X 30=600 . . . log. 2.778151 sum of the lugs. 

'^AB* Bc=: '^600=24*49. . . log. 1.889075 half sum of the logs. 
iABC=i(102» 85') =51" 17'30"log.Mn.9 • 892284 
constant . log. 0*301080 
bc—ab=30— 20=10 . . ar. ca log. 9,000000 
hence we have f =75° 20' 27" log. tan. 10. 582889 ; 

having thus found the value of the angle the value of tlic diagonal 
AC is found by the following very simple equation : viz. 

ac=(bc— ab) sec. f; 

now, the natural secant of (p, that is, the natural secant of 75" 20' 27" 
is 8.955; consequently, by the preceding equation, we have 
AC=10 X 8.955=89.55 feet 

Then, to find the angle bac, it is 
89.55 : 30::8in. 102" 35' : sin. 47" 45' 29"; 

that is. o' 74081 =nat sin. 47° 45' 29" 

39. 
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But the angle bae is given equal to 126° 4C'; therefore, by sub- 
traction, we have 

the angle cae=: 126° 46'— 47° 45' 29"= 79* O' 31". 

Join CE, then in the triangle ace, there are given, the two sides 
AC and AE, respectively equal to 39*55 and 60 feet^ and the included 
angle cae equd to 79* O' 31"; to find the side ce and the angle ace. 

First then, for the side ce, ^ 

Find 9 an angle such, that 

2 sin. 4 CAE VTo^Ust 

tan. » 

the operation is as follows, 

ac= 39.55 log. 1.597146 

af.=60 log. 1.77815L ' 

AC. ae= 39. 55 x 63= 2373 . log. 3.375297 sum of the logs. 

>/A(nB= ^^2373= 48*71 . . log. 1.687648 ^ sum of the logs. 

4BAE=4(79°0'31")=39*30'l54"log.8in. 9.803550 
constant . . log. 0.301030 
AE— ao=60— 39.55=20.45.ar.co.log. 8.689307 
hence we have f= 71*44' 20" log. tan. 10.481535; 

Having thus found the value of the angle f, the value of the 
diagonal ce, is found by the following very simple equation, viz. 

ce=(ae— Ac) sec. p; 

Now, the natural secant of p, that is, the natural secant of 
71* 44' 20", is 3.19134; consequently, by the foregoing theorem, 
we have 

ce=20. 45 x 3. 19134 =65.24 feet. 

'Then, to find the angle ace, it is, 

65.24 : 60 :: sin. 79° O' 31" : sin. 64*31'; 

, . 60 X. 98165 . . ciooi' 

that IS, — — = .90281 =nat. sin. 64* 31 . 

65.24 

Again, in the triangle ecd, there are given the three sides EC, 
CD and DE, respectively equal to 65. "4, 40 and 50 feet; to find 
the angle ecd ; for which purpose we nave the following equation, 
viz. 

ED* — (ce- cd)* 

— ^ 5 — ’ 

which formula supplies tlie following numerical operation, viz. 



80 


OF THE CENTRE OF GRAVrrV. 


ed=50 ^ 50 

cdz= 40 Ec= 65.24, add 

^ 115.24, 

65.24 40 , subtract 

24.7(7 75.24 .... log. 1.876449 

24.76 .... log. 1.393751 

65.24 ar. co. log. 8.185486 

40x2= 80 ar. CO. log. 8.096910 

nat vers. 49° 59'= 0.35694. . . log. 9.552596; 

consequently, the whole angle acd=ace+kcd; that is, acd = 
64" :31'-f-49" 59'= 114° 30'; tWefore, in the triangle acd, we have 
given the two sides ac and cn, equal respectively to 39.55 and 40 
and the included angle acd equal to 114° 30'; to find the 
diagonal ad. 


For which puipose, find f an angle such, that 


tan. 




2 sin. ^ ACD Ac.qn 
CD— AC 


the numerical operation is as follows, 

Ac=39.d5 log. 1.597146 

cd=40 log. 1 . 602060 

Ac.cn=d9.55x40=1582 . . log, 3. 199206 sum of the logs. 

Vac*‘cd=v' 158^=39. 77 . . . log. 1.599603 ^ sum of the logs, 
i ACD=*(1 J4°30')=57°15'log. sin. 9.926029 
constant. . . . log. 0.301030 
CD— ac=40— 39.65= .45 ar. co. log. 0*346787 
hence we have ? =89° 36' 58" log. tan. 12. 173449 ; 
having thus found the value of the angle 9 , the value of the 
diagonal ad is found by the following very simple and concise 
equation, viz. 

AD=(cD— ac) sec. 9. 

Now the natural secant of 9 , that is, the natural secant of 
89°«36'5^', is 149.005; consequently, by the foregoing theorem, 
we have 

AD= .45 X 149.005 =67.05 feet. 


Hence then, in the five sided figure abcde, we have given the 
sides AB, Bc, CD, D£ and ae, respectively equal to 20, 30, 40, 50 
and 60 feet^ and the diagonals ac and ad, respectively equal to 
39.55 and 67.05 feet; from which, the areas of the tnangles 
ABC, ACD and ade, together with the position of their common 
centre of gravity, can easily be found. 

From the equations marked (/), we have 
c»i= 4V2 (bc*+ac*)-ab** 
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Whence we obtain the following process, 
bc«=30 x 30= 900 

AC* = 39 . 55 X 39 . 53 =: 1 504 . 2025 

2 (bc* -h AC*) = 2 X 2464 . 2025 = 4928 . 405, first term under rad. 

AB*=: 20 X 20 =400 , second , 

diflerence of the terms,=4528.405,its sq. root, is 67. 293; 

consequently, by halving, we get 
67.293 

cm= — ^ — =33. 646 feet. 

Again, from the equations marked (/), we have 

CO = i^2( AC* + CD*) — AD*, 

which gives the following numerical process, 

ac*=. 39. 55 x 39. 55=1564. 2025 
cd*=40 x 40 =1600. 

2(ac*+cd*)=2 X 8164.2025=6328.40.5, first term under rad. 

ad*= 67.05 X 67.05= 4495. 70-25, second 

dlifcrcnce of the terms = 183*2. 70*2.5, its sq. root is 42. 81. 

9 

consequently, dividing by 2, we get 

=21 .41 feet very nearly. 


Nowawi=^ab, and Ao=iAD;that is, a7w=^«^ = 10, and ao= 
6 7^.5=33. 525 foot; therefore, in the triangles acwi and ago; there 
are given, the sides ac, cm and aih ; ac, co and ao ; to find the 
angles Ac?n and aco, whose sum is equal to ?nco. 


To find tlie angle Acwf, we have 


vers. Acm = 


Am* — ( ac— 
2 AC. cm 


from which equation we derive the following process, 

A?n=10 10 

ac=;39.55 cm =33.646. add 

49. .55 43.6^;6, 

. 646 39 . 55 subtract 

4.09i; log. 0.612360 

15.904 log. 1.201506 

33.646 • ar. co. log. 8.473067 

39.55 X 2=79. 1 . ar. co. log. 8-1018 24 

nat. vers. 12® 42^ . . . . = 0.02448 . • . log. 8.388757« 

hence, we have the angle acwj = 1 2°42' 
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To find the angle aco, we have 

Ao"— (ac— CC)' 
vers. ACo==' 

2 AC . CO 


from which expression we derive the following process. 

Ao=:ir .525 133. 526 

ac=.‘ 19..55 co=21.41 , add 

7^37075 54-935, 

21.41 39.. 55 , subtract 


.) 1 . ()(i5 


15.385 .... log. 1.187098 
51.665 .... log. 1.713196 
21.41 . ar. CO. log. 8.669383 


79.1 . ar. co. log. 8.101S24 

nat. vers. 57° 5r = 0-46935 . . log. 9.671501 
hence we have the angle aco=57° 57'. 

Now, the angle mco=Ac?n+ACo ; that is, 
mco=12°42' + 57° 57'=70° 39', 

and from what we have shown, in treating of the centre of gravity 
of the plane triangle, we get 

cri= 5 CMi, and cA=^ co ; 

^ . 33.646x2 ^ . 

that IS car= ^ =22.431 feet nearly. 

o 

and ci^ = - - ^^ *" — = 14 . 27 feet nearly. 


Consequently, in the triangle acA, there are given, the two sides 
«c and Ac, equal respectively to 22.431 and 14.27 feet, and the 
included angle acb, equal to 70° 39' ; to find the side ah^ the dis- 
tance between the centres of gravity of the triangles abc and aod, 
together with the angle abc. 

Find (p an angle such, that 

2 sin. 4 acb v'wcT. Ac 

tan. ®= “ - / ’ 

«c— Ac 

the numerical operation s\ipplied by tliis formula is as follows, viz. 

//c=22.43t log. 1.3.50848 

Ac= 14.27 log. 1.154424 

«c . Ac = 22 . 431 X 14. 27 = 320 . 09 log. 2 - 505272 sum of logs, 

^ ac . Ac = ^ 320 . 09 = 17.89 log, 1 . 25263(5 A sum of logs, 
i flcA= J (70*^ 39') =35« 1 9' 30" log. sin. 9 . 762088 ' 

Constant log. 0 . 301030 
flC— Ac=22’431 14’27 = 8* 161 ar. co. log. 9 . 088257 

hence we have ^ = 68'^ 28' 24" log. tan. 10.404011, 
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having thus found the value of the angle the value of the line uh^ 
is found by the following very simple expression, viz. 

Ac) sec. p, 

but the natural secant of that is, the natural secant of 68® 28' 24 ' 
is 2 '725 ; consequently, by the preceding equation, we have 

«i=8' 161 x2-725=22*23 feet, very nearly ; 
and because the straight line aA, connects the centres of gravity of the 
triangles abc and acd; if we conceive these triangles to be wholly con- 
centrated in the points a and A, their common centre of gravity, or 
that of the trapezium abcd, shall divide the line r/A, into two parts 
such, that they are to each other, reciprocally, as the areas of the 
triangles abc and acd. 

In the geometrical construction of this example, the line ab w'as 
divided into two parts, reciprocally proportional to the perpendicu- 
lars from B and n on the diagonal ac and ac produced, by which 
means we avoided the calculation of the areas of the triangles ; but 
in the present instance, since the angles abc and acd arc known, it 
is easier to compute the areas of the triangles, than it is to determine 
the perpendiculars; and, because the areas of the triangles must 
ultimately be known, before the centre of gravity of the whole figure 
can be found ; it is obvious, therefore, that the best and easiest mode 
of procedure in this case, is to calculate directly the areas of the 
triangles abc and acd. 

Now, the writers on Trigonometry have shown that in any plane 
triangle, Avbon two sides and the included angle are given, the area 
is equal 

To half I he product of the two given sides, drawn into the 
natural sine of their included angle. 

Therefore, let a represent the area of any plane triangle, a and A 
the two given sides, and the included angle; then we have 
generally, for the area 

A=4aAsiiL9 (;s) 

Which formula, being adapted to the triangles now under con- 
sideration, giv^ 

A=^ ab-bc sin. ABC, for the A abc, 
and A = ac«cd sin. acd ; for the Aacd, 

or by adopting the numerical valu of the several factors in each, 
we have 

A=i (20 X 30) sin. 102® 35', for the A abc, 
a=A (39.55x 40) sin. 114® 30'; for the A acd; 
but the natural sine of 102® 35', is -97595, and that of 114® 30' is 
• 90996 : hence, the respective areas are as beneath, viz. 

The triangle abc=20x 15 X •97598=292*794 square feet, 

The triangle acd= 39*55 x 20 x -90996 = 719-778 square feet. 
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Then, to find og and Ac, the segments of the line ah^ which joins the 
centres of gravity of the triangles arc and acu, we have by the first 
principle 

292-794+7I9-778 : 22-23::719.778 : 16-8 feet, 
and 292-794+ 719.778 : 22’23::292*794 : 6*43 feet; 
consequently, the position of the point o, with respect to the surface 
of tlio trapezium abcd, is known ; it therefore remains to determine 
the position of the point h, with respect to the surface of the polygon 
or five sided figure abcde, or rather, with respect to the positions of 
tlie points u and c which mark the centres of gravity of the trape- 
zium ABco, and the triangle ade. 


that is. 


Next to find the value of the angle abc, we have 
22-23 : 22-431 rrsin. 70‘’39' :sin. 72“ 11'; 


22 -431 X -94JM1 
22-23 


= -95204=nat. sin. 72° 11'. 


Recurring to the equations marked (/), we have 

DM = ^^2(AD® + CD®) — AC®, 

Which formula supplies the following process, 
ad*=:67-05 X 07-05=4496-7925, 

cd*=40 X 40=1600- [radical sign. 

2(ad®+cu®)=2 X 6095-7026=12191-405, thefirst term undertlio 

AC® =39-55 X 39-55= 01564-2025 , second 

difiercnce of the terms =10627 -2025, its square root is, 
103-08; therefore, dividing by 2, we get 

103-08 ,, . 

DM= ^ =51-54feet 


Agmn, from the equations marked (t), we have 
2(ad*+de®)— AE®, 


Which formula indicates the following process ; 


AD* =67-05 X 67-05=4496-7026 
DE*= 50 X 50 =2.500. 


[rad. sign, 

2(ad*+de*) =2 X 6995-7025= 13991-405, first tcrmundertlic 

, ae®=60 x 60= 3600 secopd, 

difference of the tcrms=10;l91-405^ its square root is 
101-94; therefore, lUviding by 2, we obtain 

d;>= i£^i=50-97 feet. 

39*55 

Nuw,am=^ac, andAyi=iA£; that is, am= — - — = 19-776, and 
-A^>= “= 30 feet; therefore, in the triangles adw and ad/;, there 


are given tlic sides ad, and An ; ad, d/; and a/i ; to find the 
angles ad;< and adj;, whose sum is equal to the angle 7/d//, 
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To find the angle adii, we have 

AM*— (ad— D«)* 

vers. ADM= 

2AD’Dn 

From which we derive the fiollowing operation. 

A«= 1!)'775 19 • 775, 

AD=fi7-05 Dn=51 *54, add. 

86-826 71-815 

51-54 67-05 

357285 47^5 . . log. 0.629919 

85.286 . . log. 1.547.590 
51.54 ar.co. log. 8.287856 
67-05x2=134.1 ar.co. log. 7-872571 

nat.vcrB. 11°59' 30"= -02182 log. 8.337936, 

consequently, the measure of the angle adm, is 1 1° 59' SO." 

To find the angle ad^ wc have 

AP®— (ad— dm)* 

• vers. ADn= — „ — 

' 2ad-d/) 

Which formula affords the following operation, 

Ayj=30 30 

ad=67 05 d/<=50-97 add. 

97-05 80-97 

60-97 67-05 subtract 

46-08 13-92 . . . log. 1-143639 

46-08 . . . log. 1-663512 
50-97 ar.co. log. 8-292685 
67-05 X 2=134-1 ar.co. log. 7-872571 
nat vers. 26® l'=-09384 log. 8-9724075 

consequently, the measure of the angle App, is 25® 1'. But the angle 
wp is equal to the sum of the angles adm and App ; that is, 
the angle Hpp= 11° 59' 30"-|-25® l'=37® 0' 30", 
and from what we have stated respecting the centre of gravity of 
the plane triangle, wc have 

and Dc= 5Dp; 

tliat is, dA= *^ - ^ =34-36 feet, 

O 

, 50-97 X 2 . , no . » 

and Dc= 5 =. ..-98 feet. 

O 

.loin be ; then in the triangle hoc, there are given the two sides 
uZ>, DC and the included angle bne ; to find the side be. 

Find f an angle such, that 
2 sin. If bneJifb.ne 
^^e 
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which formula implies the following operation. 

0/6=34.36 .... log. 1.536053 
Dr=33-98 .... log. 1.5311223 
dc= 34. 36 X 33 . 93= 1 167.5628 log. 3. 067276 sum of logs. 

-^D5.j)r;= -^1167. 5.528 =34. 17 log. 1.533638 ^ sum of logs. 
4 bvc=^ {37^0'80") = 18«30'15"log. sin. 9. .501570 

constant log. 0.301030 
Di— dc= 34.36— 33.98= .38ar. CO. log. 0.420216 
hence wc have p=88°59'47" log. tan. 11.756454. 

having thus found the value of the angle (p, the value of the side be, 
is found by the following very simple equation, viz. 

Bc) sec. 9 . 

Now, the natural secant of that is, the natural secant of 
88^^59' 47" is 57*082; consequently, by the preecding equation, 
w'C have 

Ac=. 38 x 57*082 =21.69 feet. 


We have now very nearly attained the object of our research ; 
viz. the point h, in which the line be is divided into two parts, 
that are to each other, reciprocally as the areas of the trapezium 
A BCD, and the triangle ade. 

It Iwis already been shown, that the line cb is two thirds of the 
line CO, and in like manner it may be shown that ec is two thirds 
of the line eo ; but the value of eo, from the equations marked 

(0> is 

EO= 2 (aE' + DE*) AD*. 

and the numerical operation indicated by this formula, is sis under, 

AE- = 60x60=3600 
i)E- =50x50=2.500 

2 (ad*+de^) =2 X 6100 = 12200, first term under the radicfil 

AD* = 67 * 05 X 67 * 05 = 4495* second , 

diilerence of the terms = 7704*2975, its square root is, 87*78; 

consequently, by halving, we have 
Q7-78 

£ 0 = — 5 — =48*89 feet, 


and we have just stated that ec is two thirds of eo ; that is 


43*99 x2 


EC = 


Now ic= 


3 

21.41x2 

3 


=29*26 feet. 
= 14.27 feet 
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Hence, by subtraction, we get 

VO = 43 . 89 - 29 . 26 = 1 4 . 6?), 
and z= 21 . 41 — 14 • 27 = 7-14 nearly, and the side 
ir, as determined above, is ... . 21.69 feet. 

Therefore, in the small triangle Aco, there are given the three 
sides ie, io, and eo, respectively equal to 21 * 67 , 7.14 nxid 14.63 
feet ; to find the angle rio, which being added to the supplement 
of the angle aAr, gives the angle cAg. 


To find the angle rAo, we have 
ro®— (Ac— 

‘M'cAo ”’ 

Jind tbo numerical operation afforded by this expression, is as 
follows, viz. 

ro = 14 - 63 1 4 • 63 

Af = 121 .63 bo= 7 . 14 , add 

~m^2 21 - 77 , 

7.14 21 . 63 , subtract 

yiTTtr Ton .... log. 8.303090 

23-18 .... log. 1.465085 
21-69 .ar.co.log. 8-663740 
7 . 14 x 2 = 14.28 . ar. co. log. 8-845272 
nat. vers. 7 ° 2 ' J 10 "= 0.00754 .... log, 7 - 877187 , 
consequently, the angle cA(J=( 180 “ — «Ac)+cAo; that is, 

= ( 1 80 ”— 72 “ 1 1 ') + 7 ” 2 " 30 "= 1 14 “ 51 ' 30 ". 

'llien in the triangle obc, there arc given the two sides be and 
bo, equal respectively to 21.69 and 6.43 feet, and the included 
angle cAg equal to 114 “ 51 ' 30 "; to find the side gc which joins 
the centre of gravity of the trapezium abcd to that of the triangle 


Find p an angle such, that 
2 sin, I cbo Vbc-bo 

biPrB ’ 


and the numerical process indicated by this theorem is ns follows, 
viz. 

Ac =21 -69 log. 1.336200 

Ag= 6*43 g. 0-808211 

Ac*Ag =21 *69 X 0 * 43 = 139*4667 log. 2*144471 sum of logs. 

J ljc bG=J 139*4667 = 11*81 . . . log. 1 * 0722*35 J sum of logs. 
;,<Vxj = i( 114 ® 5 r 30 '')= 57 ” 25 ' 46 "log. sin. 9*925686 ' 

constant log. 0*301030 
4 e._-/x 3 = 21 . 69— 6*4.3=15-26 ar.co.log. 8.816445 
hence we have ®=52® 3V26^^ log. tan. 10* 1 15396. 
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Having thus dcterininod the value of the angle the value of 
the side gcj is found by the following very simple equation, viz. 

gc=(Ac— Ag) see. p. 

Now, the natural secant of p, that is, the natural secant of 
52° 31' 26" is 1-643; consequently, by the above equation, we 
have 

Gc= 15.26 X 1.643=25.08 feet. 

Therefore the distance between the centre of gravity of the tra- 
pezium Alien, and that of the triangle ade, is 25 * 08 feet, and the 
centre of gravity of the polygon divides that distance into two 
parts, that are to each other reciprocally as . the areas of the tra- 
pezium ABCD, and the triangle ade. 

Now, the three sides of the triangle ade are 67 * 05, 60 and 50 
feet ; consequently, its area is determined by the following process, 
the rule for which is given in every book on the subject of Men- 
suration extant. 

AD= 67-05 
AE= 60 
DE= .50 

AD+AE + DE = 177-0.5, 

^(ad+ae+de) = 88-525, .... log. 1*94706.5, 

88-525—67-05 = 21*47.5, .... log. 1*3319,3.% 

88-525—60 = 28-525, .... log. 1.455226, 

88-525—50 = 38-525, .... log. 1.585742, 

log. 6-319966, sum of the logs, 
natural number, or arca= 1445-38 log. 3*159983,^ sum of the logs. 

Therefore the area of the triangle ade, is 1445-38 square feet ; 
and we have already found that the area of the trapezium aiicd, is 
292-794+ 719-778=1012.572 square feet 


Hence, for the distances gii and cu, we have 

1445-38+ 1 012-572 *. 25*08 : : 1445-38 : 1 4-75 feet nearly, 
1445-38+1012-572 : 25 08:: 1012*572 ; 10-33 feet. 

The calculation of this example is exceedingly laborious, never- 
theless it involves nothing difficult ; it merely presupposes a know- 
ledge of the three cases of plane trigonometry, for without such 
knowledge the calculation cannot be performed. We are pot aware 
that the labour can be much abridged, but in actual practice 
it is not necessary to attend to all the particulars of accurate 
arrangement that are exhibited in the example before us, and 
consequently the process may be conducted with greater rapidity ; 
but still, every step of the operation must be performed, and all. 
the parts of the figure calculated after the manner exemplified 
above ; because that part which is more immediately the object of 
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researdi, is^ situated at such a distance from the parts that are 
given» that it cannot be approached without previously determin- 
ing all the intermediate and circumjacent parts of the fi^re : hence 
tlie immense labour necessary for its determination. It may, how- 
ever happen, that a different arrangement of data may tend to 
abbreviate the process, and bring us by fdWer steps to the object 
proposed; but we must here also observe, diat in whatever way 
the question is enunciated, the labour will still be considerable, 
as the figure is composed of a trapezium and a triapgle^ whose cen- 
tres of gravity must be determined separately before the centre of 
gravity of the polygoircan be found. 

44. In the example which follows, we shall pfibpose the date 
differently, and assume some parts as given, which in the present^, 
instance we have had to calculate ; but even then, the h^nv will 
be found to be very great 

^ Example 2. In the five sided figure abcde, there are given the 
sides AB, Bc, CD, DE and ae, equal respectively, to 25, 17,*2a!| 36 
and 16 feet, and the diagonals ac and ad, equal respectively, to 38 
and 40 feet; at what point in the superficies of the figure does its 
centre of gravity occur ? 

CoNSTRUciioN. With the lin^s ab, bc and ac, equal respectively, 
to the numbers 25, 17 and 38^ construct the 
triangle abc, and on ac as a base, with the 
lines AD and cd, equal respectively,; to the 
numbers 40 and 2^ construct the trianglq 
ACD ; and lastly, on ad as a base, with the 
lines AE and de, equal respectively to the 
numbers 16 and 36, construct the triangle 
ade; then is abcde the five sided figure whose 
centre of gravity is proposed to be found. 

Bisect the lines ab, ac, ad and ae in the 
points Di, n, o and /?, and dr^w the lines C 7 / 2 , 

Bw; CO, dm; Dp and £o, cutting each other two and two in^ the 
points n, b and c ; then shall <z, h and c be the centre of gravity of 
the triangles abc, acd and ade. > 

Join aft, and let fall the perpendiculars Bd and De ; then, if we 
conceive the magnitudes or areas of the triangles abc and acd to be 
wholly collected in the points a and their common centre of 
gravity, or that of the trapezi^ abcd, muq|; subsist in that line, and 
as we have already shown, divideait into two parts, that are to each 
other, reciprocally as the areas of the triangles abc and acd. But 
the perpendiculars Bd and dc, are as the areas of the triangles abc 
and acd ; therefore, the centre of gravity of the trapezium abcd, 
divides the line ab into two parts, mat are to each other, recipro- 
cally as the perpendiculars sd and dc. 

Produce to k, making fti and ik respectively equal to the per^' 
pendiculars Bd and De ; join ca, and through the point i, draw la 

M 
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parallel to ko, meeting ah in the point g ; then is o the common 
centre of gravity of the triangles abc and acd, or ilie centre of 
gravity of the trapezium abcd. 

Join Gc; then, if we conceive the magnitudes or areas of the 
trapezium abcd and the triangle ade, to be respectively collected 
in uie points o and c, their common centre of gravity, or that of the 
whole figure abcde must subsist in the line gc, and divide it into 
segments that are to each other reciprocally as the areas of the 
trapezium and triangle, or reciprocally as the products ac (scf+Dc) 
and AD-E^ where E/is perpendicular to ad. 

Produce cp to m, making cl and lm respectively proportional to 
the products ac (b^+dc) and ad.£/ ; join mo, and through the point 
L draw LH parallel to mg, meeting qc in the point h ; then is h the 
centre of gravity of the figure abcde, which was proposed to be 
found; and if gh and ch be taken in the compasses, and applied to 
the same scale as that from which the figure was constructed, they 
will be found to indicate 4-49 and 9*88 feet respectively. 

Numerical Calculation. 

In order to render the numerical operation more distinct, we 
shall renew the diagram, using such lines only in its construction, 
as arc absolutely necessary for connecting the parts to which the 
process of calculation has to be applied. 

Let abcde, be the five sided ngure, whose sides ab, bc, cd, de 
and A£, with the diagonals ac and ad are given, and whose centre 
of gravity h is proposed to be found. 

Find the points g, b and c, the centres of gravity of the constituent 
triangles abc, acd and ade ; join db^ he and ac, 
and from the points a, c and d draw the lines Aa, 

Ab and AC ; ca and cb ; d& and dc ; and if g be the 
centre of gravity of the trapezium abcd, join cg, 
and let cg b^ divided in h, so that 

GH : cH II area A ade : area trap, abcd, 
then is the point ii the place of the centre of gra- 
vity sought. 

Now, it is obvious, that in order to determine the position of tlie 
point 11, we must first determine the sides of the tnangle abc by 
which it is included, and also the magnitude of the line gc in 
which it is situated ; for which purpose, by referring to the formulm, 

class (jr), we ha\e 

Aa=-^ ^ 2(ab”+ac^)— bcS 
A&=-^V (ac^+ad^) — cd% 

AC=^V 2 (aD^+AE^) — DE*, 

Cfl=g ^V 2 (ac^+bc*) — AB% 
cb = W 2 (ac^+cd^) — adS 
Dft = ^^ 2 (aD^+CD^) — ACS 
DC=^^ 2 (aD^+DE^) — AE% 
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or, by actually^ substitatiiig the numerical values of the several lines 
in these equations, we obtain as follows : 

AGS j V2(62d+1444pr^ = 20«68 feet 

a&s^V2(1444+1600)— 529 =24*85 — , 
ac=^V 2(1600+256)-1296 =16*38 — > 
ca=iV2(1444.f289)- 625 =17.77 
cA=iV'2(1444 +529)-.1600 =16*14 — , 
D5=i^/2(1600+529)-1444 =17*68 — , 
Dc=iV2(1600+1296)~256 =24*80 — . 

Consequently, from the numerical values of these several lines 
as we have determined them above, ttie values of the angles oAbi 
bxc and aAC, and of course, the lines a&, be and ac can easily be 
found. The several angles concerned in the computation, will 
have their values determined by the reduction of the following class 
of formulae, which for the sake of brevity, have been so modified as 
to bring out the results in terms of the versed sines ; and in order 
that the expressions may be arranged in one line, we shall lay aside 
the fractional form, and adoj)t the convention^ character which 
indicates the operation of division ; hence we shall have 

vers. aAc= {ac*— (ac— oa)*} >2AC.aA, 
vers. Aac={Ac*— (ac— Aa)*} >2Ac.iA, 
vers. iAD= {Ad*— (ad— 4a)*} 2AD.4ij^ 
vers. CAD = {cD* — (ad— ca)*) •2ad.ca. 

These formulae are beautifully adapted for logarithmic computa- 
tion, and the method of so applying them has been sufficiently 
exemplified in the solution of die , preceding example; we shall 
not therefore, in this case, continue the logarithmic process, but 
simply indicate the steps of reduction, by substituting the nmnerical 
values of the several hues, according as they are combined in the 
four foregoing equations. 

{17.77*- (38-20.68)*} -5-2 x 38 x 20.68=.01005=rnat veirs. 8® S', 
{16.14*-(38-2485)*} -5-2 x 38 x 2485 =.04637 =nat vers. 17 31, 
{17.68*-(40-24.85)*} -^2 x 40 x 24.85=.04178=nat vers. 16 37, 
{24.80*-(40- 16.38)*} -7-2 x 40 x 1 6.38=. 04360 =nat vers. 14 54 

Hence then, the angles oaA, 4ac, and oac, are found to be 
respectively as follows. 

akb- 8® 8'+17®3r=25®39', 

5ac= 16 37+14 64=.S1 31, 
aAC=25 39 +31 31 =57 10. 

Consequently, the three sides a5, he and have their values 
expressed by the three following equations, viz. 
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G/>=z^UA'-|-/iA* — 2«A>/»AC08. c/a/j), 
bcs:^ bA^+CA* —2bK>CA. Cot. bACf 
ac= V aA^+<^A*— 2aA>cA cos. aAc. 

Or, by substituting the numerical values of the sides and angles, 
according to the combinations in the above formulm^ we obtain 

ah = y20.68«+24.85*-2 X‘20.6a x 24.86 x cos. 2S°39'= 10.89 feet, 
ic= ‘/24.85®+ 16.38* -2 X 2485 X 16.38 x cos. Spafcs 13.86 — , 
flcr: V ^.68*+ 16.38*-2 x 20.68 x 16.08 x cos. 67°10'= 18.13 — . 

Therefore, in the triangle abc^ we have given, the three sides 
fid, be and ao, respectively equal to 10-89, 13-86 and 18- 13 feet ; 
to find the angle abc^ the versed sine of which is expressed by the 
following theorem, vi^. 

vers, aAc={a(?*— (Ac— oA)*} -^^bc.ab. 

Or, by substituting the numerical values of the three sides, we 
shall have 

{iai3«- (13.86- 10.89)«} -4-2 x 13.86 x 10.89 = 1.05964 =nat. ver. 
96® 25'. 

Now, by our fundamental principle stated in tlie first proposition, 
the line ab is divided in the point g, into two parts, that are to 
each other, reciprocally as the masses or magnitudes of the bodies 
applied at a and b ; but these masses in the present instance are 
represented by tlie areas of the triangles auc and acd, which are 
supposed to be concentrated in the points a and A; therefore, 
the line aA, is divided in the point g, into two parts, that are 
to each other reciprocally as the areas of the triangles auc and 
Aco, that is, 

Ag : GG : : area A abc : area A acd. 

. Put A=the semiperimeter of the triangle abc, 
aridA''= acd; 

then the writers on mensuration have shewn, that the areas of 
the triangles abc and acd, are represented by the following equa- 
tions, viz. ^ ^ 

area A abc= V*’-(a— ab) (.v — bc) (.v— ac), 
area A acd = ^ ac) (a- — cd) (.v — ad) ; 

i but^=i(25+17+3e)=40 , 

y z=i (38+23+ 40) = 50.5 ; 

therefore, by substituting the numerical values of the sides, in Uie 
foregoing expressions for the areas, we obtain 
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area^ arc 
area A acd 

consequently, by compounding the above analogy, we shall have 
area AABC+areaA aco : to+ooIIareaA abc : to; 
that is, 166- 132+426-934 : 10-89:: 166. 132 : 3.05 feet 

Then, in the triangle cto, we have given the sides eh and to, 
equal respectively to 13.86 and 3-05 feet, and the contained angle 
cto equal to 93° 25' ; to find the ride co opposite to the given 
angle. 

Now, it has been shown in a former part of this operation, that 
with these data the expression for the ride opposite to the given 

angle, is 

«j=V'&c*+to* — ^25c.tocos.cto; 

or, by substituting the numerical values, it becomes 
co=:Vi 3-86«+3-05*+2 X 13-86x3.05 X cos. 93° 25'=1437 feet 

But the point h, which is the common centre of gravity of the 
trapezium abcd, and the triangle ade, divides the line cg into two 
arts, which are to each other reciprocally as the areas of these two 
giires; now, the area of the trapezium abcd is 166.132+426.934 
=593.066 square feet, and if $'* represent the semiperimeter of the 
triangle ade ; then, as we have shown above, its area is expressed 

as follows, viz. _ 

areas A ade = X («" — ^ad) (a*" — de) (s — ae) ; 

which equation, by substituting the numerical values of the sides, 
becomes 

areas A ade =-^ 46 X (46 — 46) (46 — 36) (46— 16) =287. 75 sq. feet; 
tlicn 593,066+287.75 : 14.37::287-75 : GH=4-49feet; 
therefore ch = cg — an = 14.37 — 4.49 = 9.88 feet ^ 

45. Such is the method of calculating generally, the position 
of the centre of gravity of any irregular five sided figure or 
polygon ; but there ^e certain particular cases, which it is un- 
necessary here to specify, where the sides and angles are ^ related 
to one another, that the computation becomes greatly simplified ; 
and should the figure happen to be regular, the position of the 
centre of gravity, and that of the centre of magnitude would be the 
same; in which case, either of them is assignable by the perpen- 
dicular bisection of any two sides of the figure, or by the bisection 
of any two of its angles. 


=V40 X (40 — 25) X (40 — 17) X (40 — 88) = 166.132 

[square feet, 

= V50.5 X (50.5-38) x (50.5-23) x (50.5-40) =426.934 

[sqtiare feet 
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And if we conceive the whole surfiice of the polygon to be uni- 
formly concentrated in its boundary or perimeter, then the centre of 
gravity of such boundary may be* determined in the following man- 

figure or polygon, and let 

I 


whole surface is uniformly collected in 
the boundary abcde. , 

Bisect the sides ab, bc^ cd, de and * \ 

A£ in the points 971, h, o, p and g ; then 
shall the points of bisection m, 91, o, p 
and g be respectively the centres of 
gravity of the sides ab, bc^ cd, de and 
ae: join mg^ and conceive ^e lines 
AB and A£ to be wholly accumulated 
in the points m and gi then must the 
common centre of gravity of the lines 
AB and A£ exist in the line mg. 

•Produce 9 itA to f, making ma and gf respectively proportional 
to the lines ae and ab, or equal to their halves Ag and Am ; join 
Fg, and through the point a draw ak parallel to Fg, meeting mg 
in the point then shall k be the common centre of gravity of 
the lines ab and ae. Join nk^ and imagine the lines ab and ae 
to be collected in the point A:, which is, as we have shown above, 
their common centre of gravity ; and let the line bc be supposed 
to produce its effect at the point 91 ; then must the common centre 
of gravity of the three lines ab, ae and bc occur in the line nk. 

^oduce 91 B to G, making nb and bo respectively equal 971F 
and B99 ; join okf and through the point b draw bl parallel to ok, 
meeting 9tA; in the point / ; then shall the point / be the common 
centre of gravity of the three lines ab, bc and ae. Join ol, and 
conceive the three lines ab, bc and ae, to be wholly collected in the 
point /, while the line cd is supposed to produce its effetst at the 
point o ; then must the common centre of gravity of the four lines 
AE, AB, BC and CD, occur in the line ol. 

Produce oc to h, making o/i and Ah equal respectively, to 910 md 
oc ; join and through the point A, draw k/ parallel to hI, meeting 
0/ in the point/; then shall the point /be me common centre of 
gravity of the four lines ae, ab, bc and cd. Join p/9 and imagine 
die four lines ae, ^ bc and cd to be wholly accumulated in the 
point / while the line de is conceived to prrauce its effect at 'the 
point p; then must the common centre of gravity of the five lines 
AE, AB, Bc^ CD and DE^ OF that of the whole perimeter abcde, occur 
in the line gf. ^ 

Pr^uce pD ;to 1, making pi and tx respectively equal to oh and 
pD; join 1 / and through the point t draw iff parallel to 1 / 
meetmg p/in the point g; then shall the point ff be the common 





ner, viz/ 

Let abcde be an irre^lar five sided 
it be proposed to determine the centre 
of Gravitv* on the supposition that the 
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centre of gravity of the five lines ae, aB| bc^ cd and de, which 
constitute the boundary of the figure abcde. 

Note. ^ The division of the distance between any two points or 
centres, in the reciprocal ratio of the body or mass supposed to be 
collected at each j^int, the reader will perceive, has been very 
extensively employed throughout the whole of the foregoing theory, 
it constituted our nrst principle^ and, with the exception of the plane 
triangle, has acted apart more or less conspicuous in every succeeding 
example. It is founded on the general property of the centre of 
gravity of a body, or system of homes, viz. 

That the sum of the products of each body into its respective 
distance from anypUme^ is equalto the product of the whole 
system into its distance from the same plane. 

We shall not pursue this department of the subject any further, 
the principle of construction being so obvious, that readere of the 
most humble capacity may, without difficulty, extend its application 
to figures of any number of sides; and in the present instance, the 
numerical calculation, in addition to the examples which we have 
already exhibited, would extend the subject so far, and give our 
pages such a complicated appearance, that we prefer dispensing 
wiA it altogether, and proceed in the next place to determine the 
centre of gravity of the triangular pyramid. 


Section Eighth. 

OF THE CENTRE OF GRAVITY OF PYRAMIDAL FIGURES. 

46. Problem. To determine the position of the centre ofgravi^ 
of any triangular pyramid. 

Let the figure abcd represent the triangular pyramid, the posi- 
tion of whose centre of gravity is required to be ascertained. 

Bisect the two edges ab and bc in the points m and n ; draw An 
and c^n, cutting one another in the point g ; d 

then is g the position of the centre of ^avity of 
the triangular face abc ; joinT)g', then because 
the pyramid abcd is compost of iriangles, 
similar and parallel to the triangle abc, it is 
manifest .that the line og must intersect all those 
triangles in a similar manner, and since it meets 
the centre of gravity of the triangle abc, which 
is the lowermost of thok series, it must pass 
through the centre of gravity of all that are above it; consequently 
the common centre of gravity of all the triangles composing the 
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pyramid, or the centre of gravity of the pyramid itself occurs in the 
line Dg*. 

Again, bisect the ed^ ad in the point pi draw Bp and Dm, 
cutting each other in the point o; then is o the position of the 
centre of ^avity of the triangular fieice adb ; join co, then because 
the pyramid aucd, is composed of triangles similar and paridlel to 
the triangle add, it is obvious that the line co must intersect all 
those triangles in a similar manner ; and since it meets the centre 
of gravity of tlie triangle adb, which is the most remote in the 
series, it must pass through the centre of gravity of all those lying 
between it and the point d ; consequently, the common centre of 
gravity of all the triangles composing the pyramid, or the centre of 
gravity of the ppamid itself, must occur in tne line co ; and we have 
also shown that it occurs in the line og ; but the two lines pg and 
CO being both in the plane of the triangle cmD, must intersect one 
another; consequently, their point of intersection g must necessarily 
be the place of the centre of gravity of the pyramid abcd. 

Now, because the points g and o are the centres of gravity of the 
triangles abc and adb ; it follows that mg is equal to one thinl of 
the line nzc, and mo equal to one third of mn ; therefore, we have 

mg me mo : niD : 

hence, if og be drawn, the lines og and dc shall be parallel to one 
another, and consequently, the triangles oog and dgc are similar ; 
hence we have 

OG : oc og: DCf 
go :gj} og iJK, 

but og : DC 1:3; wherefore, we get 

fXS=^GC, or oo=iex:, 
and gQ =^GD, or gG =igD. 

Consequently, by subtraction we obtain gc= Joe, and gd= Jgn ; 
therefore, if the same construction were effected with regard to the 
other two triangular faces of the pyramid, the same property or law 
would obtain ; hence we infer generally that 

In any triangular pyramid^ the distance of its centre of 
gravity from any one of its Ungles, is three fourths of 
the straight line connecting that angle with the centre of * 
gravity of its opposite triangular faee. 

47. In our investimtions with regard to the plane triangle, we 
denoted the three sides ab, bc and ac respectively by the letters d, 

I and S'; we shall therefore, in addition to tne notation there 
employed, denote the other three edg^s of the pyramid, viz. ad, bd 
and CD respectively, by the three letters a, 6 and 
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l^ut <p equal to the angle nine, a known or assignable angle ; 
then, by Plane Trigonometry, we have 

— 2mD.tng cos. p ; , 

but by the foregoing inference, we get 

GD=Jgn ; that is 

GD=A^»/iD*+mg^— cos. p. 

Now, in. the discussion respecting the plane triangle, it was 
proved that 

„ 2aD* + 2bd2— AB® , 

mD-= — , and 


me 


g^2AC-+2BC* — AB* 


consequently, by evolution we get 

;wD=i-^2AD*+2BB*— AD*, and 
mc=z ^■^‘2 ac* H-2bc® — AB* ; 

but it has been shown above, 

that ^mc ; that is, 

w^=^^2ac*+2bc* — AB-, 

j 2 aC* + 2BC* AB* 

mdfng^^— gg 


Moreover, by Plane Trigonometry we get 

DC* 

cos. ®= ; 

^ 2mD.nic 

or by substituting the above values of wd*, wia*, niD and me, in this 
last expression, we obtain 

AD* + BD* + AC* + BC* — A B* — 2CD* 

COS. 9 — 

^2ad®+2bd* — AB* X ^2ac*+2bc* — ab* 

Consequently, by adopting the literal representatives of the edges 
of the pyramid, and substituting in the expression for gd, the values 
of mD% mg\ mD, mg and cos. <p ; we shall finally obtain 

GD = +>> — 

The property implied by this equation is, that when all the edges 
of a triangular pyramid are given, or assignable by calculation. 


The distance of the vertex of the pyramid from the centre 
of gravity^ is equal to one fourth of the square root of the 
d^ermce that arises^ by suhstracting the sum of the 
squares of the three sides of the base^ from the three times ^ 
the sum of the squares of the edges meeting in the vertex. 
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Consequently) if each angle of the pyramid be severally conside^ 
as the verteX) and ao and bo be drawn; then the preceding 
property will affi>id the four following equations, viz. 

• 

When the vertex b at a, we get, 

1. AGsriVsCa’+d* X a**)— (**+«*+«*)• 

When the vertex b at b, we get, 

2. BG=iV3(6*+‘<*+^)— 

When the vertex b at c, we get, ^ (a) 

a cG=iV8(‘!*+^*+^*)— 

When the vertex b at n, we get 

4. DG=iV3(«*+**+c)— (rf*+3*+y*y 

Hence, it is evident, that from these four equations, the distance 
of the centre of gravity of anv triangular pyramid, from any one of 
its angles, can easily be found, in terms of its six edges, and we may 
here observe that, in proposing examples for illustration, we are not 
at liberty to assume the magnitudes of the six edges of the figure at 
random ; for it is obvious that one or other of them must have its 
magnitude dependent on the other five, and the inclination of the 
planes in which the^ are situated; consequently, in order that a 
solution may be possible, the data must be so related, that the six 
edges of the pyramid can always be ascertained. 

48 , The following numerical examples will sufSce to exemplify 
the importance of the foregoing remark. 


Example L In the triangular pyramid abcd, there are given the 
five edges ab, bc, ac, ad and cd, equal, respectively, to 1^ 16, 22, 
26 and 30 inches, and the angle in the plane dab, which is sub- 
tended bv the side db, the unknown edge of the pyramid is 78° SO'; 
what is the distance between the centre of gravity of the figure and 
the angle c ? 

Here then, in the first place, we have to determine the line bd 
which subtends the given angle dab, and joins the extremities of 
the given sides ab and ad ; for which purpose. 


Find an angle such, that 

sin. |.dab>/ad’ab ,, , . 
tan. P=: y --— ; that is, 


tjuj p _ 2x-68^ij<ya6x tan. 73® 42' 35' 
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Then, having found the value of the angle fy the value of the 
side BD, is found by the following very concise and ample theorem * 
viz. 

bo=(ao — ab) sec. p. 

Now, the natural secant of ^ or the natural secant of 73° 4Sf 35f' 
is 3*565 ; therefore, by substituting tiie numerical values of an, ab 
and sec. the forcing theorem ^ves 

BO=;(26>18)X3‘565=r28'52 inches. 

Haring thus determined the magnitude of tire side bo, the distance 
CO wiU be found from No. 3 of the preceding equations, in the 
following manner : 

cs=30 x 80=9001 

^= 16 X 16=256 1= 1640, sum of the three squares, 

^'*=22 X 22=484j 3 , multiply 

4920, three times the sum of the squares. 
a*=26 x 26=676 ) 

i^=28'52 X 28 • 52 =813* 3904 > = 1813*3904, sum of the three 
d®= 18X18 =324 3 squares; 

consequently, by subtraction, evolution and division, we obtain for 
the reqiurea distance, 

co=^V 4920 — 1813* 3904= 13> 93 inches. 

It is further manifest, that if flie distances ao, bg and no had 
been required by the question, they would have been found from 
.the equations 1 , 2 and 4 , exactly in the same manner as we have 
determined the distance co above. 

Example 2 . In the triangular pyramid abcd, there are given, the 
three edges ab, ac and ad, equal respectively, to 
50, 58 and 44 feet, and the contained angles bac 
and iDAC, equal respectively, to 88 and 42 degrees; 
and, moreover, the i^le which tiie face of the 
pyramid dac makes wim the base bac, is 62” 44' ; 
what are tiie distances of o, tiie centre of narity 
of the figure, from the angles a, b, c and d r 

Here follow the projection and development of the pyramid 
ABCD, on the plane of the base abc. 

Draw the lines ab, ac and ad, respectively equal to 50, 58 and 44 
feet, and in such a manner, that *be angles 
BAC and DAC, shall be respectively equal to 38 
and 42 degrees ; from the point d on ac, let 
fall the perpendicular dr, and at the point n 
make the angle cre equal to the complement 
of 62° 44' ; make re equal to rd, and mm the 
e draw Ep^meeting dr produced perpendicularly 
in the point p ; join Ap, Bp and cp, then shaU 
the figure ABcp represent the pyramid abcd, projected on the plane 
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of the base abc, with the consequent diminution of tiie projected 
lines AJ9, Bp and cp, and the projected angles pacy pBA, pCA, 
pBc and pcB ; all of whicli arc obviously diminished in the projection, 
while the angles Apu, Ape and Bpe, situated round p, the place of 
the projected vertex, arc manifestly increased, their sum in the 
projection being equal to a whole circumference, or 360 degrees. 

At the point p, in the projected line Bp, erect the perpendicular 
pF, make pF equal to p£ and join fb ; then at the points a and b, in 
the line ab, with the distances ad and bf, describe arcs, cutting 
one another in the point H ; join ah and bh, then shall the angle 
BAH, be the other plane angle, which, with the given angles bag 
and DAG, constitutes the solid angle at the point a, and the triangle 
BAH is the third face of the pyramid, corresponcUng to the plane 
BAD, or to its projection BAp. 

Again, at the points b and c in the line bc., with the distances bh 
and CD, describe arcs cutting one another in the point i ; join ui 
and Cl, then shall the triangle bci be the fourtli fac^B of the pyramid, 
corresponding to the plane bdc, or to its projection Bcp. 

Hence, the figure adcibh, is the developement of the pyramid 
ABCD on the plane of the base, where all the parts of the figure, 
both lines and angles, arc delineated in their proper dimensions, 
and, consequently, the three unknown edges bc, bd and dc, of the 
pyramid abcd, which correspond to the three lines bh, bc and cu 
in the developement, are determinable by measurement to a very 
great degree of accuracy. 

The use of the foregoing projection and developement is to guide 
the operator in the numerical determination of the edge bd in the 



with the given parts, can be found directly without any subsidiary 
calcullition, but the edge bd being differently related to the parts 
which are known, requires a different process to assign its value. 

If we conceive the point a to be placed at the centre of a sphere, 
the three planes bag, dac and bad, which constitute the solid angle 
at the point a, would, if produced, intersect the spheric surface, 
forming thereon a spherical triangle, whose sides would be the 
correct measures of the plane angles bag, dac and bad, and whose 
angles would measure the inclinations of the planes which form the 
solid angle at the centre of the sphere. 

By thb method of considering the subject, we have first to 
determine the angle bad, which corresponds to bah in the deve- 
lopcment, and from the angle bad or bah thus determined, the 
edge BD or side bh can be found, exactly in the same manner as 
the edges bc and dc. 

Now, from the manner in which the data are proposed, it is 
obvious that the determination of the angle bad requires the 
solution of that case of a spherical triangle, where 



OF TIIE CENTRA OF GRAVITY, 


101 


two sides and the contained angle are given^ to find the 
other side. 

If the three sides of the spherical triangle, or, which is the same 
thing, the three angles of the pyramid bag, dac and bad, be respec- 
tively represented by the letters jkt, y and while the inclination of 
the planes bac and dac, or the angle contained by the sides x and 

is represented by the letter z ; then the writers on Spherical 
Trigonometry have shown, that 

cos. zzzeos. AT cos. ^+sin. x sin. ycos. z. 

In which equation z is the required angle, and jr, y and those 
which are given in the question. 

But we propose to show tliat the side or edge bd, or its equiva- 
lent BF or BH, is determinable from the foregoing projection and 
developement of the pyramid, without having recourse directly 
to spherical considerations, and the method of determining it is as 
follows. 

Consider the line ad as the radius of a circle, which, for the 
sake of convenience, put equal to unity, then is rlD=?^E, the sine of 
the angle DAC=f/, to that radius, and mi its cosine. But by the 
construction, the angle pnKzzzj is tlie angle of inclination of the 
two planes bac and dac; therefore, by Plane Trigonometry, we 
have 

jrEzzpvzsisiru y sin 
and nj!>=:sin. y cos. z ; 

DOW //jp- 4 -AM=tan. 9iAj0=:tan. ^ ; that is, 
tan. f =tan. y cos. z. 

But the angle BAp=:(j:— p), and Ap^=iAn-+np-; that is 
Aji;*=cos*.y+sin®.y cos-.«, 
or because cos%a= 1 —sin”. we get 
Ap*= 1 — sin^.y sin®, z ; 
consequently, by evolution, we have 
Aprr-^I — sin®. y sin®, z. 

Then, in the triangle BAp, there are given, the sides ab and 
Ap, respectively equal to d and -^1— sin«.y siiP.ar, and the included 
BAp equal to (a*— ^), to find the square of the side up, which by 
Plane Trigonometry, is 

Bp® = AB*+Ap®— 2AP...pCOS. (a*— p) ; 

that is, 

Bp®=£/ {d — 2 COS. (a — p) y ^) + 1 — sin*.y sin®. 

to which add tlie square ofpF, viz. sin®.y sin^.z, and we get 
BF®=BD®=d[c^-2cos. (x—(p)^ 1— sin®.ysm®.2}+l ; 

hence, by evolution, we have 
BF=i=zVd{^^2cos.(j? — p) Vl— sin-*. y sill*.*} H-1. 
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In the solution of the question, however, this last step is unne* 
cessary, for by referring to the theorems class (a), it vrill be seen 
that the squares of the several edges of the figure enter the ex- 
pression, and not the first power, as the above equation would imply, 
consequently, the step immediately preceding that marked (b) is 
what must be employed in the present instance, but the ultimate 
form may also frequently he of use both in this and otiier inquiries, 
for wUch reason we have thought proper to exhibit it. The squares 
of the other two unknown edges are expressed as below, viz. 

— 2 oS' cos.y, 

2dS'cos.*, 

and if we employ the theorem for the value of cos. z, formerly 
alluded to, we shall obtain 

b^=a^-\-d !‘ — 2 ad (cos. x cos. ^-|-sin. x sin. y cos. z). 

For practical purposes, this last value of b* is preferable to 
that derived from the developed figure, as it precludes die necessity 
of finding the subsidiary angle <p. We shall therefore employ this 
expression, and proceed forthwith to the resolution of the 
question. 

To find the value of b\ we have 

x=:88° log. cos. 9*896532, .... log. sin. 9*789342 

y=4f2 log. cos. 9*871073, .... log. sin. 9*825511 

nat.num. 0*58560 log. 9*767605, «=62*44Tog. cos. 9*660991 

0*18873 nat.num. 0*18873 log. 9*275844 

-0*77433 X 2 X 44 X 50=— 3407.052 

a* =44 x 44= + 1936 S add. 

</»=50 x 50=+2600__ ) 
hence we have 5‘= + 1029*948. 

To find the value of c* we have 

— 0-74314 x 2 X 44 x 58=— 3792.986 ^ 

o*=44 X 44= + 1936 f add. 

r=58 x 58=+ 3364 3 ^ 

lienee we have c*= + 1507*014, ' 

To find the value of 3*, we have 

— 0-78801 X 2 X 50 x 58;^ — 4570.458 

d»=50x50= + 2500 S add 

3^=58x58=+^ ■> 

hence we have 3*= +1293.542. 



OF THE CENTRE OF GRAVITY. 


IC!^ 

Having thus determined the squares of the three ed^s bd, cd 
and Bc, we have now to substitute them, together with ue squares 
of AB, AC and ad, according as their literal representatives are 
combined in the equations class (a), and we snail have for the 
required distances 

AOssi ^8 (1036+a6OO+3864)~(l<»O-048-f. lfi07 014+13Q8-64S)s:34’07 feet, 
bos} Vs (102g-948.|-3500+1283-642)— (1036+lfi07-014+a864)<B33*23 ftet, 
cossi Vs (1507*014+ 1393*643+3364)— (1930+lOS8.O48+25dd)=:a8*S4 feet, 
do=}V3(1936+1030*S48+1607*014)— (3600+ 1303*543+3364)ssl0*78 feet. 

Other examples, involving different combinations of data, and 
requiring different modes of solution, might easily be proposed, but 
our limits forbid us to expatiate further on this case. 

* 

49. If the four equations in class (a) be^ squared and added 
together, we shall obtain the following expression : 

AG* + BQ*+eO*+DG*=i (o*+i*+c^+<i®+i*+i^), that is 

In anjf triemgular pyramid, the sum of the squares of 
its six edges is equed to four times the sum of the squares 
of the distcmces of the centre of gravity from each angle 
of the ^figure. 

This propertv of the triangular pyramd is evidently similar to 
that which we deduced for the plane triangle, but as we there ob- 
served, it is of very little practical utility, and although it is exceed- 
ingly curiou^ it does not seem to merit a particular illustration 
as being applicable to any usefol purpose. 

If the sides of the We ab, bc and ac are equal, then the 
equations class (a) will give for the respective distances the fol- 
lowing expressions, viz. 

L AO=iV3o*+5d®- (**+«*)» 

2. BG=iV8 (o*+c*). I (b) 

a cg=W 3 c^+Stft— (o»+y ), 

4. DG= iV3 (o®+i**fc* — d*). 

Equations analogous to these would flow from the supposition of 
the three sides of any of the frees being equal, but it is presumed 
that the class here given, which is applici^le to the equilateral base, 
will be found sufficient for the reader* ^ practice. 

50. The following numerical example will suffice to exemplify 
the mode of applying 'these equations to practical purposes, and 
if the given quantities are so selected as to preclude the neces- 
sity of any subsidiary calculation, the application is sufficiently 
sin^e. 
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Example. In tlic triangular pyramid Aucn, there are given the 
two edges AD and cd, ccjual, res|)ectively, to and d 

40 feet, and the angle adr, contained between the K 

edge AD, and the unknown edge bd, equal to 85 /\\\ 

(Icgrees ; what is the distance of the centre of gravity / U \ 
from each angle of the pyramid, supposing die side / U _ \ 
of the equilateral base abc to be ^ feet ? 

In the plane triangle adb, there are given the two \ \i / 

sides AD and ab, with the angle adb, to find the Mi / 

side BD. 'v 

B 

By Plane Trigonometry, we have 

AB : AD w sin. ADB \ sin. abd ; 
that is 25 ; 32 V sin. 35° : sin. 47° 14'; 
and again sin. 35° : sin. (47° 14'+35) :: 25 ; 43* 18=bd 

Here tlien, we have given, according to our literal notation, a =32; 
5=43* 18; c=40, and d'=25 feet; consequently, by substituting 
these. numbers, as is indicated in the equations, class (b), we gbau 
have the several distances expressed as follows : vis. 

AG=W^ ^^9+fi ‘ ^5 X 5- ( 18 64-5124+ IC oiT) = rS- 04 feet, 
BG=iV l864’5i24 X 3+625 X 5-(1024+ 160d ) = 19’515 — . 
c-G=iv iW)r3+6~2'5?r5-(1024+ 1864-5124 ) =17-74 — , 
dg=JV3(1024 + 1864 ■ 5124 + 1600 - 625) =28-34 — , 

51. If the edges of the pyramid which terminate in the vertex 
become equal to one another, while the sides of the base admit of 
all possible magnitudes ; the equations, class (a), will give for the 
respective distances, the following expressions : viz. 

AG=iV3l^ + n ) 

BG=W 3(d» + g»)+( »«-n ( . . 

CG i 

DG=iv - (d® + a«+ a"-*). 7 

Equations analogous to these, would manifestly .flow;hrom the 
supposition of any three of the edges, terminating at Ae same angle 
being equal, but it is needless to eihibit the several classes of 
equations in the above class. 

The following example will be sufficient for the illustration of the 
equations in the above class. * .' * 

Example. The sides of the base of 9, triangular pyramid are 
respectively 12, 18 and 24 feet, mid the three edges terminating in 
the vertex are each 21 feet ; what is the distance of the centre of 
gravity firom each angle of the pyramid ? 
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In this example there are pven 5=18; »'-=24, and 

a =21 feet ; let thera numbers be ntuated for their representatives 
in the wveral equations of class (c), and the distances of the centre 
of ^vity from the four comers of the pyramid, will be expressed 
AS follows : viz. 

40 =i V8Ti^+576) + (441-^4) =11-98 feet, 
80=14/8(144+324) +(441—676) = 8.905—, 
oo=i4/3(824+676)+(441— 144) =18.69 — , 
80=^4/441x9— (144+^4+576)=13.52 — . 

SS, If the three sides of the base, and the three edges of the 
pyramid, that terminate in the vertex, are each equal among them- 
selves, the equations, class (a), will give for the respective 
distances the following expressions : 

AG=BG=C0=|^ a* + Srf* ,1 • 

DG-^3(3a<‘—d*). S 

Where we may observe that a represents the edges terminating in 
the vertex, and d the side of the base. 

Example. In a triangular pyramid, whose sides are equal isosce- 
les triangles, and whose base is an equilateral plane, there are given 
the sides of the base, and the edges that terminate in the vertex, 
equal, respectively, to 36 and 56 feet ; required the position of the 
centre of gravity with respect to the angles of the figure ? 

Here we have given d=d6, and a=56; let these numbers be 
substituted in the equations, class (u), and we have 

AO=BG=co=iV 3136 + l^"^ 5= 24-52 feet 

DO =iV 3(8136 x 3 - 1296) =22-52 feet. 

From the results of this example, it may be inferred that, because 
the three equal edges that terminate in the vertex of the figure, 
are greater than the tiiree equal sides of the bas^ the centre of 
gravity is nearer to the vertex than it is to the angles at the base ; 
but if the sides of the base were greater tiian the edges, terminating 
in the vertex, the contrary would be the case. 

54. If 1 ^ the rix edges of the figure are equal to one another, 
the equation, expressing the distance of the centre of gravity from 
each of its angles, becomes 

AO = BO=OG=nG = fVfi'; (e) 

where o represents the.edge of the figure, which in this case is the 
regular tetrafidron; for Which the centre of gravity and the centre 
of magnitude are the same. 

Example. The edge of a tetragon is 32 inches ; at what distance 
from each of its afigles is the point where its centre of gravity 
occurs ? 
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Here, from the equation, we get 
ag= 8\^0 =19-6 inches nearly. 

55 . Tlie problem which we have just resolved, may be considered 
as a very important one, the principle unfolded in its solution, being 
lipplicable to the determination of the centre of gravity of any 
pyramid whatever ; for a pyramid whose base is any polygon, 

IVill have its centre of gravity in the line drawn from the 
vertex to the centre of gravity of the base, and at the 
distance of three fourths of its length from the vertex. 

56. If the base of the pyramid be a regular polygon, and the 
axis of the figure perpendicular to the centre of magnitude, then 

The centre of gravity is in the axis of the figure, at three 
fourths of its length, distant from the vertex; and the same 
thing holds for the centre of gravity of a right cone. 

57. And if the axis of the pyramid, or cone, be oblique to the plane 
of the base, the general principle will still obtain ; that is, the straight 
line which joins the vertex with the centre of gravity of the base, will 
pass through the centre of the figure, but in this case the numerical 
calculation will, on account of the obliquity, be a little more 
intricate. 

Note. The cases which we have hitherto considered, have all ' 
been resolved by the application of the very simplest principles, of 
elementary geometry, and the algebraical formulae arising from 
those principles, so lar as they have been employed in the calcula- 
tions, have in no instance involved equations exceeding the second 
degree ; which circumstance, more than any other, has precluded 
tlie necessity of applying to the higher analysis for the solution of 
any one example that has been proposed in elucidation of our 
subject. 

In the problems which follow, however, the figures being more or 
less bounded by curve lines, have usually been resolved by the 
principles appertaining to the fluxional calculus, or by some other 
method analogous to it ; but since it does not accord with our plan, 
to treat the subject in such an abstruse and refined manner, wc 
shall deem it necessary in continuing the centre of gravity to adopt 
the results obtained by other writers, and exemplify ^cir application 
to practice, by selecting such examples as the nature of the subject 
may seem to require. 

The first problem that suggests itself according to our plan thus 
modified, is that in which we are required to find the centre of 
r gravity of a circular arc. 
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58. Problem. To determine the centre of gravity of a circular 
arc. 

Let BAD be tlic circular arc, whose centre of gravity o is required 
to be found. 

Bisect the arc bad in the point a by the 
straight line ac passing through c the centre of 
the circle ; then, because the particles that com- 
pose the arc bad are symmetrically disposed with 
respect to the line ac ; it follows irom our opening scholium, that 
the straight line ac passes through the centre of gravity of the arc 
BAD, and the writers on mechanics have shown, that if 

a=BAD, the length of the arc in parts of the radius, 
c=BD, the chord of the arc, 
r=cA, CB or CD, the radius of the circle, and 
3 =cg, the distance between c, the centre of the circle, and 
G the centre of gravity of the arc bad ; then 

tforrer; (f) 

which equation being^educed to an analogy by the rules of algebra, 
becomes 

a *. r •• c \ hi 

and this analogy evidently implies, that 

The distance of the centre of gravity of a circular arc 
from the centre of the circle is a fourth proportional to 
the letigth of the arcj the radius of the circle^ and the 
chord of the arc. 



Take the following examples for illustration. 

Example 1. The radius of a circle is 56 inches, and the chord 
of an arc cut off from the circle is 42 inches ; at what distance 
from the centre of the circle is the eentre of cavity of the arc cut 
off? 

Here we have half the chord of the arc equal to 21 inches ; con- 
sequently, by Plane Trigonometiy, we have 

66 : 21 : : rad : 0.375=nat sin. 22» 1' 28" ; 

hence the number of degrees in the arc bad= 22° 1' 2ff'x2s 
44*^ 2* 56"; then, by a table of circular arcs, we get 
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440 0' O'Mcngtli of the arc to radius (1) 0>7679449 
2 0 — 6818 

66 2716 

44 2 56 0*7687982; 

therefore, the length of the arc to radius 66 is 
0*7687982 x 66 =43 *0527 inches yerynearly; 

consequently, by the preceding anal<^, we obtab 
43*0627 : 66 42 : 64*64 inches nearly. 

Hence, the position of the centre of gravity o, is in the line ac 
bisecting the arc in the point a, and passing through c the centre 
of the circle, and at the distance of 64*64 inches from the centre c. 


Example 2. The chord of an arc is 102 inches, and its height or 
versed sine is 28 inches ; at what distance firom the centre of the 
circle is the centre of gravity of the arc ? 

In this example, if in addition to our former notation, we put v 
to denote the versed sine or height of the arc; then the writers on 
Mensuration have shown that 

a=^{4v'?+4P" _c}, 

and r=(c*-i-4*;®)-f-8f. 

* 

Let tho numbers given in the example be substituted for their 
representiltives in these equations, and we shall have 

«=:-i {4 Vi02*+4 x 28^102} =121 * 15 indies, 
r=(l02*+4 x 28*)-T-8 x 28 = 60*4464 inches. 

Hence, by our analogy, we obtiun 
121*16 : 604464 : : 102 : 60*$ inches very nearly ; 

consequently, the centre of gravity of the arc is distant 

from the centre of the circle, 50*9 inches, 
from the middle or crown of the arc, 9*6464 inches, 
and from the middle of the chord, 18*4636 inches. 

When 0=60”; then c=r, and the equation marked (p) is 
transformed into 

o3=r®, 

which being converted into an analogy, is 
a : r ;:r : thatis, 

the radius, is a mean proportional betwixt the arc, and the distance 
of the centre of gravity from the centre of the circles. 
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When a=90°; then csrVs; and the equation marked (f), 
is transformed into 

ad=ir>/'a”; 

and because the length of a quadrantal arc, of a drcle whose 
radius is r, is equal to 1*5708 times the radius, we obtun, by 
substitution 

*=0*9r veiy nearly. 

When as: 180**; then c=:2r, and the equation marked (f), is 
transformed into 

a3=2r«, 

or by substituting for the arc a its value 3> 1416r, we obtain 

1*57083= r 

or dividing both sides by 1*5708, we get 

3=0*6366 r. 

When 0=360°; then c=0; consequently, the equation marked 
(f), becomes 

a3=0, 

but since the product of the terms on one nde of the equatioh 
becomes equal to nothing, it is evident that one or other of the 
terms themselves must to nothing ; now the are o cannot be the 
evanescent quantity, for it is, according to the supposition, equal to 
the whole circumference ; consequently ^ the term with which it 
is combined, must vanish, and then, the centre of gravity^boincides 
with the centre of the circle. 

The preceding class of derived equations arg too simple to require 
examples for illustration, we shall therefore proceed to the next 
problem in the order of simpUcity. 

60. Problem. To determine the centre of gravity of a circular 
%egment. 

Let BADE be the circular segment, whose centre of 
required to be determined. 

Bisect the chord bd mrpendicularly in the 
point £ by the straight line ae, which passes 
through c, the centre of the circte. 

Then, Itecause all lines which car be drawn 
in the segment bade, parallel to the chord bd, are bisected by the 
line AE, these bisected lines, considered two and two, are synw 
metrical with respect to the line ae, and consequendy, by our 
seboUum, AE passes through the centre of gravity of the segment 
bade. 
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Therefore, if the parts of the figure be denoted as in the case of 
the circular arc, the writers on Fluxions have shown, that 

6r^ (a = sin. a) =c’. (h) 

Here however we must observe, that a and sin. a are supposed 
to be reduced to the proposed radius r, and not considered as 
corresponding to the tabular radius unity; and furthermore, the 
expression a— sin. a is to be employed when the segment is less 
than a semicircle, but when the segment exceeds a semicircle, the 
expression a-fsin. a comes into use. 

61. This being premised, we proceed to illustrate the appli- 
cation of the formula, by the resolution of the following appropriate 
examples. 

Example 1. The chord of a circular segment is 224, and the 
radius of the circle 113 inches; what is the distance between 
the centre of the circle and the centre of gravity of the segment ? 

Here, we have half the chord of the segment equal to 112 inches, 
consequently, by Plane Trigonometry, we get 

113 : 112 :: sin. 90^ (1) : 0.99115=nat sin. 82«> 22'; 

hence, the number of degrees in the arc of the segment is 
82® 22' X 2= 164® 44'; 

therefore, by a table of the lengths of circular arcs, we have 

arc 164® 44' to radius l=:2'8751d91 

sine 164 44 = 0"2633115 , subtract, 

hence (a— sin. a) =2*6118276; 

consequently, (a— sin. a) to radius (r= 113) is 2*6118276x813= 
295.1365188; 

then substituting this number for (a — sin. a), and 113 for r in the 
preceding equation, and it becomes by contracting the decimal, 
200102-56 ^=c3; 

Now c’=224 X 224 X 224= 1 1239424 ; 
consequently, by division, we have 
11239424 

^= 206 10 2 . 56 =^^ 

for the distance between the centre of the circle and the centre of 
gravity of the segment 

Example 2. The height or versed sine of a drcular segment is 
128» and the .diameter of its base 224 inches ; what is the distance 
between &e centre of the drde and the centre of gravity of the 
s^fmeiit? 
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It was shown in the solution of the second example under 
equation (n), that if v represent the height or versed sine of the 
arc, c the chord or diameter joining its extremities, and r the radius 
of die circle ; then 


let tUs value of r be substituted for it in the equation marked 
and it becomes 


32(<:^+4v^)(a:p8in. a)=4c*v; 


and moreover, by Plane Trigonometry, we have 

( c* + 4v* ) 4cv 

gjj : |::rin.90°(l) ; an. 


consequently, by substituting the numbers proposed in the example, 
the expresnon ror sin. ^ a as found above, becomes 


4 x 224X128 - ^ 

: =n-flni1ft=nn.t. sin. 82“ 22^. 

224H4x128s 


In this case, however, the s^ment exceeds a semicircle; conse- 
quently, exceeds 90“ or a quadrant; that is 0^=360°— 2 
(82° 22*) = 195“ 16' ; therefore, by a table of the lengths of circular 
arcs we have 


arc 195“ 16' to radius 1=3*4080463 

sine 195 16 =0-2633115 add 

hence (o+sin. c) =3*6713578; 

consequently, (a-f-sin. a) to radius r, is 3*6713578 x r ; but r = 
(c"-b4t;*)H-8v 


that is, r= 


224*-l-4Xl*28* 
8x 128 
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therefore, 3*6713578X113=414*8634314, 
or, (a-|-ffln. a)=414*8634314; 

then, by substituting tl^e numerical values of the letters c and v in 
equation (o), it becomes 

3 X (224H4X128*) x 414*863431 4 x 2=4 x 224» x 128 
or by actually expanding the expressions and contracting the deci- 
mal w’e obtain 

144014032* 122r-.};^5008128 
consequently, by division, we get 

680o008128 _gg*8i hes very nearly, for the distance 
144014032*12 ' 

between the centre of the circle, and the centre of gravity of the 
segment. 
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' 62. We may, however, remark tlmt tile results obtained in this way, 
are !only approximative by reason of the rule whidi we have adoptra 
for detennining the segmental area ; but it is presumed, that the 
degtite of accuracy thus arrived . at, will, in all practical cases, be 
found MiffiMetn: for the attiunment of every useful purpose. 

rf^en the diord c=2r, the segment becomes a semidrcl^ in 
wmch case the arc a=:3* 14161*, and dn. aso;^ (herefore^ ]Ae 
equation marked (a) assumes the following form ; via. 

8ri{d.l416r7 0}=4rs 
which again, by further reduction, gives 
32=l‘27323r 
or dividing by % it is 
a=0.42441r. 

This case is too dmple and obvious to reqmre any illustration, 
we therefore pass it over and go on to another 

Problem. 7b detemfl^e the centre of gravity of a drcutar 

sector, 

63. Let the figure badc, be the drcular sector, whose centre of 
gravity is proposed to be determined. 

Join BD, which bisect perpendicularly in the point E by the straight 
*line AC, cutting the aro in a and passing through 
Ct the centre of the drcle. 

Then, because the parts of the figure, viz. the 
sectors bac and dac^ are symmetriculy disposed 
with respect to the line ac, it follows from our 
scholium that ac passes through the centre of gravity of the sector 

ABCD. 

Therefiwe, the notation remaining, we eha|[ have the distance of 
the centre of gravity of the sector from the "centre of the circle, 
expressed by tiie following equation : viz. 

3a3=:2cr. (i) 

Thevidueof^in this equation, is manifestly two thirds of its value 
for the drcular arc; consMuentlyi^e mode of procedure in the one 
cam will be the seme as in the other, Vnthlhe exception of taking two- 
thirds of tile result; fat whidi reason we deem V unneoessaiy, to 
propose an^ examples in this place for the'puipose of illinrtxation; 
%e therefore {woceed. 
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Problem. To detemine the centre of gravity ef-my parabo^ 

64. LetBAiK^lie the parabola whose ^tre of gravity is pitiposed 
to bo detenoin^. 

Join BD^ which bisect perpendicularly in .the 
peint tiy*the strdght line ca, passing through 
A, the^ve^x of the figure. 

Th^ berause the parts of the figure bac and 
BAl! are nmilar by the nature of the curv^ all . 
lines drawn parallel to bd must be bisected by ■ A ■' » 

the line ac, and because the point c .is the centre of gravity of the 
line BD^ AC must pass through the centre of gravity of all the lines 
drawn parallel to bil 

Now, the parabola badc, is obviously composed of an infinite 
number of straight lines, drawn parallel to bd and bisected by tiie 
absdss AC ; consequently, the common centre of gravity of all the 
constituent lines must be the centre of gravity of the figure ; hence 
the centre of gravity of the parabola badc^ is situated in the absciBS 
or axis AC. 


Let assAC, the given absdss or part of the nxi«», 
p—vQt the parameter of the axis, 
ysBc, any ordinate, . 
and nsany exponent of the ablliss and parameter. 

Then, the general equation expressing the relation between the 
absciss and ordinates of any parabola, is 

Therefore, if 2 =ao, the distance between the centre of gravity 
and vertex of the figure ; then the foregoing equation gives 

2= (n + 1) a -4- (n + 2). 

Now, in the common, or Apollonian parabola, n=:^; that is, (he 
equation to the common parabola is 

op^lfS oryasV^; 
which equation implies, that 


2he ordinate of the common parabola is a meanpropor- 
tional between the cbsciss and theparanwter of the axis. 

C!onsequently, by rUistitalang for » in the preceding value of 
if we have 

lm*ea, ( k ) 

That is, in the common or Apolloman parabola. ^ 


J%e portion of the centre^^ gravity is in the axis <fthe 
fyure, and ed the distttnce ^three^jrlths of theabseiss/rom 
tM vertex. ' 


Exabifle. If the idMciss of a parabola is 60 inches or A fiset; 
what is (he distance of the centre of gravity firoip the vertex? * 
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Here, by the abore equation we get ' 

■< inches or 8 feet. 

a 

■" .45. If the figure under connderation be the oonnnon semipara- 
bola; then the distance of the centre of gravity from the vertex, is 
etpressed by the following equations : viz. 

When the absciss ^and onfinate are given, 

«=TWS76a®+22i^*. (l) 

When the absciss and parameter of the axis are given 
is:-^^a{516 a + 225 p}. (m) 

These equations express the distance between the vertex and the 
centre of gravity, but they do not determine the direction of t^t 
distance, by reason of the figure not being symmetrically disposed 
with respect to the absciss ac; the method of finding the direction 
of the hne in which the centre of gravity of the semiparabola is 
situated may, however, be easily inferred from the following con- 
' sideration: viz. 

If we conceive the semiparabolas bac and dac, to be wholly 
concentrated in their respective centres of gravity; then, it is 
mantfes^ that their common centre of gravity, or that of the 
parabola badc, must occur in the line which connects the centres 
of gravity of the semiparabolas bac and^ dac; and because these 
semiparabolas are equal to one another in magnitude, their com- 
mon centre of gravity must bisect the connecting line. 

Now, we have already shown, that the centre of gravity of the 
parabola badc is in the absciss or axis ac ; consequently, tiie line 
which connects the centres of gravity of the semiparabolas bac 
and dac; is bisected by the absciss or axis ac, and because the 
semiparabolas are symmetrically disposed with respect to the axis 
AC, the straight line which joins their centres of gravity, is bisected 
perpendiculwly by ac ; firom which it appears that 

centre of gravity of any semipard>ola, occurs in the 
ordinate to tM axis, passing through the centre of 
gravity of the whole parabola. 

Hence we infer, that 

Tie distance between the censes of grttyity of the para- 
bola and spntyarabolet^ and the respective distances of 
their centres of gravity frdhn the vertex, constitute the 
three sides of a right angled triangle, of which the tUs- 
tance between the vertex and centre, of gravity of the 
semiparabola is the hypothenuse. 

Consequently, the distance between 'tiie centres of gravity of 
file, parabola and semiparabola is found frmn the equations (k) 
aiM^^),tobe 
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66. From which, and equation (n), we deduce the follo4iii^ 
ren simple construction. ’/ 

Let BAc be the semipanbola whose centre of gravity^ 
posed to be determined. 

Produce the axis ca, and ordinate cn, to the 
points r and q ; making cn and nr, equal re- 
spectively to me numbers 3 and 5 ; and co and 
oy, equal respectively the numbers 2 and 3. j r 
Join m, and through the point n, draw nm ^ ^ ^ 

parallel to meetiim the ordinate nc in the point m. 

Again, join gA, and through the point Ot dr&w oo parallel to ^a, 
meetmg the axu or absciss ac in the point o, whi<di is the centre 
of ^vity of the parabola. . 

lien, through the point m draw parallel to the axis aq ai^ 
through o draw parallel to tiie ordmate cn ; then shall gt their 
point of intersection, be the centre of gravity of the semipaiabola * 

BAC. 

Put ^=qg, the distance between the centre of gravity of the 
semiparabola bac, and c the origin of the co-ordinates ; then we 
have 


When the absciss and ordinate are given, 
3'=r:iiyV256a^+226y* 


(N) 


When the absciss and parameter of tiie axis are pven, 

{2560-1-225 J9) (o) 

From tiiese two eqviations, in combination with those marked 
(l) and (h), the distances cg ^ and kg can be computed, and thence 
also, can the position of the line ao be ascertained 

And moreover, if ^.represent the angle cAg’, contained between 
the a^is or abeciss a<^ ~ and the line Ag, in which the centre 
of gravity of the semiparabola is situated; Aen we have 

When the absciss ac and ordinate bc are given, 

tan. p=:5^-T-8a. (p) 

When the absciss ac and p, the parameter of the axis are given, 
tan ^ssSy a|^<i-8a. (q) . 

And from each of these equktions, fording as the ordinate, or 
parnmater of the axis is given, the direction of the line kg can 
easily be assigned. 


The fbUowing numerical e^mple will eluddate the whole 



116 


OF THE CENTRE OF ORAVITT. 


Exam w^e. The absciss of a semipaiabola is 66 indies, and its 
corresponding ordinate 22 inches ; at what distance is the ceittre 
of gravity dtuated from the vertex, and what is die direction of 
the hne in which it is situated with respect to the absciss? 

■ In this example we have given the absdss a=56^ and the ordi- 
nate v=:2% and the equations which fulfil the conditions of the 
qoestion are those marked (h) and (p); in which, if we substitute 
me given numerical values of a and y, we get 

^=Ag’='^V^76Xd6*+225 x 22*2:34. 6 inches very nearly, 
for the distance vom the vertex of tiie figure. 

Then to find the direction, it is 

tan. p=-liiH?=0.24654=nat tan. 13*47' 43"; 

8 X 56 

consequently, the direction which the line, where the centre of 
gravity of the semiparabola is situated, makes with the absciss, is 
*an angle of laP 47' 43". 

And exactly after the same manner would the distance and 
inclination be obtained from the equations (m) and (q), when the 
parameter is given. 

67. Problem. If the parabola bad, be supposed to revolve 
around the axis ac, which remains fixed, it will by such a revo- 
lution generate the solid badc, a figure, which the writers on Men- 
suration have denominated 


A parabolic comitl^ or paraboloid. 

Now, since the figure badc is a solid of revo- 
lution, it is obviously symmetrical with respect 
to its axis*: consequently, by our scholium, the 
axis AC passes through the centre of gravity of 
the solid badc. 

Therefore, the notation remaining as in the case of the parabolic 
surfi&ce the general equation for the curve, is 



And the expression for the value of ao, the distance between the 
vertex and the centre of gravity of the figure, is 

S=(2w + l)a.^(2»+2). 

Now, in the common or Apollonian parabola, the exponent 
therefore, by substitution, the foregoing equation becomes 

(tt) 
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Tliis very simple equation implies, that 

The distanee between the vertex and the centre of gravUy 
of a parabolic conoid, is egttal to two thirds of the axis. 

Examhjb. The axis 'of a parabolic conoid is 108 inches; .what 
is the distance between the vertex and the centre of gravity of &e 
figure? 

Here, by equation (a), we have 
ao=«= 12^=72 inches. 

68l When the exponent n is equal to unity, the generating sur- 
face BAG becomes a triangle, and the conmd bad is transformed into 
a cone, the equation expressing the distance ac being 

i—\a. . (s) 

This corresponds to an inference drawn from the case of the 
triangular pyramid treated of in the foregoing pages, but here the . 
theorem is much more easily deduced, and more rigorously 
established. 

Example 1. The axis or altitude of w upright cone, is 234 
inches ; at what distance from the vertex is the centre of gravity ? 

Here, by equation (s), we have 

QO4. y Q 

Ao=:- -=175.5 inchesy the distance sought 


Example 2. The diameter of the base of a sealine cone, whose 
axis is inclined to the plane of the base in an angle of 56^ 24', is 
48 inches ; what is the distance of the centre of gravity from the 
vertex; supposing the slant side of the cone to measure 52 
inches? 

At the point the centre of the base, make the angle dca equal 
to 56^ 24^y and at the point d, the extremity of 
the diameter bo, with the distance oa equiu to a 

52 inches, the slant side of the con^ describe an j^\ 

arc cutting the oblique axis ca in the point a, yy / \ 

and join ba and da ; then is badc the sealine Xg/ / \ 
cone, whose centre, of gravity c is proposed to be \ 

determined. 

Produce the diameter of the base bd to the 
point F, making ce and ef proportional to the numbers 1 and 3 ; 
join FA, and through the point £, draw kg parallel to fa, meeting 
AC in the point g; then shall o be tlie centre of gravity of the 
sealine cone bad. 
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By Plane Trigonometry, we have 
AO : DC ^ Aco : an. cad ; that is, 

52 ; 24 :: ^56*’24' : sin.22°d6' 29", 
then 66®24'+22"36'29^=79®0'29"=1 ^-adc therefore, 
ain. 56024' : sin. 79o 0'29" :: 62 : 61.29 indies nearly, for the 
lengfo of AC, the axis of the sealine cone. 

Then, by equation (a), we have 

. 61.29x3 Mttvf u 1 

Aa=2= j =46"97inches very nearly, 

for the distance betwemi a the vertex, and o the centre of gravity 
of the Bcaline cone watv 

Problem. 7b Jlnd the centre of gravity of the frustum 
of a parabolic conoid or pardbobtidf when the distance 
between the ends of the frustum and the diameters of 
those ends are given. 

69. In the parabolic conoid badc, (see the diagram next pre- 
ceding), if a cutting plane parallel to the bas^ pass through p, any 
point in the axis ac ; tiien, the figure befd thus cut oiT, is by the 
writers on Geometry denominated 

the frustum of a parabolic conoid, w of a paraboloid. 

And which being a solid of revolution, is manifestly symmetrical 
with respect to its axis or height pc; consequently by our scholium, 
PC passes through the centre of gravity of the frustum befd. 

Put R=B(^ the radius of the greater end, 
r=EP, the radius of the lesser end, 
h=vcy the axis or height of the frustum, 
and d=FG, the distance between the centre of gravity 
and the centre of the lesser end. 

Then, the expresdon involving the distance of o, the centre of 
gravity, from p the centre of the lesser end, is 
^ 33(B*+r*)=/i(2R*+r®); 

or dividing both ddes of the equation, by 3 the expres- 

don for the distance po becomes 

J=:A(2B*+r*)-5-3(B*+»")* (t) 

\ 

70. The practical rule which tMs equation affords, is as follows. 

Rule. — 7b twice the square of the radius of the greater end, add 
the square of the radius of the lesser end, and mnitiply the 
sum by the height', then, divide the product by three times the 
sum of the squdre of the radU of the two ends, and the quo- 
tient wUl be the distmtee between the centre of the lesser end, 
and the centre of gravity of thefrudum . ' 
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Examfue 1. The distance between the ends of the frustum of 
a parabolic conoid is 36 inches, and the diameters of the two ends 
are respectively 256 and 144 inches, at what distandl from the 
centre of the lesser end is the centre of gravity of the fiiutum? 

In this example there are ^ven, 4=36; rs= 128^ and r=72 
inches; therdfor^ by the equation (t), or by the rule deduced 
from it^ we have 

2a<=2 X 128 X 128=32768, 
r*= 72 X 72= 6184, 

A (2b*+}^) = 36 X 37052= 1366272dividend, 


li*= 128 x 128=16384 
r*= 72 x 72= 5184 
3 (R*+y«)=3 X 21568=64704 divisor; 

therefore, by division, we have 


FO=d= 


1366272 

64704 


=21.12 inches very nearly. 


Example 2. From a parabolic conoid, whose axis is 84 inches, 
a fhistum is cut off at the distance of ^ inches from the vertex; 
what is the distance between the centre of the l^ser end, and the 
centre of gravity of the frustum, suppoang the parameter of the 
generating parabola to be 16 inches r 

Here from the equation of the curve, we have 
rS=84x 16=1344, 
r*=22xl6= 352, 


and moreover 4=84—22=62 inches for the height of 
the frustum ; therefore by the rule we get 

4 (2BHr^) =€2 (2 x 1344+352) = 188480 dividend, 

3 ( R< + 1 ^) = 3 ( 1344+352) = 5088 divisor ; 

consequently, by division, we have 

, 188480 • u 1 * 

i>G=2=-rjr^-=37.04 inches very nearly. 


71. Problem. To find at whitt dittance from the centre of 
ihelaaerendt isthe centre of gravity of the conic frustum, 
when its height and the diuntsters of the two ends are 
given. 


If the generating surfece befo be a trapezmd, the solid pro- 
duced by its revolution round the axis fc is obvioud.y the conic 
frustum BEFD, whidi bang symmetrical with respect to the axi^ 
must^ according to our scholium, have the axis fc passing through 
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its centre of gravity; consequently, the notation remaining as 
above, the expression involving the distance between the centre of 
gravity, aid the centre of the lesser end of the frustum, is 

4^ (a®+Rr+^®)=A (3R®+2RF+r®), 

or dividing both sides of the equation by 4(R^-|-R|i+i**), the ex- 
pression for the distance fg becomes 

2= A (Sa^-f 2Rr+Y^)-s-4 (R®+Rr+r®). (u) 

And the practical jule derived from this expression, may be 
enunciated in the following manner. 

72. Rule. — 7h the sum of the squares of the radii of the 
two endSf add their product^ then multiply the sum by 4 
and reserve the result for a divisor. 2b three times the 
square of the radUis of the greater end, add the square of 
the radius of the lesser end^ together with twice the pro- 
duct of the radii, and multiply the sum by the height 
of the frustum for a dividend. 

' Then, divide the dividend by the reserved divisor, and 
the quotient will express the distance between the centre 
of mjagnitvde of the lesser end,^and the centre of gravity 
of the frustum. 

Example. The diameters of the two ends of a conic frustum, 
whose height is 26 inches, arc equal respectively to 20 and 34 
inches; at what distance frgm the centre of magnitude of the lesser 
end, is the centre of gravity of the frustum ? 

In tliisexample there are given, A =26; R=17,and r=10inchcs; 
then, by equation (u), or the rule derived from it, we have 

r» = 17x 17=289 1 
r®= 10x10=100 V, add. 

Rr®=17x 10=170 J 
4 ( R«+Er+r®) =4 X 559 =2236 divisor. 


3 r=3x 289=867 1 
r®= 10x10=100 f add. 

2 Rr=2x 170=340 ) 

A (3R^+2Rr+re)=26 x 1307 =33982 dividend ; 
consequently, by division, we have 


. 33982 , 

PG=2= “55^=19. 19 inches nearly. 


Since the mode of procedure for any other esuunple, would be the 
same as that exhibited above, it is needless to extend the illustra- 
tion in this place, as no useful variety of examples can be proposed. 
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73. Problem. 7b find the centre of gravity of a spheric segment . 

Put r=CA=cB=:cD, the radius of the sphere adfd, - 
i;=AE, the height or versed sine of the 
segment bad, 

and ^=AG, the distance between the centre 
of gravity and the vertex of the segment. 

Then, since the solid bade is 8y|nmetrically 
disposed with respect to the versed sine ae, it 
follows from our scholium, that ae passes through 
the centre of gravity of the spheric segment bade, 
and the expression involving the distance of the vertex from the 
centre of gravity, is 

5 (12r— 4f;)=f;(8r— 3i;). 

or dividing both sides of the equation by (12r— 4v), the expression 
for the distance ag becomes 

^=:v (8r — (12 r — 4 w). (v) 

The practical rule derived from this equation, may be expressed 
in words at length, as follows : 

74. Rule. Firom twelve times the radivs of the sphere sulh- 
traet four times the versed sine or height of the segment^ and 
reserve the remainder for a divisor. 

Then from eight times the radim of the sphere subtract 
three times the height or versed sine; multiply the 
remainder hy the versed sine, and divide the product by 
the reserved divisor ; then the quotient will erjyress the dis- 
tance between the vertex and the centre of gravity of the 
spheric segment. 

Example 1. The diameter of a sphere is 288 inches, and the 
height of a segment thereof is 24 inched; what is the distance 
between the vertex and the centre of gravity of the segment ? 

Here we have given, r= 144, and t;=24 inches; hence, by the 
rule we get 

12r= 12x144= 1728 
4t;= 4x 24= 96 subtract, 

( 12r — 4f;) =1 632, reserved divisor. 

8r = 8x144=1152 
3f;= 3X 24= 72 subtract, 

v(8r-3w) =24 y 1^=25920 dividend; 
consequently, by omsion, we have 

.Q — g— 15 • 89 inches nearly, for the distance between 

the centre of gravity and the vertex of the segment. 

75. If d represent the distance between the centre of the sphere^ 
and the centre of gravity of the segment ; then we have 

d=12r (r-v) + 3t;’' -5- (I2r-4i;). 

Q. 



(w) 
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Example 2. The data remaining as in the last example, required 
the distance of the centre of the sphere from the centre of gravity 
of the segment. 

In this example there are given, r=144, and i;=24 inches; let 
these numbers be substituted for r and v in the preceding equation 
(w), and it becomes 


j 12x144(144-24) + 3 X 24 X 24 , 

d= — iTT = 128-12 inches nearly. 

12x144—4 x 24 ^ 


When r=r, the segment is a hemisphere, and the equation 
marked (v) is transformed into 

or if we refer the centre of gravity to the centre of the sphere the? 
equation marked (w) gives 

rf = |r. 

These two equations require no illustration, wc therefore pass 
them over, and proceed with the determination of the centre of 
gravity of a spheric sector. 

76. Problem. To determine the centre of gravity of a sqiheric 

^ sector. 

The spheric sector badc, (sec the preceding diagram), is mani- 
festly a solid of revolution, being generated by the motion of 
tlie circular sector badc about the radius or axis ac ; it is composed 
of the cone ncD and the spheric segment bad, and is evidently 
symmetrical with respect to the radius or axis ac ; consequently, 
by our scholium, the radius ac passes through the centre of gravity 
of the sector badc, or the common centre of gravity of the cone bcd 
and the segment bad, of which the spheric sector badc is composed. 

Put r=AC=Bc=Dc, the radius of the sphere badf, 

«;=AE, the height or versed sine of the segment bad, 
d=AH, the distance between the middle of the base, and the 
centre of gravity of the sector badc. 

Then is r— ?;=£c, the altitude of the cone; 

consequently, the centre of gravity of the cone bcd, as found by 
equation (s), is 


and the centre of gravity of the spheric segment bad, as found by 
equation (w) is 

Gg={ 12r(r — r) +3i;”} -r- ( 12r — Av) 

Therfore, the distance between the centres of gravity of the 
spheric segment and cone, is 

cc;= {12r(r~t;)+3w*}-^(12r — 
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which by redaction becomes . 
8r* 

i.2r—4v 


Now, if we conceive the segment bad and the cone bcd» to be 
Vf'holly collected into the points o and tlieir respective centres of 
gravity, it is evident that their common centre of gravity, or tliat of 
the sector badc, must subsist in the connecting line Ggj and divide 
it into two parts, that are to each other reciprocally, as the masses 
of the segment and the cone. 

But according to the writers on Mensuration the solidity of the 
segment ^ 

is l-0472i;-(3r-t;), 
and the solidity of the cone 
is 1 '0472 V (2r-— 3ri;+t;-) ; 

tliereforc, their joint solidity, or the solidity of the sector, 
is 2-0944 

coiisiuiucntly, by our first principle, we have 


2-0944r'^i» : l‘04.72v(2r^—iirv+v"-)::j^~ : 


to which if we add AG=f; (8r— 3t;) -r- (12r— 4i»), (see equation (v) j, 
we obtain 


Aii=5=i {2r+34 (x) 

And the pra(!tical rule derived from this equation, is as follows : 


77. UuLK. To txLHce the radios of (he sphere^ add three times t!u: 
versed sine, or height of the segment ; then take one eighth part 
of the snm for the distance between the centre of gravity and 
Hie centre of the sector's base. 

ExARinA*:. The radius of a sphere is 50 inches, and the versed sine 
of the segment of tlie sector’s base is Irt inches; recjuired the 
dlKtance between the centre of the spherical base and the centre of 
gravity of the sector ? 

In tliis example we have given r=50 inches, and v= 18 inches, 
therefore, by eciuatioii (x), or tlie rule derived from it, we have 

2r = 2 X 50= 112 
3 V = 3 V 18 = 54 add 
J (2r + 3 v) = J x~ 106=20-75 inches, for aii, 
the distance between the centre of gravity h, and a the centre of the 
sector’s base. 

78. The figures w^hich we have illustrated in this treatise on the 
centre of gravity, are such as generally occur in the i)racticc of 
mechanics, but there arc many others which frequently present 
themselves, all more or less allied to those which we have now con^ 
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sidered, but of which it is unnecessary to give a detailed solution ; 
the principle of th||m will be found enumerated in the following 
summary. 

1. The centre of gravity of the surface of a cylinder is the same 
as the centre of gravity of the parallelogram, made by a plane 
passing along the axis. 

2. The centre of gravity of the surface of a cone, is the same as 
the centre of gravity of its triangular section. 

3. The centre of gravity of Sie surface of a conic frustum is the 
same as the centre of gravity of the trapezoid, formed by a plane 
passing along the axis. * 

4. I'he centre of gravity of the surface of a spheric segment is at 
the middle of its versed sine or height 

5. The equation (««), which answers to the centre of gravity of a 
conic frustum, is alike applicable to the frustum of any regular 
pyramid, taking r and r, to denote the greater and lesser sides of 
tlicir polygonal ends. 

6. The equation (tt), which answers to the centre of gravity of the 
segment of a sphere, applies also to the segment of a s])heroicl, 
without alteration, and the modified ec}uation for the hemisphere 
applies to the hcinispheroid. 

lliere are several other figures and properties connected with the 
centre of gravity, the discussion of which does not ])roperly belong 
to Ais place, but which will bo ])ointcd out, demonstrated and 
applied,* when we come to treat of the composition, resolution and 
properties of motion. 
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We shall now proceed to lay. before our readers a tabular view of 
the principal fonnuLe that have been investigated and applied in 
the proceeding pages ; such an arrau^eht greatly expeoites the 
process of reference^ and serves admirably as a means of comparison 
between the difTcrcut results, whether they are considered as instru- 
ments of computation, or as links in the chain of philosophical 
research. 

The following is a list of the several equations that have been 
employed in determining the centres of gravity of the respective 
figures to which they refer. 


Nature or 
tlie ti^urc. 


Two 

bodies on 
:i straight 
lever 
without 
weight; 

straight 

l(!vor 

with 

weight. 


Form of the Equation!. 


Throe 
hndio'4 in 
a struight 
line with 
weight. 


Pago Particular remarka 
where and conditions of the 
found. data. 



. (2«4-wp)d 
" iHfi+h+ml) 


Three! \ 
bodies in / /j 
a btniiglit > •*= ” 
line with- C 
out weight J 


Ac/-}- w a 
< -f- A-|-?« 


2ifr ^ ' 



(2A-|-trc/)c/-f 


“2(ci-f-A-}-w«-|-tt-c/) 


d, A and 9n the 
masses of the bo- 
dies, c/the length 
of the lever, B the 
18 distance between 
the bodies a and 
7/1, and.r the dist- 
;aiice of a from 
jthu common cen- 
tre of gravity of 
the system. 

The common 
centre of gravity 
22 ill the middle of 
the line. 
ci,A, /// anddgh'cn 
2''i to find tlu! length 
of the line such, 
that the centre of 
the system may 
Insect it. 











Four 
bodies in 
the same 
straiglit 
line 

without 

weight. 




a, m, n and 
the masses of the 
bodies ; S, S* and 
d the distances 
34 of a fnxin //i, n 
and 6 ; x the dis- 
tance from rt to 
the common cen- 
tre of gravity of 
the system. 


Three bo- 
dies any- 
how posi- 
ted in 
space; 0 
acute 


- ^ J(b+ c)(W»+e«^)— ic3» 

6+c 


acuie 

^obtuse ^ 

6+c 


(if b and r, tne 
bodies : d, S and 
S', the resjicctivc 
distances, and 
AG the distance 
between the 
body a and tlic 
coiiinion centre 
of gravity of b 
and c ; 0 the an- 
gle of the figure 


A,r_ * J(b+cj{biP+cif‘)—bcS* . 42 amJ 

0 iicutL Air — ^ “V ' 42 y iiciiijjtliosanic 

as above, a rid aji 

^ obtuse AH= 1- (b+cAlitP+c lo ’th(! 

o+^4"C 4- common centre 

of gravity. 

1 J(a+c){a€f*4*f(a*-i'*)} +c*^* nn the distance 

" ‘ a a between b and 


44 

CH= _l_J(«+6) 44 


tlic common cen- 
tre of gravity. 


«+6-|-c 

CH— ^ J^+^+ 6* 

o-f6-|-c 


AH=BH=CH-^ V' 2 


The distances (/, 
^ ami ^ equal 
47 among them- 
selves. j 


The three bodies 
and their dis- 
49 tanccs equal. 
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Fonn of the Equations. 


AH=JV2 (</»+««')— 

Sr ] 

^gures. j cH= J v'2(f'+3’)— 


AD=i^/3(<f+a™)— «» 
IIP * 2 (S^+ AVla^ 

,CB =i V' 2 ‘(«*+«'‘T.^ 


</= v' 2 ( AH*+llIl')— «!•' 

!=: V2(iih'‘’+CH’)— ah’ 
i'= V-j( AU’-HII’)— Bu’ 
(i'+3»+ r=3 ( ah’+bh’+ch’) 

Qnadri-I pH (2 ad+bc)=bh(2bc+ad) 

IrSU (2AD+BcV2(d’4-J’)-a'» 

""" 0(AD+BC) 

2Bc+AD^/3((^*^-^’) — ^'s 
6(ai)+bc) * 


5^ Particulars ns 
above. 



(2AD+BC)v'4fy*'— 

Figure in niiss — v./ — -i? — : 

till form 0 (ad+bc) 

ofatrape- 

zoid. ^(2 BCH-Aii)%/4(F^a^» 

6(ad+dc) 


71 Particulars as 
stated above. 
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Nature of the I 
figure. I 


Form of the Equafioni. 


Triang. 1 
pyraiuidj 



Triang. l|no= (<»”+«’') 

pyramidj 


dj L ^ the sides 
of tee? bosh: a. 


Triang. 1 
pyramid/ 


Thang. ^|AO=BGs=CO=rJv' 
Da=-W3(3a»-rf') 


b and c the edges 
of the pyramid ; 
and Ay n, c aiKi 
D the vertex in 
^ the order of tiic 
equations ; A<^, 
no, CG and do, 
the respective 
distances from 
the vertex to the 
centre of gravity 
of the figure. 


Sides of the base 
103 equal to one 
another. 


The edges of the 
pyramid equal, 
IQ4 aiif] tlio sides ofj 
the base of any 
magnitude. 


} • ’’ 

\ 105 2 

* Til 


Triang. I hq— co=DG=t V'C 

pyramidj 
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Nature of tliu 
figure. 

Form of the Equation. 

Page 

where 

found. 

Particular remarks 
and conditions of the 
data. 

Frust.ofT 
ajAira- 1 
boloid. J 

a=*(2R’+»*)-i-(3a’+»-®) • • • 

118 

n and r the radii 
oftheenda^Athe 
heiglil^ and dthc 
dist. between 
the centre of 
gravity and the 
centre of the 
lesser end. 

Frust.ofl 
a cone. / 


120 

R, r, h and S as 
before. 

Sx>lieric 
Begm. J 

a=ti(8r — 3»)~(12r — 4») . 

121 

r the radius, v 
the versed sine 
and S the dist. 
between the ver- 
tex and the 
centre of gravity 


a=ir . i . . . . 

122 

The centre of 
gravity referred 
to the centre of 
the sphere. 

Spheric 1 
sector. ) 

^=j(2r-i-3w) . . • . • 

123 

r the radius of 
the s])Iicrc, v the 
voi’sed sine of 
the sector, and 
d the distance 
between the 

centre of gravity 
and the middle 
of the base. 


THE END OF THE TREATISE ON THE CENTRE OF GRAVITY. 












COMPHISING 

THE MECHANICAL POWERS. 


1. OF THE LEVER. 

' h 

INTRODUCTION. 

Tuk Mechanical Powers arc those simple machines by which force 
or motion may be transmitted and modified, both as to its quantity 
and direction. These machines arc reducible to the lever^ the core/, 
and tlie inclined plane ; but for the purpose of keeping within the 
acknowledged boundaries of scientific arrangement, we shall follow 
the old and popular distribution, and class them under the names 
of the lever^ the wheel and axle^ the pulley^ the wedge^ the inclined 
planc^ and the screw. 

''riie Mechanical Powers may be considered cither statically or 
dyiiarnically. In the former case they arc machines by which 
forces of determinate quantities and direction are made to balance 
otiier forces of other (quantities and direction. In the latter case 
they arc considered as the means, by whicth certain motions of 
determinate (quantity and direction, may be made to produce other 
motions in other directions and quantities. That case considers 
simply the phenomena of equilibrium: this investigates the laws of 
motion as concerned in the application of machines, whether simple 
or compound. It is, however, tho first of these cases which wc 
shall discuss in this volume : Dynai tics, or the science of moving 
bodies, belongs to a subsecqiicnt volume of these Mechanics. 

The Mechanical Powers are of great anticquity. We are told 
that Archimedes, at tlie siege of Syracuse, constructed machines 
and engines which suddenly raised the Homan galleys into the 
air, and then let them fall with such violence into the water that 
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they either sunk, or were dashed to pieces. Powerful levers, to 
which chains and shears were attached, would do this ; and when 
the power, that overcame the resistance, was suddenly thrown off, 
the weight that had been raised would be dashed beneath the waves. 
The defence of his countrymen was unsuccessful, and the philo- 
sopher perished by the hand of a barbarian soldier. He has left us, 
however, as monuments of his consummate genius, two books upon 
the equilibrium of solid bodies, in which he has demonstrated that 

When a balance with unequal arms is in equilibrio, by means 
of two weights in its opposite scales, these weights must be 
reciprocally proportional to the arms of the balance.” 

From this general principle^ all the properties of the lever and 
of machines, referable to the lever, might have been deduced as 
corollaries ; but Archimedes contented himself with recording the 
results of his predecessors, and his premature death has deprived 
us of those investigations and their consequences, to which his dis- 
covery or application of the foregoing principle would have led. 

Ill demonstrating the leading property of the lever, he intro- 
duces what must be admitted as a very ancient axiom ; that, 

If the two arms of the balance arc equal, the two weights 
must also be equal when an equilibrium takes place.” 

Archimedes will lose nothing as a mathematician by assigning 
this axiom to the age of Abraham, wiio weighed to Ephron the 
silver, four hundred shekels, current money of the merchant, for 
the field which was in Machpelah and the cave that is therein, 
which were made sure unto Abraham for the possession of a burying- 
place by the sons of Heth.”* 

The use of the inclined plane, the pulley, the wheel and axle, the 
screw, and the wedge, was well known of old, but it has happened 
that the Oriental theory of these simple mechanical powers, like 
historical records concerning Asia and Egypt, where they were first 
invented and applied, has perished; and we stand indebted to 
Archimedes alone for all the scientific information of which time has 
not bereaved us ; since, therefore, we cannot assign a more ancient 
* Genesis, cli. xxxxx. v. 17—20. 
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authority, to Archimedes we must ascribe tlie theory of tho 
Mechanical Powers. 

Plutarch being a Greek was a great admirer of Archimedes, to 
whom he attributes various machines, which have not reached our 
times ; and as his discoveries in hydrostatics belong not to this part 
of our work, we shall merely mention them as efforts of that 
master-mind which has conferred upon statics the principles and 
theory of an accurate science. 

We cannot contemplate the application of any machine^ without 
considering these three things as involved in its use : — 1. The force 
or resistance to be overcome; 2. the means by which it is to be 
overcome, and 3. the machine itself applied with these means in 
overcoming the resistance. The force to be overcome is denomi- 
nated the tveighU the equivalent force to sustain or overcome this, 
is called the potver^ and the machine is the instrument or artifice 
which transmits this power, which it expends at a slow rate, and 
in a more advantageous direction than if it were immediately 
ap})lied to the weight or resistance. The power may be natural, 
artificial, or animal ; as, the action of wind or running water, the 
force of steam, or the labour of men or of beasts. 

'rhe lever, placed at the head of the mechanical powers, appears 
to have been the first engine which men used to change the direc- 
tion of motion and to overcome forces or resistances of different 
intensities. Thus, a beam or rod is employed as a lever, simply by 
resting one part on a fulcrum or prop as an axis, which thence 
becomes the centre of motion to the engine ; and there arc few 
machines constructed in which levers of one class or another do not 
occur. But the most remarkable, and perhaps the most elegant 
adaptations of the lever, whether straight or bent, will be found in 
the limbs of animals, the wings of birds, and the fins of fishes. 

We must not, however, suppose tlwt the lever, or indeed any one 
of the mechanical powers, possesses trie means of generating force, 
or is endowed with any innate applicability for saving labour ; on 
the contrary, in using them in any case, even more labour or 
bodily exertion is expended than would suffice to do the work witli- 
oiit them of what utility, then, arc the mechanical powers ? — why 
* Dr. Arnut'b Elements of Physics, vol. i. p. 188. Fifth Edition. 
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this: they allow a small force to take its time to produce any 
requisite magnitude of effect, at the expense of additionally over- 
coming a certain amount of Motion or other resistance. To 
explain this, a man with a handspike or crow-bar, sixty inches in 
length from the fulcrum or prop, wiH, with a force of 56 pounds, 
equipoise a weight of one ton suspended to the other end of the 
bar; the distance between the load and the fulcrum being only 
three inches and three quarters of an inch. A man with a crow- 
bar will move large blocks of granite or marble, or immense logs of 
wood, that would, perhaps, require twenty , men to do the same. 
True, he takes more time to do this than the twenty men would take, 
and hence we reason, that whatever is gained in power through a 
machine, is lost in speed or in time, and vice versd. In fact, no 
machine can exert more force than has passed into it from some 
source which has generated that force. 

' There are three orders of levers, to each of which we have 
devoted as much attention and space, as its utility and importance 
ajijieared to reijuire, and we have reduced the whole theory to a 
series of consecutive problems, from which we have drawn our 
rules for the purpose of solving such questions as the subject 
demanded for its illustration, and for shewing its practical appli- 
cations. By thus handling the equations of equilibrium of the 
lever, we have, as in our previous subjects, combined precept with 
example : and while nothing has been omitted that deserved our 
attention, every thing has been introduced with which the reader 
might desire to be acejuainted : the novelty of our plan is, however, 
secondary to its utility. But ample and co])ious as is our treatise 
upon the lever, we could only, in tliis part of our course, treat of 
its properties in the condition of equilibrium or of balanced rest; 
and point out, among many cases of its applicability in the arts, a 
few of the most strikingly useful, as where the weight of cast-iron 
beams may be determined, when they arc made so large as to render 
it difficult to weigh them ; and the weight of large uniform masses 
such as wood, stone, or metal, when they assume tlie foim of a 
bended lever. 
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Dejinitiom and Illustrations. 


1. A lever is an inilcxible b.ar or rod, supported on a prop or 
fnlernnu about Avhich, as a centre of motion^ it turns freely when 
aeted on by two or more forces applied at different points of its 
length. 

Levers are of two distinct kinds, viz. 

1. IViose in which the centre of motwn exists between the forces. 

2. Those in which it does not. 

Of this latter kind there are two varieties, viz. 

1. Such as have the resista7ice^ between the power and centre 
of motiofi. 

2. Suck as have the power between the centre of ^notion and the 
resistance. 

And the first of the above kinds of lever, combined with the two 
varieties of the second kind, constitute what authors have denomi- 
nated the three orders of levers; by this appellation, therefore, shall 
wo distinguish them. 

lever of the first order, has the centre of motion or fulcrum 
between the power and the resistance. 

A lever of the secofnd order, has the resistance between the centre 
of motion and the power. v 

A lever of the third order, has thi pbwer between the centre of 
motion and the resistance. 


* The forces that operate on the lever may m general be considered as 
of two kinds, viz. active and passive forces. The active force, or that which 
endeavours to produce motion, is called tlic power, and the passive force, 
or that which endeavours to remmn at rest, is called the resistance or 
weight. 
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CASE L 
Section First. 

WHEN THE CENTRE OF MOTION CORRESPONDS TO THE THREE 
ORDERS OF LEVERS. 


Vmt Whm the, lever is considered void of weight or gravity. 


2. The principle on whic^li the theory of the lever depends is 
simply as follows^ that is, 

Proposition 1. TVhen two forces acting in the same plane 
and in parallel directions keep an injlexihle bar or lever 
(considered without weight or gravity) in cqnilihrio; these 
forces an to each other hwerscly asiheir distances from 
the fulcrum or centre of motion. 


Let nzrcp, tlie distance between the centre 
of motion and the point where the 
power (j)) is applied; 
d=CR, the distance between the centre 
of motion and the point where the 
resistance acts ; 
y>=:thc power, 

and '/’=the resistfance ; — then by the prin- 
ciple specified above, we have 
r r/ : D ; 

or, by making the product of the mean terms 
equal to the product of the extremes, we 
obtain 

^D=rrf. 



‘•2 





(«) 


This equation expresses the conditions of equilibrium when the 
weight of the lever is not considered, but when that clement is 
taken into account, the expression becomes more complicated, as 
will be seen further on. 


The equation of equilibrium being thus established, we shall 
proceed to the developcment of the theory which simply consists 
m resolving the following problems. 

3. Problem 1. Given the magnitude of the power p, its distance 
from the centre of motion d, and the magnituile of the resist^ 
ance r; to find d its distance frotn the centre of motion. 

Let both sides of the general equation (a) be divided by the 
resistance r, and we get 
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Which expression affords the following practical rule. 

Rule. Mtdtipiy the magnitude of the power hy its dis- 
tance from the centre of motion^ and divide the product 
by the magnitude of the resistance for its distance from 
the centre of motiom 


Example 1. In a lever of the 6rst order, a power of 7 pounds 
acting at the distance of 48 inches from the* fulcrum or centre of 
motion, is found to balance a resistance 'of 8l pounds; at what 
distance from the centre of motion does the resistance act ? 


By 


the rule we have 


48x7 


=4 inches for tiie distance sought. 


Example In a lever of the second order, a power of 2 pounds 
acting at the distance of 56 inches from the fulcrum or centra of 
motion, is found to balance a resistance or weight of lli2 pounds; 
at what distance from the centre of motion does thid weight act ? 

liy the rule we have inch the distance* required. 


Example 3. In a lever of the third^order, a power of 256 pounds 
acting at the distance of 2 inches from the fulcrum or centre of 
motion, is found to balance a resistance or weight of 16 pounds; 
at what distance from the centre of motion does the resistance ac;t ? 


By 


the rule we have 


256x2 

16 


32 inches for the distance required. 


4. Problem 2. Gwe?i the magnitude of the weight or resistance 
r, its distance from the centre of motion rf, and the magnitude 
of the pmver p ; to find d, its distance from the centre of 
motion. 


Let both sides of the general equation (a) be divided by the 
power p, and we get 



Which expression affords the following practical rule. 


Rule. Multiply the magnitude of the weight or resistance 
by its distance from the centre of motim^ and diviile the 
product by the magnitude of the pmver for its distance 
fnmi the centre of motion.^ 


Example 1. In a lever of the first order, a resistance or weight 
of 84 pounds acting at the distance of 4 inches from the centre of 
motion, is found to balance a power of 7 pounds; at what distance 
from the centre of motion does the power act ? 


84 X 4 

13y tlie rule we have — ^ — 


=48 inches the distance required. 
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Example 2. In a lever of die second order, a resistance or weight 
of 1 12 pounds acting at the distance of one inch from the fulcrum 
or centre of motion, is found to balance a power of 2 pounds ; at 
what distance from the centre of motion is the power applied i 

112 X 1 

By the rule wo have — g — =56 inches the distance required. 


Example 3 . In a lever of the third order* a resistance or weight 
of 16 pounds acting at the distance of 32 inches from the centre 
of motion, is found to balance a power of 256 pounds; at what 
distance from the centre of motion is the power applied i 

16 X 32 

By the rule we have ■ ^50 ? inches the distance required. 

5. Problem 3. Given the magnitiide of the prmer p, its dis-- 
dance from the centre of motion d, and the distance of the 
resistance frmn the centre of motion d; to find r the magnitude 
of the resistance* t 

I^et both sides of the general equation (a) be divided by f/, the 
distance of the weight or resistance from the centre of motion, and 
we get 



Which expression affords the following practical rule. 

Rule. Multiply the magnitude of the power by its dis~ 
tance from the fulcrum or centre of motion, and divide 
the product by the distance of the weight or resistance 
from the fidcrum, the^i the quotient will be the mag- 
nitude of the resistance sought. 

Example 1. In a lever of the first order, a power of 7 pounds 
acting at the distiince of 48 inches from the c.entrc of motion, is 
found to balance a resistance or weight acting at the distance of 
4 inches ; what is the magnitude of the resistance ? 


By 


the rule we have 


7x48 

4 


=84 pounds for the resistance sought. 


Example 2. In a lever of the second order, a power of 2 pounds 
acting at the distance of 56 inches from the fulcrum or centre of 
motion, is found to balance a resistance or weight acting at the 
distance of one inch ; what is the magnitude of the resistance ? 

2 X 56 

By the rule we have — --=1 12 pounds for the resistance sought. 

Example 3. In a lever of the third order, a power of 256 pounds 
acting at the distance of 2 inches from the centre of motion, is 
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found to balance a weight or resistance acting at the distance of 
32 inches ; vrhat is the magnitude of the resbtance ? 

By the rule we have pounds for the resistance sought. 


6. Problem 4. Given the magnitude of the weight or resistance 
r, its distance from the centre of motion and the distance of 

the power from the centre of motion d; to find p the magnitude 
of the power. 

Let both sides of the general equation (n) be divided by d, the 
distance of the power from the centre of motion, and we get 

rd 


Which expression affords the following practical rule. 

Rut.e. Multiply the magnitude of the resistance by its 
distance from the centre of motion^ and divide the pro- 
duct by the distance of the poioer from the fulcrum^ then 
the qilotient tvill be the magnitude of the pimer sought. 

• Example 1. In a lever of the first order, a weight or resistance 
of 84 pounds acting at the distance of 4 inches from the fulcrum 
or centre of motion, is found to balance a certain power acting. at 
the distance of 48 inches ; what is the magnitude of the power ? 

By the rule wc have - - ^ ^=7 pounds for the power sought 

Example 2. In a lever of Hie second order, a weight or resist- 
ance of 112 (lounds acting at the distance of one inch from the 
fuka’um or centre of motion, is found to balance a certain power 
acting at the distance of 5() inches; what is the magnitude of the 
i)ower ? 

112X 1 

By the rule we have — jrp — =2 pounds for the power sought. 


Example S. In a lever of the third order, a weight or resistance 
of 16 jioimds acting at the distance of 32 inches from the fulcrum 
or centre of motion, is found to balance a certain power acting at 
the distance of 2 inches; what is the magnitude of the power? 


By Hie rule we have 


16X32 

2 


=256 pounds for tlie power sought 


Secondly. fFhen the weight of the lever makes an element in 
the equilibrated mass. 

7. The four problems preceding, with the rules and examples 
deduced from them, apply only in the case where the bar or lever 
on which the forces act is considered to be absolutely inflexible and 
void of gravity or weight; but in what follows, the weight of the 
lever is taken into account, and the equilibrium is still supposed to 
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obtain. Now, the principle by which the effect produced by the 
weight ot the lever is to be estimated, is as follows. 

Proposition If a straight inflexible hatj or lever ^ he 
kept in equilibrio by any number of parallel forces acting 
at different points^ the mm of the moments of the forces 
acting on different sides of the fulcrum or centre of 
motion are equal 

Hence, in a lever of the first order, we may consider the weight 
of each arm as a determinate power applied at the centre of 
gravity, but when the arms of the lever are uniform, the centre of 
gravity in each is situated at the middle of its length between the 
extremity and the centre of motion ; therefore, if <p represent the 
weight of a unit in length, of the same denomination as p and r, 
tlic weight of the arm cp will be expressed by and its moment 
when reduced to the centre of gravity is ; in like manner, the 
weight of the arm cr is expressed by df^ and its moment when 
reduced to the centre of gravity is \d^<i > ; but by equation (a), the 
moment of the power is ;id, and that of the resistance rrf; conse- 
quently, by the principle stated above, the sum of the moments on 
each sidc'vof the fulcrum or centre of motion must be in equilibrio ; 
that is 

2j!>D+D"^=2rrf+flPp. (b) 

This is the equation of equilibrium for a lever of the first order 
when its own weight is taken into the account; we shall therefore, 
in the next place, proceed to the developement of its several terms 
according to the plan pursued in the developement of equation (a) 

8. Problem 1. Given the magnitude of the power its distance 
from the centre of motion j> ; the mag7iitude of the resistance 
r, and p the weight of a unit of the length of the lever 
expressed in the same terms as p and r; to find d^ the dis- " 
tance from, the centre of motion at which the iveight or resist’^ 
once acts. 

Let both sides of the general equation (^), be divided by f, the 
weight of a unit of the lever, and we get 

An equation from which the value of d is to be determined ; the 
best method of performing the process is as follows. 

Substitute the given quantities or their powers according 
as they are expressed in the above equation^ and a nume- 
rical equation will arise^ from which the value of the 
unknown quantity can be obtained by any of the rules 
employed for the reduction of quadratic equations as 
delivered by the writers on Algebra. 

Example 1. In a lever of the first order, a power of 7 pounds 
acting at tli6 distance of 48 inches from the fulcrum or centre of 
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motion, is found to balance a weight or resistance of 84 pounds; 
at what distance from the centre of motion does the resistance act, 
supposing one inch in length of the lever to weigh one |)ound? 

Here we havep=:7; dz=48; r=:84 and p=l; l6t these nume- 
rical values or their powers be substituted for jh 9 

following equation, and it becomes^ 

cP+168d=2976, 
complete the square and we have 
lC8d+ 7056 = 1 0032, 

extract the square root of both sides, and we obtain 
rf+84=100.16-, 
transpose, and we finally have 
c/=:16-16 inches nearly, for the distance required. 

10. If we refer to the first example to the first problem of equar 
tion ■(« ), where the data as well as the qiinesitum are the same as in 
the present case, we find the resulting distance to be only 4 inches, 
whereas in this instance it is 16* 16 inches; hence it is manifest, 
of what importance it must be in practice to consider .the effect 
produced by the weight of the lever itself, since with the same data, 
in the simple case of equilibrium only, it produces such a difference 
in the result. 

Let us now enquire if the equilibrium actually obtains from the 
above determination; for which purpose, we must substitute tlio 
given numbers, and that determined by the process, in equation (b) 
according to the combination there indicated, and we have 

2/id= 2 X 7 X 48= 672 
Dgp=48 x 48X1=2304 

Sum of the moments on one side =2976 ; 

2rrf=2 X 84X 16- 16=2714-87 
fPp=16. 16X16. 16x1= 261-13 

Sum of the moments on the other=2976-00; 

hence it is manifest that the equilibrium is perfect 

Example 2. In a lever of the first order, a power of 56 pounds 
applied at the distance of 60 inches from the centre c)f motion, is 
found to equipoise a weight of 2240 pounds; at what distance from 
the centre of motion is the weight applied, supposing one inch in 
length of the lever to weigh three p iids? 


* To solve a quadratic equation. Hcduce the equation to the form 
x’-l-aT=±6 ; add the square of half a to both sides ; then 

whence ir±|=±^ (Hf)j “d therefore x =±^ (*+|-) 
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Hero we have p=5(i; d=GO; r=2240 and ^=3; ooiiPcqnciifly, 
by substitution, the equation becomes 

/ZH 1493^^=5840, 
complete the square and we have 

(/“+ 1493 =563351 J, 

extract the square root of both sides, and vre obtain 
rf+^^=750-566, 
transpose, and we finally have 

d=750*56G— 746-666=3-9 inches for the distance sought 

And after the same manner as we proved the equilibrium to obtain 
in the preceding example, it may be proved to obtain in this, but 
the method of operation is so obvious, that we think it quite 
needless to repeat it 

11, Problem 2- Given the magnitude of the weight or resistance 
r, its distance from the centre of motion d^ the magnitude of 
the poiver 2h (trtd p, the weight of a unit of the length of 
the lever j expressed in the same terms as j) and r; to find », 
the distance from the centre of motion at tvhich the power acts. 

Since the expressions for d and d in the general equation (A) 
are symmetrical, it is evident that the quadratic equation involving 
the values of d must be similar in form to that involving the values 
of d^ it is in fact the same equation, and consequently the second 
problem just proposed is unnecessary, for its resolution is identified 
with that of problem 1; but in order to preserve uniformity of 
system, the equation is again repeated, simply having the terms 
reversed; thus. 

and the method of performing the operation is in every respect the 
same as that described in the preceding problem. 

£xamfi.e 1. In a lever of the first order, a resistance or weight 
of 84 pounds acting at the distance of 16> 16 inches from the centre 
of motion, is found to balance a power of 7 pounds; at what dis- 
tance from the centre of motion does the power act, supposing one 
inch in length of the lever to weigh one pound? 

Here we have »k= 84; d=16-16— ; y»=7, and f=l; conse- 
quently, by substitution, the equation becomes 
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D*4- 140=297^ 

complete the square and ve have 
D*+ 140+49=3025, 

extract the square root of both sides and ve obtain 
* 0+7=55, 

transpose, and we finally have 

0=46 inches for the Stance required at which the power acts. 

Example 2. In a lever of the first order, a wei^t or resistance 
of 2240 pouncfo acting at the distance of 8* 9 inches mini the fulcrum 
or centre of motion, is found to equipoise a power of 56 pounds ; 
at what distance from the centre of motion does the power act, 
supposing one inch in length of the lever to weigh 3 pounds ? 

Here we have r=2240; d=3.9; p=56 and ^=3; consequently, 
by substkadon, the equation becomes 

D»+37iD=5839.21, 

complete the square and we have 

D«+37iD+(^y=6187.66, 

extract the root of both sides and wc obtain 
D+ 18- 66=78*66, 
transpose and we finally have 
d=60 inches for the distance at which the power acts. 

The equilibrium maybe proved for both the foregoing examples, 
after the same manner as we proved it for the first example in die 
last problem. 

12. Problem 3. Given the magnitude of the power p ; its rfiV- 
tance from the centre of motion d ; Me distance of the weight, 
or resistance from the centre of motion dy and p, Me weight of a 
unit in length of the lever j expressed in the same terms as 
p and r ; to find r the magnitude of the resistance. 

From the general equation of equilibrium (ft), by transposition and 
division we obtain 

2pn+(D®-cr)p 
2rf ^ 

a simple equation, from which the value of r can easily be ascer- 
tained. 

The rule in words at length m:'y be expressed as follows. 

Rule. Multiply together the sum of the distances of tjw 
power and resistance from the centre of motiany the dxffev^ 
ence of those distances and the weight of i^it in 
length of the lever; the^ to the produety add tw^e the 
power drawn into its distance from the centre of motiony 
and divide the sum by twice the distance of thtfwtancey 
for the magnitude of the resistance sought. 

c 
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Example 1. In a lever of the first order, a power of 7 pounds 
acting at the distance of 48 inches from the fulcrum or centre of 
motion, is found to balance a weight or resistance acting at the 
distance of 16. Id inches ; what is the magnitude of the resistance, 
supposing one inch in length of the lever to weigh one pound ? 

By the rule w'c have 

48+16.16=64.16, 

48-16.16=31.84; 
then, 64.16 X 31.84=2042.8544 
2X7x48= 67t^ 

2 X 16. 16 =32.32)2714.85M( =84 pounds* 
very nearly for the resisUincc sought 

Example 2. In a lever of the first order, a power of 56 pounds 
acting at the distance of 60 inches from the fulcrum or centre of 
motion, is found to equipoise a weight or resistance acting at the 
distance of 3.9 inches; what is the magnitude of the resistance, 
supposing the weight of one inch in length of the lever to be 
3 pounds? 

^ By the rule we have 

60+3-9=63.9, 

60-3.9=56.1; 
then, 63.9 x 56. 1 x 3=10754. *37 
2x56x60= 6720 

2 x 3. 9 = 7. 8)17474. 37(=2240 pounds very 
nearly for the resistance. 

13. Fkobi.em 4. Given the magnitude of tike weight or resist^ 
ance r, its distance from the centre of motion d ; the distance 
of the poiver from the centre of motion d, and p, the tveight 
of a unit in tength of a lever expressed in terms of p and r ; 
to find p the tnagfiitude of the power. 

From the general equation of equilibrium (&), by transposition 
and division we obtain 

2rd+{c^2— D‘)p, 

2d 

a simple equation from which the value of p can easily be ascer- 
tained, and in which, the second member in the numerator of the 
fraction on the right hand side of the equation, is additive or sub- 
tractive, accqrding as the distance of the weight or resistance from the 
centre of motion, is greater or less than the distance of the power. 

* The last line of these examples might have been differently expressed ; 
but we have chosen the expression 2x 10. 16=32. 32)2714.8544 (=84, as a 
mode of arrangement very often met with among practical writers ; and the 
veriest tyro wnl know that the expression (=84) means that this quotient 
is equal to the divisor 32.32 taken eighty-four times out of the dividend 
2714.8544. The same observation applies to the previous examples in this 
Treatise on the Lever. 
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The rule in words at length may be expressed as follows. 

Hole. Multiply togeilter^ the mm of the distances of the 
resistance and power from the centre of wMion, the dif- 
fereiwe of those- distances and the weight of an unit in 
length of the lever ; thett^ to the product^ add twice the 
weight or resistance drawn into its distance from the 
centre o/* motion^ and divide the sum by twice the distance 
of the power, for the magnitude of the power required. 

Example 1. In a lever of the first order, a weight or resistance 
of 84 pounds acting at the distance of 16- 16 inches from the 
fulcrum or centre of motion, is found to balance a certain power 
acting at the distance of 48 inches ; what is the magnitude of the 
power, supposing one inch in length of the lever to weigh one 
pound ? 

lly the rule we have 

1(1.1(1+48= 64.16, 

16.1(>-48=~31.84; 

Ihcn, 64. 16 x -31 -84= -2042.a544 
2 x 84x16.16= 2714.88 

2x48=96) 672.0256(nearly71bs. 

for the power sought. 

Example 2. In a lever of the first order, a weight or resistance 
of 2240 pounds a(!ting at the distaiu^c of 3*9 inches from the 
fulcrum or centre of motion, is found to e(|uipoise a certain power 
acting at the distiince of 60 inches; what is the magni^dc of the 
power, supposing one inch in length of the lever to weigh 3 
pounds ? 

lly the rule we have 

3.9+60= 63-9, 

3.9-60=— 56.1; 

then, 63-9 x -56-1 x3=-107.54.37 
2 x 2240 x 3.9= 17472- 

2x60=120) 6717.63(nearly 56lbs. 

for die power sought. 

In both the above examples, as will be seen from the operation, 
the second, or parenthetical m ember of the numerator of the 
fraction on the right hand side of iib equation, has been used sub- 
tractively, because, the distance of the weight or resistance from 
the centre of motion, is less than the distance of the power. 

14. Problem 5. Given the piagnitudc of the power p, its dis- 
tance from the fulcrum or centre of motion d ; the magnitude 
of the resistance r, and its distance from the centre of motion 
d; to find f, the weight of an unit in length of the lever. 
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From the general equation of equilibrium (&), by transposition 
and division we obtain 

2{oDwonf} 

A simple equation, from which the value of p can easily be 
ascertained 

The rule in words at length may be expressed as follows. 

Rule. Divide twice the difference of the moments of the 
power and resistance^ by the difference of the squares of 
their distances from the^fulcrum or centre of nuotiony and 
the quotient mil be the weight of an unit in length of the 
lever. 

Example 1. In a lever of the first order, a power of 7 pounds 
acting at the distance of 48 inches firom the fulcrum or centre of 
motion, is found to balance a weight or resistance of 84 pounds 
acting at the distance of 16.16 inwes; what is the weight of an 
unit in length of the lever, and what its whole weight ? 

By the rule we have 

The moment of the resistance 84 x 16*16= 1357*44 
The moment of the power 48 x 7 = 336 

differences: 1021*44 
2 

48+ 16* 16 X 48- 16* 16=2042* 88)2042* 88( 1 lb. 
per inch in length ; now, the whole length of the lever is 
48+16.16 = 64.16 inches; consequently, its whole weight is 
64. 16 pounds. 

Example 2. In a lever of the first order, a power of 56 pounds 
acting at the distance of 60 inches from the fulcrum or centre of 
motion, is found to equipoise a weight or resistance of 2240 pounds 
acting at the distance of 3*9 inches; what is the weight of an 
unit in length of the lever, and what is its total weight ? 

By the rule we have 

The moment of the resistance 2240 x 3*9 =8736 
The moment of the power 56 x 60=3360 

difierence =5376 
2 

• 60+3*9 X 60-3*9=3584*79)10752(nearly 31bs. 
for the weight of one inch in length of the lever; but its 
whole length is 63*9 inches; therefore, its whole length is 
191*7 pounds. 

15. From the two foregoing examples it appears, that this 

S Toblem is applicable to a very important purpose, viz. that of 
etermining the weight of cast iron beams when they arc made so 
large as t.o render it difficult to weigh them ; the equation in its 
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present form, however, applies only to beams of uniform breadth and 
depth throughout the len^h, but it can easily be modified for beams 
of other shapes by introducing the elements n^cessaiy for deter- 
mining the position of the centre of gravity; a further enquiry into 
the subject in this place would be foreign to our purpose we there- 
fore leave it for a more extensive discussion further on, and proceed 
forthwith to develope the theory of the second order of levers, when 
the weight of the lever itself is considered. 

Section SEcqpn. 

OF THE EQUILIBRIUM OF LEVERS OF THE SECOND ORDER. 

16. In a lever of the second order, d, according to our notation, 

is equal to the whole Idhgth of the lever; therefore^ its whole weight 
if considered uniform, is represented by d^, and its moment when 
reduced to the centre of gravity is but by equation (o), the 

moment of the power is pD, and that of the weight or resistance rd; 
now, by our principle, the moment of the power must be equal to 
the sum of the moments of the resistance, together with the moment 
if the weight of the lever; that is 

%»D = 2rrf+ D*p. ^ (c) 

This is the equation of equilibrium for a lever of the second 
order, when its own weight is taken into the account, and the 
several terms which it involves are separately developed in the 
following problems. 

17. Problem 1. Given the magnitude of the power p, its duh 
tance from the centre of motion d; the magnitude of the 
resistance r, and (p the weight of an unit in length of the 
lever exjjressed in t/ie same terms as p and r; to find r/, the 
didance from the centre of motion at which the weight or 
resistance acts. 

From the general equation of equilibrium (c), by transposition 
and division we obtain 

D(2p-Dp) 

“ 2r - 

a simple equation, from which the value of d can easily be found. 
The rule in words at length muy be expressed as follows. 

Rule. From twice the magnitutle of the powet^ svbtraet the 
whole weight of the levcr^ and multiply the remavider by 
the length of the lever^ or the distance from the fulcrum or 
centre of motion at which the pmver acts ; then^ divide 
the product by twice the magnitude of the resistance^ for 
the distance required. 
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Exampi.e ]. In a lever of the second order, a power of 2 pounds 
acting at the distance of 56 inches from the fulcrum or centre of 
motion, is found to balance a weight or resistance of 112 pounds; 
at what distance from the centre of motion does the resistance aci^ 
8up|H)sing the whole weight of the lever to be 2 pounds? 

By the rule we have 

Twice the power = 4 pounds, 

Weight of Ae lever = 2 pounds, 

Difference = 2 

Length of the lever = 56 inches, multiply 
Twice the resistance =224)1 12(^ an inch for the distance 

sought. 

Exampi^e 2. In a lever of the second order, a power of 56 pounds 
applied at the distance of 60 inches from the centre of motion, is 
found to e(}uipoise a weight of 2240 pounds ; at what distance from 
the centre of motion is the weight applied, supposing the lever 
itself to weigh 25 pounds ? 

By the rule wo have 

Twice the power = 112 pounds, 

Weight of tlie lever = M pounds, 

Difference = 87 

Length of the lever = 60 inches, multiply 

Twice the re6i8tance=4480)5220(l* 165 inches for the dis- 
tance sought 

CoROL. From the above operations, it may easily be perceived, 
that, if the whole weight of the lever be equal to twice the power 
applied, the point where the resistance acts will coincide with tlie 
fulcrum, and in that case the power will just support the lover 
alone, one half of its weight being transferred to the fulcrum, and 
the other half sustained by the power. But if the whole weight 
of the lever exceeds twice the power applied, the value of r/, or the 
distance between the centre of motion and the point of resistance, 
becomes negative, in which case, no equilibrium obtains for a lever 
of the second order; for, the point of resistance being transferred 
to the other side of the fulcrum, identifies it with the lever of the 
first order already considered, from which we conclude, that, when 
a lever of fhe second order is kept in equilibrio, the whole weight 
of the lever itself must either be equal to, or less than, twice the 
power. 

18. Problem 2. Givm the magnitude of the weight or resistance 
r, its distance from the centre of motion d; the magnitude of 
the power /i, and thd weight of an unit in length of the 
levery expressed m the same terms as p and r; to find d, the 
distance from the centre of motion at which the pmoer acts^ 
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From the general equation of equilibrium (c), by transposition 
and division we obtain 

2 rrf 

f t> 

an adfected quadratic equation, from which the value of d is to be 
determined; the method of performing the reduction is described 
under equation (/>), for the lever of the first order, and need not 
here be repeated. 

Example 1 . In a lever of the second order, a resistance or weight 
of 1 1 !2 pounds acting at the distance of half an inch from the centre 
of motion, balances a power of 2 pounds; at what distance from the 
centre of motion does the power act, supposing one inch in length 
of the lever to weigh the one twenty-eighth part of a pound? 

Here we have r= 112 ; j»= 2 , and ^=- 5 ^; consequently, by 

substitution, the equation becomes 

n«-U2D=-3136, 
complete the square and we have 
d2-112i> +3136=0 

extract the square root of both sides and we get 
d-56=0 

transpose, and wc finally have d= 56 inches for the distance at 
which the power acts. 

Example % In a lever of the second order, a resistance or 
weight of 2240 pounds acting at the distance of 1.165 inches from 
the centre of motion, balances a power of 56 pounds; at what 
distance from the centre of motion is the power applied, supposing 
one inch in length of the lever to weigh five-twelfths of a pound ? 

Here we have r=2240; </= 1.165; j9=56, and p=j^; conse- 
quently, by substitution, the equation becomes 
d«-268.8d=-12528, 
complete the square and we have 
d«-268. 8d+ 18063. 36=5535 . 36, 
extract the square root of both sides and we obtain 
d-134.4=±74.4, 

transpose, and we finally have d= 60, or 208.8 inches for the 
distance at which the power acts. Hence it appears, that, in a 
lever of the second order, there are two points at which the 
proposed power will balance the resistance,^ this does not take 
place in a lever of the first order, although the equation that 
involves the distance of the point where the power «cts from the 
fulcrum, has two roots ; yet, from the form of the equation^ one of 
them is positive and die other negative, and should the negative 

* If the square of the power be equal to twice the moment of the resist- 
ance, drawn into the weight of an unit in length of the lever, there is only 
one point where the equilibrium obtains; ibr then the two roots of the 
equation are equal, this circumstance occurs in the first example preceding. 
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root be employed, the lever would then be transformed into that of 
the second or third order, according as the root so employed, is 
greater or less than the distance of the point where the resistance 
acts from the centre of motion. 

19. To show that the equilibrium holds for both the values of d 
above determined, we have only to substitute the numbers given 
in the example, and those determined by the operation, accordingly 
as tiieir representatives are combined m the equation marked {<;), 
which equation, as we have elsewhere stated, involves the con- 
ditions of equilibrium for a lever of the second order, when the 
effect produced by the weight of the Iqv^ is taken into account 

For the first root or value of d, viz. 60 inches, we have 
2 X 56 X 60 = (2 X 2240 X M65) + (60 x 60 x ^) = 6720. 

For the second root or value of u, viz. 208*8 inches, we have 2x 
56 X 208* 8=(2 X 2240 x 1 • 165) x (208*8 x 208* 8 x =23385-6 * 

Hence, it is clear, that in both cases, tiie equilibrium obtains; 
and we may further observe, that, if the power be applied at any 
distance from the centre of motion, greater than 60 and less than 
208.8 indies, it will prevail and motion take place. 

20. Problem 3. Given the magnitude of the potoer p, its distance 
from t/te centre of motion n ; the instance of the weight or 
resistance from the centre of motion d, and the weigid of 
an unit in length of the lever, expressed in the same terms ns 
p end r; to find r the magnitude of the resistance. 

l^m the general equation of equilibrium (c), by transposition 
and division we obtain 

d(2;>-dp) 

2ti 

a simple equation, from which the value of r can easily be deter- 
mined. 

The rule in words at length may be expressed as follows. 

Rule. From twice the magnitude of tlw jHnverj subtract 
the whole weight of the lever, and multiply the remainder 
by the length of the lever, or tlw distance from the ful^ 
cram or centre of motion at which the power aets; then, 
the product being divided by twice tlw distance of the 
weight or^resistance from the centre of motion, wUl give 
the magnitude of the resistance sought 

Example 1. In a lever of the second order, a power of 2 pounds 
acting at the distance of 56 inches from the centre of motion, is 
found to balance a weight or resistance acting at the distance of 
half an inch; what is the magnitude of the resistance, supposing 
the whole weight of the lever to be 2 pounds? 
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the lule we haiie 

Twice tile power a 4 pooiida^ 

Wog^t of we lever a Spoundi^. 

Difforenoe a 3 
Lengfli of the lever a 56 iache» 

Twioetiie distance oftiieTe6i8taiiceal)ll2fll2 pounds fnr tiieie* 
sistance aouj^t 

ExAim^ 2. &i a lever of the second order, a power of 56 pounb 
acting at tiie distance of 60 .in^es from the centre of monoid Is 
found to equipCHse a vreig^t'er' resistance acting at tiie <&tooe of 
1.165 inches; what is the W^tude of the weight or resistaiioe^ 
supposing the whole weight of we lever to be 25 pounds? 

By the rule we have 
Twice the rawer a 112 pounds, 

Weight of we lever a 25 p ounds, ' 

IMbrence a 87 

Length of the lever a 60 inches, multipty. 
Twicethedistanceoftiieresutancea2. 83)6220(2240 pounds very 
nearly for the resistance sought. 

From these two examptes it is manifesl^ that if twice the power is 
Just equal to the wmjpt Of the lever, the tenstance becrnneB 
infinitely small,. or rather vanishes altogether; consequently, when 
this is me cas^ the power is only sidBcient to sustain tim fever in 
equilibrio; but if twice the power is less than the weight of the 
lever, the resistance becomes negative in which case the weight of 
the lever prevails and the equilibrium is destroyed. 

21. Problem 4. Given the magnitude of the weight or rerist- 
once r, its dUslance from the fukrrnn or centire o^ nudim d; 
the distance of the power from the centre of motion n, and ft 
the weght of an unit in length qf the lever, expressed in 
the same terms as p and r; to find p the magmtude of the 
power. 

From the general equation of equilibrium (c), by divinon we 
obtain 

(2r<f+P*?>) 

^ 2d * 

a simple equation, fimn which the value of p can easily be deter* 
mined. 

The rule in words at length may be expressed as follows. 

Rule. To twice the moment of the weight or resistance, 
add twice the moment of toe weight of the lever, and 
divide the sum by twice the distanee from the centre of 
nudbtn, of the pmnt at which the power is tgppUed, 
and the quotient will give the magnitude of the power 
required. 
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Example 1. In a lever of the second order, a weight or resistance 
of 112 pounds acting at the distance of half an inch from the centre 
of motion, is found to balance a certain power acting at the distance 
of 56 inches ; what is the magnitude of the power, supposing the 
whole weight of the lever to be 2 pounds ? 

By the rule we have 

Twice the moment of the resistance, 2x112x^=112, 

Twice the moment of the weight of the lever, 2 x 2 x 28 = 1 12, 
Twice the distance of the power= 112)224(2 
pounds, the power sought ^ ^ 

Example 2. In a lever of the second order, a weight or resist- 
ance of 2240 pounds acting at the distance of 1*165 inches from 
the hilcrum or centre of motion, is found to equipoise a certain 
power acting at the distance of 60 inches; what is the magnitude 
of the power, supposing the whole weight of the lever to be 
25 pounds? 

By the rule we have 

Twice the moment of the resistance, 2 x 2240 x 1 • 165 =5220 
Twice the moment of theweight of the lever, 2 x 30 x 25 = 1500 

Twice the distance of the power, 2 x 60=120)6720(56 
pounds, the power sought 

In the second example to the last problem, it was shown, that, 
besides the distance of 60 inches from the centre of motion, there 
is another point at the distance of 208.8 inches, where the moment 
of the power is equal to the sum of the moments of the resistance 
and weight of the lever; let us therefore employ the distance of 
208.8 inches, and inquire what must be the magnitude of the 
power to obt^ an equilibrium. In this case, the whole weight 
of the lever is 87 pounds. 

Therefore, by the rule we have 
Twice the moment of the resistance, 2 x 2240 x 1’165= 5220 
Twice the moment of the weight of 

the lever, 2 x 87 x 104-4 = 18165-6 

Twice the distance of the power, 2 x 208. 8=417. 6)23385-6(56 
pounds for the power sougnt, the same as before. 

22. Problem 5. Given the magnitude of the power jp, its dis- 
tance from the fulcrum or centre of motion d ; the magnitude 
of the resistance r, and its distance from the centre of motion 
d; to find ^ the weight of an unit in length of the lever. 

From the general equation of equilibrium (c), by transposition 
and division we obtain 

2(pD— rd) 

9 D* * 

a simple equation, from which the value of <p can easily be deter- 
mined. 
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The rule in words at length may be expressed as follows. 

Rule>. Divide twice the difference of the moments of the 
power and the resistance^ by the square of the distance at 
which the power acts from the centre of motion^ and the 
quotient will be the weight of an unit in length of the 
lever. 

Example 1. In a lever of the second order, a power of 2 pounds 
acting at the distance of 56 inches from the centre of motion, is 
found to balance a weight or resistance of 112 pounds acting at the 
distance of half an inch ; what is the weight of one inch of the 
Idvcr, and what is its whole weight? i 

By the rule we have 

The moment of the power, 2 x 56= 1 12 

The moment of the resistance, 112x i= 56 

Difference = 56 
2 

The square of the distance at which the 

power acts is 56^=3136)112(^3 of a 
pound per inch in length; but the whole length of the lever is 
56 inches; consequently its whole weight is 2 pounds. 

Example 2. In a lever of the second order, a power of 56 pounds 
acting at the distance of 60 inches from the centre of motion, is 
found to equipoise a weight or resistance of 2240 pounds acting at 
the distance of 1.165 inches; what is the weight of one indk in 
lengtli of die lever, and what is its whole weight? 

By the rule we have 

The moment of the power, 56 x 60=3360 

The moment of the resistance, 2240 x 1*165 =2610 

Difference = 760 
2 

The square of the distance at which the 

power acts, 60 x 60=3600)1600 (t^j{- of a 
])ound per inch in length; but the whole length is 60 inches; 
consequently, the whole weight is 25 pounds. 

Section Third, 

OF THE EQUILIBRIUM OF r.F.VEHS OF THE THIRD ORDER. 

23. Having thus developed sei#arately the values of the several 
terms which compose the equations of equilibrium for levers of the 
first and second order, we proceed in the next place to inquire, 
what are the conditions of equilibrium in a lever of the third order, 
or that which has the power existing between the centre of motion 
and the resistance. Now, in a lever of the tliird order, d, according 
to our notation, being equal to the distance between the centre 
of motion and the point of resistance, must also be equal to the 
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.length of the lever, the resistance being -supposed to act at its 
extremity; therefore, the whole wdight of the lever, if considered 
uniform, is expressed by dp) and its moment when reduced to the 
centre of gravity is id*p\ but equation (a) the moment of the 
power is ym, and that of the resistance rd) and by the fundamental 
piindple, the moment of the power, in the case of equilibrium, 
must be equal to the sum of the moments of the renstance, 
together wim the moment of the weight of the lever; that is, 
S|pD=2nf+d‘f. (d) 

This is the equation which expresses the conditions of equilibrium 
for a lever of the third order, it is symmetrical with the geneild 
equation for a lever of the second order, and the several members, 
or terms of whidi| it is composed, are separately developed in the 
following problems. 

24. Problem I. Given the magnitude of the power p, its dis- 
ance from the centre of motion n; the magnitude of the resist- 
ance r, and p, the weight of an unit in length of the lever 
expressed in the same terms as p and r; to find d) the distance 
from the centre of motion at which the weight or resistance acts. 

From the general equation of equilibrium (d), by division we 
obtain 

an adfected quadratic equation, from which the value of d is to be 
determined, by the method described under equation (^}, for the 
lever of the first order. 

Example 1 . In a lever of the third order, a power of 256 pounds 
acting at the distance of 2 inches from the fulcrum or centre of 
motion, is found to balance a weight or resistance of 16 pounds ; 
at what ctistance from the centre of motion does the resistance act, 
supposing one inch in length of tiie lever to weigh half a pound? 

Here we have y>=256; o= 2 ; rssl 6 , and 9 =^; consequently 
by substitution, the equation becomes 

d‘+64d=2048, 

complete the square and we have 
d*+64d+ 1024=3072, 

extract the square root of both sides and we get 
d+d2= ±55.42, 
transpose, and we finally obtain 

d=23.42, or— 87.42 mches, for the distance from the centre of 
motion at which the wdght or renstance acts. It is easy to 
perceive, that the pontive value 23.42 only, can obtidn in a lever 
of the third order, for if the negative value— 87.42 were adopted, 
it would transfer the point of resistance beyond the centre of 
motion, and the lever would consequently coincide with that of the 
first order. 
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Examfle 2. In a lever of the third onler» a power of 2240 ■ 
pounds acting at tiie distance of 1.165 inches from the centre of 
motion, is found to equipoise a weight or resistance of 56 pounds; 
at what distance from the centre of motion does the resistance act^ 
supposing one inch m length of the lever to weigh five-twelfths of 
a TOundr 

Here we have p=:2240; 0=1.165; r=5^ and conse- 

quently, by substitution, the equation Incomes 
c{«-i-268.8d=1252Q, 
complete the square and we have 
. <ri-t-268.8d-|-18063.%=:30591.36, 

extract the root of both sides and we obtain 
rf-l- 134.4= ±174. 89, ^ 

transpose, and we finally obtain' " 

<1=40.49, or— 309.29 indies, for the distance sought; but as we 
observed in the last example, the podtive value only can be 
adopted in a lever of the thira order, the negative value belonging 
to one of the first 

25. Problem 2. Givm the magnitude of theweigM or resi$t€aiu!e 
r, its distance from the centre of motion d; the magnitude of 
the power p, and p, the weight of an unit in length of the 
lever, expressed in the same terms as p and r; to fatd n, the 
distance from the centre of motion at which the power acts. 

From the generai equation of equilibrium (d), by division we 
obtain 

^_ rf(2r+rfp) 

2p ’ 

' a simple equation, from which the value of d can easily be found. 
The rule in words at length may be expressed as follows. 

Rule. To twice the magnitude of the resistance, add the 
whole weight of the lever, multiply the sum by the length 
of the lever, or the distance from the centre of motion at 
which the we^ht acts; then divide the product by twice 
the power for the distance sought. 

Example 1. In a lever of the third order, a resistance or weight 
of 16 pounds acting at the distance of 23.42 inches from the 
centre of motion, is found to balance a power of 256 pounds ; at 
what distance from the centre of motion is the power applied, 
supposing one inch in length of the l-.-rer to weigh half a pound? 

, By the rule wt have 

, Twice the resistance = 32 pounds. 

Weight of the lever = 11-71 + pounds^ 

Sum = 43-71-f 

Length of the lever = 23-42- j- inches, multiply. 

Twice the power = 512)1024 (2 inches, the cQstanoe 

sought. 
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Example 2. In a lever of the third order,* a resistance or weight 
of 56 pounds acting at the (Stance of 40*49 inches from the 
fulcrum or centre of motion, is found to equipoise a power of 
2240 pounds; at what distance from the centre of motion is the 
power applied') supposing one inch in length of the lever to weigh 
five-twelfths of a pound r 

By the rule we have 

Twice the resistance =112 pounds, 

Weight of the lever = 16*79 + pounds, 

Sum = 128*79+ 

Length of the lever = 40*49+ inches, multiply. 

Twice the power =4480) 5220 (1*1.65 inches the 
distance sought. 

26. Problem S. Given the magnitude of the power its 
distance from the centre of motion d; the distance of the 
weight or resistance from the centre of motion d^ and the 
weight of an unit in length of the levers expressed in the 
same terms as p and r; to find r, the magnitude of the 
resistance. 

From the general equation of equilibrium (d), by transposition 
and division we obtain 



~ 2d • 

a simple equation, from which the value of r can easily be deter- 
mined. 

The rule in words at length may be expressed as follows. 

Rule. From twice the moment of the power j subtraet twice 
the moment of the weight of the lever^ and divide the 
remainder hy twice the distance from the centre of motion 
at which the resistance acts, and the quotient will be the 
ma^itude of the resistance so^ht. 

Example 1. In a lever of the tlurd order, a power of 256 pounds 
acting at the distance of 2 inches from the centre of motion, is 
found to balance a weight or resistance, acting at the distance of 
23*42 + inches; what is the magnitude of the resistance, su))- 
posing the lever to be 11*71+ pounds? 

, By the rule we have 

Twice the moment of the power, 256 x 2 x 2= 1024, 

Twice the moment of the lever, 11*71 x 11*71x2= = 274.26, 
Twicethe distance of the resistance, 23*42 x 2=46*84) 749*74(16 
pounds, the resistance sought 

Example 2. In a lever of the third order, a power of 2240 
pounds acting at the distance of 1 . 165 inches from the centre of 
motion, is found to equipoise a weight or resistance acting at the 
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distance of M.49-f inches; what is the magnitude of. the resist- 
ance, supposing the weight of the lever to be 16.79 pounds ? 

By the rule we have 

Twice the moment of the power, 2240 x 1 . 165 x 2=5220, 

Twice the moment of the lever, 16.79 x 20.245 x 2 = 679.82 
Twico the distance of the resistance, 40*49 x 2= 80*98)4540. 18(56 
pounds, the resistance sought 

It is obvious from these two examples, that if the moment of the 
power does not exceed the moment of the weight of the lever, it 
must either be equal to it or less; if equal, the resistance vanishes, 
and in that case, the power is just sufficient to sustain the lever in 
equilibrio; but if less, the resistance becomes negative and the 
weight of the lever prevails. 

27. Problem 4. Given the magnitude of the remtanee r, its dis- 
tance from the centre of moti&n d; the distance of the power 
from the centre of motion n, and the weight of an unit in 
length of the lever ^ expressed in the same tei*ms as p and r; 
to find p the magnitude of the power. 

From the general equation of equilibrium (</), by division we 
obtain 

d{2r+d(f>) 

9 2d ^ 

a simple equation, from which the value oip can easily be found. 
The rule in words at length may be expressed as follows. 

Rule. To twice the magnitude of the resistance^ add the 
whole weight of the levcTj multiply the same by the 
length of the lever^ or distance from the centre of motion 
at which the resistance acts ; then divide the product hy 
twice the distance of the power from the centre of motion^ 
and the quotient will be the magnitude of the power 
required. 0 

Example 1. In a lever of the third order, ^ resistance or weight 
of 16 pounds, acting at the distance of 23.42+ inches from the 
centre of motion, is found to balance a certain power acting at the 
distance of 2 inches; what is the magnitude of the power, sup- 
posing the whole weight of the lever to be 11.71 + pounds? 

By the rule wis have 

Twice the resistance = 82 pounds, 

Weight of the lever = 11.71 pounds. 

Sum = 43.71 

Length of the lever = 23.42 inches, multiply. 

Twice the distance of the power=4)1024(256 pounds for the 
power required. 
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lixAMFLE 2. In a lever of the third order» a resistance or wei^t 
of -56 poundS) acting at the distance, ^f 40.49 inches from the 
centre of motion, is found to equiiraise a certain power acting at 
the Stance of 1.165 inches ; what is the magnitude of the power, 
suppiosing the wej^t of the lever to be 16.79 pounds? 

the rule we have 

Twice the reristance = 112 pounds, 

Weight of the lever = 16.79 pounds, 

Sum = 128.79 

Length of the lever =r 40.49 + inches, multiply. 
Twicethedistanceofthepower±s2*83) 5220 (2240 pounds for the 
power required. 

2& Problem 5. Given the magnitude of the power p, its dis- 
tance from the txntre of motion n ; the magnitude of the 
resistance r, and its distance from the centre of motion d; to 
find f, the weight of an unit in length of the Uner. 

Frtm the general equation of equilibrium (d), by transposition and 
division we obtain 

2(pD-rd) 

^ rf* 

a simple equation from which the value of ^ can easily be found. 
The rule in words at length may be expressed as follows. 

Rule. Divide twice the difference of the hwments of tl^e 
power and the resistance^ by the square of the distance 
from the centre of motion at which the weight or resist- 
ance actSf and the quotient will be the weight of an unit 
in length of the lever. 

Example L In a lever of the third order, a power of 256 pounds 
acting at the distance of 2 inches from the centre of motion, is 
found to balance a weight or resistance of 16 pounds acting at the 
distance of 23.42 inches; what is the weight of an inch in length 
of the lei^r, and what is its whole weight ? 

By the rule we have 

The moment of the power, 2 x256 = 512 

The moment of the resistance 23.42 x 16 = 374.72 

Difference = 137.28 

pound, the weight of one inch in length of the lever ; but the whole 
length of the lever is 23.42 inches; consequently, its whole weight 
is 11.71 pounds. 

Example 2. In a lever of the third order, a power of 2240 
pounds acting at the. distance of 1 . 165 inches from the centre of 
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motion, is foimd to equi{)oi8e a renstance of 56 pounds actinfi; at 
the distance of 40.49 inches; what is the weight of an inch in 
length of the lever, and what is its whole weight? 

By the rule we have 

The moment of the power, 2240 x 1 • 165 ^ 2610 
The moment of the resistance, 56 x 40.49 = 2267.44 

Difference = 842.56 
2 


The square of the distance at which) -iroq aan lot nf « 

the resistance ac^40.49») = *®®®-‘*^)®Q®-*2(i'V of a 

pound very nearly, the weight of one inch in length of the lever; 
but the whole length of the lever is 40.49 inches; consequenfly, 
its whole weight is 16.79 pounds. 




29. Having thus determined the value of each quantity in terms 
of the rest for the three different orders of levers, both when the 
effect produced by the weight of the lever itself is taken into the 
account, and when it is not; we shall in the next place, collect the 
theorems together, and present at one view, all that is necessary 
in the calculation of the simple lever. 

llie equations of equilibrium are, 

1. For the three different orders of levers) 
considered without weight, 

2. For a lever of then 

a pSrWerotlta 

1 1 IS taken into ac~ 

second order 

4. h’or a lever of the | ' ^ 

third order 

CouoL. From these four equations the whole of the foregoing 
theory has been derived; they include every condition of equi- 
librium, and of course every thing that is necessary to be known 
respecting the simple lever, when it is considered straight and 
inflexible, and subjected to the action of parallel forces in^the same 
plane; but when this is not the case, other elements must be 
introduced agreeably to the principles laid down in the following 
pages. 


|iD=rrf, 
2/m -f d"p = 2rrf4- ePp, 
2pD=2rrf+D®pj 
2/mz=2rrf+fPp, 


(«). 

(*), 

(c) , 

(d) . 


Section Fourth. 

OF BENDED LEVERS, BOTH IN THE CASi- JF PERFEtrr LEVITY, AND ALSO 
WHEN THEY ARE SUPPOSED TO POSSESS WEIOHT. 

First, whm the hmdjed lever is supposed to possess perfect 
injlexihility and levity. 

Having in the foregoing pages endeavoured to establish the 
theory of equilibration for the simple straight lever, both in the 
case of perfect levity, and also when it is supposed to possess 
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weight; we now proceed to consider the equilibrated conditions of 
tile bended lever under the same circumstances of perfect inflexi- 
bility and levity^ and also when the statical eflect of its own weight 
is taken into the account 


The principle on which the equilibrium of the bended lever 
depends is simply as follows. 

Proposition. If two farces acting in d^erent directions 
in the same planer sustain a bended Uver in equilibrio^ 
these farces are to each other ^ inversely as the straight 
lines drawn from the fulcrum or centre of motion^ perpen^ 
dicularly to the directions in which they act 

Let the straight lines fo and ro con- 
curring ill the point o, in all the figures, JR 
represent the directions of the power p, 
acting at the point p, and the resistance r 
acting at the point r.* From the point c, 
the fulcrum or centre of motion, draw the 
straight lines cm and cn perpendicular to 
the lines of direction no po, and draw 
I’d, RC, lines joining the cxti*emities of the 
lever in the second and third figures. 

Then, agreeably to the notation adopted 
for the straight lever, 



Put D=Fc, the distance between the point 
p where the power/? is appliecC and 
c the fulcrum or centre or motion ; 
r/=RC, the distance between the ful- 
crum or centre of motion c. and tlie 
point R, where the resistance r acts; 
and moreover. 

Let a=the angle cro contained between 
the straight line ro, the direction 
of the resistance, and cr the 
straight line joining the point of 
resistance r, with Sie fulcrum or 
centre of motion c ; 

A=the angle cpo contained between 
the straight line fo, the direction 
of the power, and pc the straight 
line joining the centre of motion c 
with the point p where the power 
is applied 



• If the forces applied at the points p and r operate as dead weights, tlie 
lines of their direction must be parallel to each other and coincident with 
the direction of g^vity ; but ii they act as living forces, such as may be 
excited by machinery or animal strength, the lines of direction ro and po 
may attain any degree of obliquity whatever; but whether they are parallel 
or inclined, the principles and conditions of equilibrium remain unaltered. 
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Then by Plane Trigonometry we have 

, . Rcsin. a 

rad, : sin. a : : rc : cm= t — > 

rad. 

j . , . . PC sin. b 

rad. : sin. A . . pc : cw = t — 

rad. 

If for rc and pc we substitute d and o, and make rad.= I 9 we get 
cm=:d sin. a, and cii=d sin. b; then, by tha principle enunciated 
above, for the conditions of eqi^brium in tlmbendea lever, we have 
tlie following analogy, viz. 

p irlld sin. a : d sin. 

or by equating the products of the mean and extreme terms, it 
becomes 

/iDsin. A=rd 8 in. a. (e) 

This is the equil^rated expression for the bended lever, on the 
supposition of perfftt inflexibility and levity, and the values of the 
several factors composing the equation are determined in terms of 
the rest, by the resolution of the following problems. 

32. Problem 20. Given the magnitude of the power /i, its 
distance from the fulcrum or centre of moHoti d ; the mag^ 
nitude of the resistance r, with the angles of direction a and 
b;* to find dy the distance between the point of resistance and 
the centre of motion* 

Let both sides of equation (e) be divided by r sin. a^ the factors 
with which the required term is combined ; and we obtain 

jip sin. A 
rsin.a 

The practical rule expressed in words at length is as follows. 

Rule. Multiply the magnitude of the power by its distance 
from the centre of motion, and again by the natural sine 
of the angle of its direction; then, divide the product by 
the magnitude of the resistance, drawn into the natural 
sine of its angle of direction, and the quotient will give 
the distance required. 

Example 1. In a bended lever of the first order, a pow.er of 
7 pounds, acting at the distance of 46 inches from the centre of 
motion, and directed in an angle of 42^35', is found to balance 
a resistance of 84 pounds; at what distance from the centre of 
motion is the resistance applied, its angle of direction being 18° 527 

nat sin. 42° 35'= .67666, 
nat sin. Ic 32 = . 32337 ; 


, 7 x 48x. 67666 

then, by the rule, we have — 

the distance required. 


2.70664 

0.32337 


=8.37 inches. 


* The angles cro and cpo described in the notation, may, for the sake of 
brevity, be designated the angln of direction^ cro being the direction of the 
resistance, and cro the direction of the power. 
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This question may be resolved a little differently, for since by the 

arithmetic of sines, = cosec. «, it is obvious that sin. a may be 

withdrawn from tho denominator of the fraction, if cosec. a be 
substituted in the numerator ; the equation expressing the value of 
d vdll then become 

d=^(sm. b cosec. a). 

And the operation is indicated in the following manner, the natural 
cosecant of iambs' being 3-09246, 

— =8-37 inches the same as before. 

*The process wrought out at length by this latter method would 
be very laborious, because of the number of places in the decimal 
fractions, . but when it is considered with what facility decimal 
operations can be abbreviated, diis objection is of little conse* 
quence; but the greatest quantity of labour would probably be 
avoided by making use of logarithms, especially where the numbers 
are large. Similar remarks will apply to most of the following 
examples on the bended lever, they have been rendered necessary 
by reason of the introduction of trigonometrical quantities to the 
equation of equilibrium, which in the case of oblique action could 
not well be avoided. 


Example 2. In a bended lever of the second order, a power of 
2 pounds, acting at the distance of 56 inches from the centre 
of motion, and directed in an angle of 42° 35', is found to balance 
a resistance of 112 pounds; at what distance from the centre of 
motion does the resistance act, supposing its angle of direction to 
be 38° 24' ? 

nat sin. 42° 35'=. 67666, 
nat. sin. 38 24 = -62115 ; 


2 X 56 X -67666 __ -67666 
ir2x -62115 “"-62115 


= 1-09 inches. 


then, by the rule, we have 

the distance r^uired. 

Example 3. In a bended lever of the third order, a power of 
256 pounds acting at the distance of 2 inches from the fulcrum or 
centre of motion and directed in an angle of 38^ 24', is found to 
bdance a resirtance of 16 pounds; at what distance from the 
centre of motion is the resistance applied, its angle of direction 
being 42° 35'? 

nat sin. 38° 24'= -62115, 
nat. sin. 42 35 = -67666, 


then by the rule we have, 
the distance required. 


266 X 2 X-62115_ 1^8TO8 
16X-67^""’ -67666 


=29'37inches, 
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33. By comparing the results of these three eKaroples ivith the 
corresponding ones for the straight lever under problem first, the 
following particulars present themselves, viz. 

1. If the angle of direction of the power exceeds that of the 
resistance or weight, an equilibrium . will not obtain unless the 
point of resistance be removed further from the centre of motion ; 
all other things remaining as in the straight lever. 

2. If the angle of direction of the power is less than that of the 
resistance, an equilibrium will not obtain, unless the point of 
resistance be brought nearer to the centre of motion; all other 
things remaining as in the straight lever. 

3. If the angles of direction of the power and resistance are 
equal, an equilibrium obtains under the same circumstances as in 
the straight lever. These inferences are evident from the con- 
struction of the eqftation, and they are alike applicable to the 
three different orders of levers. 

34. Problem 21. Given the magnitude of the resistance r, its 
distance firwn the centre of motion d; tlie magnitude of the 
power p; with the angles of direction a andb; to find d, Me 
distance between the centre of motion and the point where the 
power is applied. 

The factors with which the required term is combined in equar 
tion (e), are p sin. b ; let both sides of the equation be divided by 
this product and we obtain 

_ rd%m.a 
““ pdm.b* 

From this equation it is manifest, that if the values ol dyp and r 
are constant, and the same as they are given for the corresponding 
examples under the second problem for the straight lever, the 
value of D will vary according to the ma^itude of the angles of 
direction, these being the elements that disturb the equilibrium in 
the bended lever. 

The practical rule which the preceding equation affords may be 
expressed as follows. 

Rule. Multiply the magnitmle of the resistance by its 
distance from the centre of motion^ and again by the 
natural sine of t/w angle of its direction ; then divide the 
product by the magnitude of the pofiver^ drawn into the 
natural sine of the angle of its •direction, and the quotient ^ 
will give the distance required. 

Example 1. In a bended lever of the first order, a weight or 
resistance of 84 pounds, acting at the distance of 4 inches from 
the centre of motion, with an angle of direction equal to 18^52', 
is found to balance a power of 7 pounds ; at what distance from 
centre of motion is the power applied, supposing the angle of its 
direction to be 42° 35'? 
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then, by the rule we have 
the distance sought 


nat sin. 18^52^ 
nat sin. 42 35 ; 
.84 x 4x .32 337, 
7x -©wee" 


32337, 

67666; 

15.5216 

•67662 


=22*94 inches 


The distauce for the strai^t lever is 48 inches, thereby giving 
a difference of 25.06 inches in tiie distance of the power from the 
centre of motion; but when we consider how much the angle of 
direction of the power exceeds that of the resistance, the difference, 
great as it is, is not to be wondered at, for if the power should act 
at right angles to the arm of the lever to which it is applied, while 
the angle of direction of the resistance vanishes, the distance of 
the power, the distance of the resistance, and the resistance would all 
vanish together, the equilibrium obtuning simply by the power 
resting in a state of quiescence on the centre of motion. 

Example 2. In a bended lever of the second order, a weight or 
resistance of 1 12 pounds, acting at the distance of one inch from 
the centre of motion, with an angle of direction equal to 38° 24', is 
found to balance a power of 2 pounds ; at what distance from the 
centre of motion is the power applied, supposing the angle of its 
direction to be 42° 35'? 


nat ran. 38^ 24' = 
nat sin. 42 35 = 


then, by the rule we have 


112X lx. 62115 
2x .67666' 


62115, 

67666; 

34.7844 

.67666 


=d.l4inchcs. 


the distance required. 


'The distance for the straight lever is 56 inches, giving a dif- 
ference of only 4.6 inches in the distance from the centre of 
motion for the bended lever; now, the angles of direction differ 
only by 4° 11', and we have stated in the third inference to the 
last problem, that if the angles of direction are equal, an equi- 
librium will obtain with the same data both for straight and bended 
levers. 

Example 3. In a bended lever of the third order, a weight or 
resistance of 16 pounds, acting at the distance of 32 inches from 
the fulcrum or centre of motion, with an angle of direction equal 
to 42^35', is found to balance a power of 256 pounds; at what 
diatamcft ^m the centre of motion is the power applied, supposing 
the angle of its direction to 38° 24'? 


nat sin. 42° 35' 
nat sin. 3^ 24' 


then, bythe rule we have 


16 x 32x .67666 
256 X. 62115 


= .67666, 

= .62115; 
_ 1.35332 
“ .62115 


=2.18inches. 


the distance required. 

The distance for the straight lever is only 2 inches; conse- 
quently, the distance in this case for tlie bended lever is increasing, 
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but the reason is obvious ; for since the angle of direction of the 
resistance exceeds that of the }K>wer, an equilibrium cannot obtain 
until the power be so far removed from the centre of motion, as to 
counterbalance the effect produced by the difference of the angles 
of direction. 


35. Problem 22. Given the magnitude of the power p, its dis- 
tance from the centre of motion d, and the distanceof the resist- 
ance from the centre of motion d^ with the angles of direction 
a and b ; to find r, the magnitude of the resistance. 


In the general equation of equilibrium (e), the required term in 
this case, is combined with the factors d sin. a blended together as 
.*1 simple product; let both sides of die equation be divided by that 
product, and we obtain 

po sin. h 

d sin. d 


an equation, to which a similar remark, as that made for the 
equation in problem 21, will apply. 

'rhe practical rule in words at length may be expressed as 
follows. 

Rule. Multiply the magnitude of the power by its distance 
from the centre of motion^ and again by the natural sine 
of the angle of its direction ; thenj divide the product by 
the distance of the resistance from the centre of motion 
drawn into the natural sine of the angle of its direction^ 
and the quotient will give the magnitude of the resist- 
ance sought. 

Example 1. In a bended lever of the first order, a power of 
7 pounds, acting at the distance of 48 inches from the centre of 
motion, and directed in an angle of 42° 35', is found to balance 
a certain weight acting at the distance of 4 inches ; what is the 
magnitude of the weight, supposing the angle of its direction to 
be 18° 52' ? 

nat sin. 42° 35'= -67666, 
nat sin. 18 52 = .32337 ; 


then, by the rule, we have 


7 X 48X. 67666 56.83944 „ 


pounds, the weight required. 

36. The weight or the resistance, the corresponding example 
under the third problem for the straigld lever, is M pounds in tnis 
case, therefore, there is a difference of 91.77 pounds, althowh the 
power and the arms of the lever remain the same; the dirorence 
consequently proceeds from the magnitude of the angles of direc- 
tion, and by examining the construction of the equation we soon 
discover the conditions on which the variation depends ; for since 
the power p^ its distance d, and the distance of the resistance d are 
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constant, the factor is constant also ; hence the variable element 
is and accordingly as sin. b b greater, equal to, or less than 

SIR* it 

sin. or, the element of variation is greater, equal to, or less than 
unity, and of course the resistance for the bended lever is accord- 
ingly greater, equal to, or less than the resistance for the straight 
lever, all other circumstances being the same ; these rei^arks apply 
to the two following examples of this problem, and similar remarks 
a[)ply to problem 23 following. 

Example 2. In a bended lever of the second order, a pow'cr of 
2 pounds, acting at the distance of 56 inches from the centre 
of motion, and Erected in an angle of 42^ 35^ is found to balance 
a weight or resistance acting at the distance of one inch ; what is 
the magnitude of the resistance, supposing the angle of its direction 
to be 38° 24' ? 

nat sin. 42° 35'= . 67666, 
natsin. 38 24 = .62115; 


then, by the rule, we have 


2X56X. 67666 75.78592 ,,, 

.. — 1 ^. - - - ■ I ■ 121 * 52 

lx. 62115 .62115 


pounds, the resistance sought. 

The resistance for the corresponding example in the straight 
lever is 112 pounds, being a difierence of 9.52 pounds, produced 
by a difference of 4° 11' in the angles of direction. 

Example 3. In a bended lever of the third order, a power of 
256 pounds, acting at the distance of 2 inches from the fuhti^im 
or centre of motion, and directed in an angle of 38° 24', is fcnind to 
balance a certain resistance acting at the distance of 32 inches ; 
what is the magnitude of the resistance, supposing the angle of its 
direction to be 42° 35' ? 


nat. sin. 38P 24'=. 621 15, 
nat sin. 42° 35'= . 67666 ; 


then, by the rule, we have 


256X2X.62115_9.9384_ 
32 X . 67666““ . 67666’“ 


pounds, the resistance required. 

The corresponding resistance for the straight lever is 16 jiounds, 
being a difference of 1.31 pounds, occasioned by a difference of 
4° 11' in the angles of direction; but the resistance in this case is 
less in the Vended lever than it is in the sraight one ; whence we 
infer, that according as the angle of direction of the resistance 
exceeds, or falls short of that of the power, a lever of the bended 
form can be made to act with more or less advantage than a straight 
one; this circumstance may be useful in constructive mechanics, 
but at the same time it must not be forgotten, that the arms of the 
lever are not the same in both cases, it being the distances from 
*the centre of motion at which the forces are applied, where the 
equality obtains. 
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«37. PnoBLEAf 33. Given the magnitude of the resistance r, its 
distance from Ute centre of motion d^ and the dista/nce of the 
power from the centre of motion d, with the angles of direction 
a and b; to findp^^ the magnitude of the power, 

^ Let both sides of the general equation of equilibrium (e) be 
divided by the product d sin. 6, and it becomes 

rd sin. a 
^ D Sin. b 

an equation in which the constant and variable factors are respec- 
tively—. and the constant factor denoting the conditions of 
^ d" sin. a ® 

equilibrium for the straight lever, while the variable element pro- 
duces the modifications necessary for equilibrating the bendeci one ; 
the some remark applies to the three equations immediatelypreceding. 

The practical rule may be expressed in words at length as follows. 

Rule. Multiply the magnitude of the resistance by its dis- 
tance from the fulcrum or centre of motion^ and again by 
the natural sine of the angle of its direction ; then divide 
the protkwt by the distance at which the power is applied 
drawn into the natural sine of the angle of its direction^ 
and the quotient will give the magnitude of the power 


Example 1. In a bended lever of the first order, a resistance of 
84 pounds, acting at the distance of 4 inches from tlie fulcrum or 
centre of motion, and directed in an angle of 18° 52', is found to 
balance a certain power acting at the distance of 48 inches ; what 
is the magnitude of the power, its angle of direction being 42° 35' ? 

natsin. 18° 52'= .32337, 
nat sin. 42 35 = . 67666 ; 

.1. .1. 1 1. 84 X 4X. 32337 2.26359 

then, by the rule we have .67666 

the power required. 

'llie power for. the corresponding example in problem 4 for the 
straight lever is 7 pounds ; hence again, the effect of the oblique 
action is manifest. 

Exaaiple 2. In a bended lever of the second order, a weight or 
resistance of 112 pounds, acting at the distance of one inch from 
the fulcrum or centre of motion, and directed in an angle of 38° 24', 
is found to balance a certain power dieting at the (listance of 56 
inches ; what is the magnitude of the power, supposing its angle of 
direction to be 42° 35' ? 

nat. sin. 389 24'=. 621 15, 
nat sin. 42 35 = * 67666; 


^ ^ , 112x lx. 62115 1.2423 , 

then, by the rule we have ^ ~ = -g^= 1 • 84 pounds, 


for the power required. 
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The power for the straight lever is 2 pounds, giving a difference 
of only 0.16 of a pound; the approximate equality, as may be 
learned from former remarks, arising from the small difference that 
obtains in the angles of direction. 

Example 3. In a bended lever of the third order, a weight or 
resistance of 16 pounds, acting at the distance of 32 inches from 
the centre of motion, and directed in an angle of 42° 35', is found 
to balance a certain power acting at thd* distance of 2 inches; what 
is th(^ magnitude of the power, supposing the angle of its direction 
to he 38° 24' ? 


nat sin. 42° 35^ 
nat sin. 38 24 


then, by the rule we have 


16x32x .6766 
2 X -62115 


67666, 

62115;. 

173.22496 

.62115 


=278.88 


pounds, the power required. 

The corresponding power for the straight lever is 256 pounds, 
being 22-88 pounds less than what is reciuired to mainbiin the 
equilibrium in the bended lever, when the angle of direction of 
the' resistance exceeds that of the power by 4° 1 1'. 

The four foregoing problems have their equivalents in the (‘ase 
of the straight lever, but the two which follow, having reference to 
the angles of direction, were not there considered. 


38l Problem 24. Given the magnitude of the power />, its dis-- 
tance from the fulcrum or centre of motion d ; the magnitude 
of the resistance r, its distance from the centre of motion rf, 
and h the angle of direction of the potver ; to find a the angle 
of direction of tlw resistance. 

Let both sides of the general equation of equilibrium (c), be 
divided by rr.', and we obtain 

»D sin. b 

sm. 

rd 

The practical rule afforded by this expression is as follows. 

Rule. Multiply the magnitude of the power by its distance 
from the centre of motion^ and again by the natural sine 
of the angle of its direction ; then^ divide the product by 
the resistance drawn into its distance from the ctnitre of 
motion^ and the quotient will he the natural sine of the 
angle of direction sought 

Example 1. In a bended lever of the first order, a power of 
7 pounds, acting at the distance of 48 inches from the centre of 
motion and directed in an angle of 42° 35', is found to balance a 
weight or resistance of 84 pounds acting at the distance of 8.37 
inches; what is the angle of direction at which the resistance 
acts ? 
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then, by the rule we have 


nat. siiL 42P 35'= . 67666 : 
7 x 48x.67666 2.70664 


= .3t2337, the 


84 x 8.37 , 8.37 

natural sine of 18° 52'; tlierefore, if the resistance be, inclined in 
an angle of 18° 52' to the arm of the lever to which it is appli^ it 
will maintain an equilibrium with the power inclined in an angle 
of 42° 35' with die odier arm; and this will hold in a lever of this 
order, whatever may be the degree of bending or the inclination of 
the arms. 


Example 2. In a bended lever of the second order, a power of 
2 pounds acting at the distance of 56 inches from the centre of 
motion, and directed in an angle of 42° 35', is found to balance a 
weight or resistance of 1 12 pounds acting at the distance of 1.09 
inches; what is the angle of direction? 

nat sin. 42° 35'=. 67666: 

u .L , L 2 X 56 X. 67666 . 67666 

then, by the rule we have — — nio — •62116, the 

1 X I • J • Ut7 

natural sine of 38° 24'. 


In the {ireceding example, it was observed, that the equilibrium 
would obtain with the same angles of direction, whatever might be 
the inclination of the arms of the lever to one another; this is 
obvious, for in a lever of the first order, the lengths of the arms 
are themselves the distances of the forces from the centre of 
motion, consequently the quantity of inflexion does not alter the 
distances ; this however is not the case with a lever of the second 
order, for every variation of the inclination, produces a corre- 
sponding variation in the distance of the power from the centre of 
motion, the arms of the lever remaining the same; therefore, in 
this case, the same angles of direction will not maintain an equili- 
brium in every position of the arms. 


Example 3. In a bended lever of the third order, a power of 
256 pounds ac^ting at the distance of 2 inches from the centre of 
motion and directed in an angle of 38° 24', is found to balance 
a weight or resistance of 16 pounds acting at the distance of 
29.37 inches; what is the angle of direction ? 


then, by the rule we have 


nat. sin. 38° 24'=. 621 15; 
266 x 2x .62115_ 19.8768 
16 x 29.37 ■ " 29.37 


= .67666, the 


natural sine of 42° JI5'. 


Sihiilar observations to those for a lever of the second order 
will apply here, it being evident, that every change in the incli- 
nation of the anns to one another, must produce a corresponding 
change in the distance of the resistance from ilic centre of motion. 
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39. Problem 25. Given the magnitude of the resistance r, its 
distance from the centre of motion d; the magnitude of the 
power p, its distance from the centre of motion d, and a the 
angle of directioh of the resistance ; to find the angle of 
• direction of the power. 


Let both sides of the general equation of equilibrium (e) be divided 
by pT}^ and it becomes 

. . rd sin. a 

sin. A= > 

pn 


llic practical rule which this equation affords, is as follows. 

Rule. Multiply the magnitude of the resistance^ by its dUh 
tance from the centre of mction^ and again by the natural 
sine of the angle of its direction ; then divide the product 
by the magnitude of the power drawn into its distance 
from the centre of motion^ and the quotient will be the 
natural sine of the angle of direction sought. 


Example 1. In a bended lever of tbe first order, a weight or 
resistance of 84 poutids, acting at the distance of 4 inches from the 
centre of motion, and directed in an angle of 18® 52', is found to 
balance a power of 7 pounds, acting at the distance of 22.94 
inches; what is the angle of direction in which the power is 
exerted? 

nat. sin. 18® 52'=. 32337; 


then, by the rule we have 


84x4x. 32337 
7x22.94 


15.52176 

22.94 


=•67666, the 


natural sine of 42® 35'. (See the remarks for the examples in the 
last problem.) 

Example 2. In a bended lever of the second order, a weight or 
resistance of 112 pounds, acting at the distance of one inch from 
the centre of motion, and directed in an angle of 38® 24', is found 
to balance a power of 2 pounds acting at the distance of 51.4 
inches; what is the angle of direction? 


nat. sin. 38^ 24'= . 62115 ; 


then, by the rule we have 


112X lx .,62115 
2X51.4 


34-7844 

51.4 


= . 67666, the 


natural sine of 42° 35'. (See the remarks for the examples in the 
last problem.) 

Example 3. In a bended lever of the tliird order, a weight or 
resistance of 16 pounds, acting at the distance of 32 inches from 
the centre of motion, and directed in an angle of 42® 35', is found 
to balance a power of 256 pounds, acting at the distance of 2.18 
inches, what is the angle of direction ? 
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nat sin. 42® 36'=. 67666: 


then, by the rule we 
natural sine of 36° 24'. 


1.75332 

.2.16 


= .62116, 


the 


Thus have we determined separately, the values of the several 
factors that compose the equation of equilibrium for the bended 
lever, when it is considered as being destitute of weight; we shall 
therefore, in the next place, proceed to develope the theory when 
the statical effect produced by the weight of the lever is taken into 
account. 


40. Secondly. When the statical effwt produced by the weight 
of the lever is taken into the accotmt. 

In order to investi^te this case, let 9 as before, represent die 
weight of an unit in length of the lever; then, for a bended lever of 
the first order, where the lengths of the arms are respectively repre- 
sented by d and d, the weights will accordingly become dp and Dp\ but 
the whole effect produced by the weight of each arm, is equivalent 
to a new force equal to half that weight applied at the extremity ; 
consequently, in the case of an equilibnum for a bended lever of 
the first order, we have, according to our fundamental principle 

: r+idp : : d sin. a : D sin. 6 , 

or by throwing the analogy into an equation by multiplying the 
extremes and means, we obtain 

( 2 jtfD+D*p) sin. A=( 2 rrf+rf'p) sin. a. (f) 

This is the equilibrated equation for a bended lever of the first 
order, when the effect produced by means of its own weight is 
taken into the account, it differs from the corresponding expression 
for the stnught lever, in so &r only, as it is influenced b^ introducing 
the trigonometrical values of the angles of direction, and the 
manner of ascertaining the separate vuues of the several consti- 
tuent factors will differ a little also ; therefore, in order to continue 
our plan, we shall go on to determine the value of each factor in 
terms of the rest, and that the subject may possess a little variety, 
it becomes expedient to propose a new set of examples and resolve 
them in a variety of ways. ^ 

41. Problem 26. Given the magnitude of the power its dis- 
tance fpom the centre of motion n ; the magnitude of the 
resistance r, and p the weight o ' an unit in length of the lever 
with a and b the assies of direction ; to ^nd d, the distance 
from the ftderum at which the resistance acts. 

Let both sides of the general equation of equilibrium (f)^ bo 
divided by sin. a, and it becomes 

ff'p+2rd=(^D+D*p) nn. b cosec. o. 
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complete the square, and we obtain 
4cPp®+8rrfp+4r®= (^Dp+4D®p«) sin. h cosec. a+4r*, 
extract the square root of both sides of this equation, and it 

becomes 

2rfp+2r=2^(2jtiD9+D*f®) sin. h cosec. o+r®, 

finally, transpose the term 2r and divide by the coefficient 2^, and 
there results 



expressions of tnis kind, arising from the resolution of an adfected 
quadratic equation, are somewhat difficult to reduce to words; 
nevertheless, a practical rule in words at length may be rendered 
intelligible in the following manner. 

Rule. To twice the magnitude of the power^ add the weight 
of tiuit arm cf the lever to which it is ajtplied; then^ 
multiply together y the sum, the weight of the arm of the 
lever on which the power acts, the natural sine of the 
angle of direction of the power, and the natural cosecant 

• of the angle of direction of the resistance, and to the 
product add the square of the resistance ; then, from the 
square root of this sum, subtract the magnitude of the 
resistance, and divide the remainder by the weight of an 
unit in length of the lever, and the quotient will be the 
length of the arm, or the distance from the centre of 
motion at which the weight or resistance acts. 

Example 1. In a bended lever of the first order, a power of 
156 pounds, applied at the distance of 8 feet from the fulcrum and 
directed in an angle of 75° 32", is found to sustain in cquilibrio, a 
load of 556 pounds, directed in an angle of 84® 40'; at what dis- 
tance from the fulcrum is tlie load applied, supposing one foot of 
the lever to weigh 10 pounds ? 

nat sin. 75° 32'=. 96829, 
nat cosec. 84 40 = 1.00435, 

twice the magnitude of the power 156 X 2 =312 pounds, 
w eight of the arm of the lever on which the power acts *10 X 8= 80 lbs. 

[Viir2 + 80 X 80 X . 96829 X 1.00435+566*-556}=2. 678 
feet, the distance sought 

The operation by the preceding rule is merely indiciitcd in this 
process, the work being purposely omitted to save room ; it would 
however, be better to substitute the given quantities at once in the 
original equation, for in that case, the result is found directly by 
any of the rules laid down for the resolution of adfected quadratic 
equations in books of Algebra. 'Flic same example resolved by 
this inelbod is as follows ; 
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Substitute the numbers proposed in the example for their ropre- 
sontjitives in equation (f)^ and we got, by reversing the equation 
and dividing by sin. a, 

1 11 .2r/=313.6 sin. b coscc. 

hut 313.6 sin. b cosec. a=313.6x . 96829 x •1.00435=304.976; 
consequently we have 
d«+111.2rf=304.976, 
complete the square and it becomes 
rf«+lll.2rf+3091. 86=3396. 336, 
extract the square root of both sides of the equation, and we get 
cf+55. 6=58.28^ 

* therefore by transposition we obtain . 

<2=2.68 feet, the same as before. 

But the same thing may be performed analytically in the follow- 
ing manner. 

Let jr=the distance or length of the arm required in feet, I hen 
is .'i.r = half its weight; consequently, by our fundamenbil prin> 
ciple it is, 

156+40 : 556+5j:::ar sin. 84° 40' : 8 sin. 75° 32', 
f*ind by converting the analogy into an equation by multiplying 
the extremes and means, we obtain 

sin. 84° 40'= 1568 sin. 75° 32' 
divide by 5 sin. 84° 40', and it becomes 
xHlll-2jr=304.97r), 

the very same equation as we reduced above, having x in {)lace 
of (L 

Example 2. In a bended lever of the first order, a power of 
212 pounds, applied at the distance of 14 feet from the centre of 
motion, and directed in an angle of 86° 50', is required to sustain 
in cqiiilibrio or balance a load of 8556 pounds directed in an angle 
of 60° 25'; what length must the arm of the lever be to which the 
load is applied, that the equilibrium may just obtain, supposing 
that the lever is uniform, and that one foot of its length weighs 
26 pounds ? 

nat.sin.86° 50'=.99847, 
nat cosec. 60 25 = 1 • 14989, 
twice the magnitude of the power 212 x 2=424 pounds, 
weight of the arm on wliich the power acts 26 x 14=364 pounds. 

Then by the rule we have 

{ V^+364 X 364 X . 99847 X 1 • 14989+ 8556» - 8556} =s* 
• 73 of a foot^ the distance sought. 

In this example, since the numbers are large, it will be found 
convenient in some parts of the operation to employ logarithms, 
as follows. 
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424+364= 788 
364 
86® 50' 
60 25 

natural number 329324 
8556*= 73205 136 


log. 2-896526 

log. 2-. 561 101 

log. sin. 9-999336 

log. cos^ J^- 06066 1 
log. 5-5176^ 


8um=735d4460, the square root of which is 8575-22; 
consequently, = (8575 . 22—8556) -$-26 =. 73 of a foot, or 8^ inches 
very nearly. 


Substitute the proposed numbers in equation (/), and it becomes 
by reversing the sides, 

(26f/s+ 171 12d) sin. 60“ 25'= 1 1032 sin. 86° 50', ' 
or, dividing both sides by 26 sin. 60° 25', we obtain 

rf*4.®^rf=487..167. 


complete the square, and it becomes 

‘/*+^d+(^)*= 108778. 788, 

extract the square root of both sides of the equation, and we get 

rf+l^=329.816, 

lo 

therefore^ by transposition we obtain 
c/=0. 73 of a foot^ the same as before. 


Analytically, thus. 


Let j:=the distance, or length of the arm required in feet, 
then is 13j:=half its weight; 
consequently, by our fundamental principle, it is 
212+182 : 8556+ 13ir : : « sin. 60° 25' : 14 sin. 86° .50', 


by multiplying the extremes and means, we get 
( 13a:«+8556x) sin. 60° 25'=55 1 6 sin. 86° 50', 
and finally, dividing by 13 sin. 60° 25', it becomes 


+?^a'=487-167, 

lo 


the same equation as before, having x in place of iL 


43. Problem 27. Given the magnitude of the resistance r, its 
distance from the centre of motion d; the magriitude of the 
pofver Pj and p, the weight, of an unit in length of the levei\ 
, with a and the angles of direction ; to find i>, the distance 
from the fulcrum or centre of motion at which the potver 
acts. 

Let both sides of the general ^nation of equilibrium (/) be 
divided by sin. ft, and it becomes • 

9D*+2/;Dz=(2rrf+€pp) sin. a cosec. ft. 
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complete the square^ and we obtain, 
4p*D*+^;Dp+4j»-=z(8rc/^+4cPp*) sin. a cosec. b+4p% 
extract the square root of both sides of this equation, and it becomes 
2pD+2/>=2^ sin. a cosec. b+p% 


transpose the term 2j», and divide both sides by 2ft the co-efficient 
of n, and we finally obtain 

^rfp(2r+c/p)8in. a cosec. b+p^^p | . 

This equation is perfectly symmetrical with that which we 
obtained for the value of d in tne preceding problem, and conse- 
quently the rule will be expressed very nearly in the same words, 
as follows. 


Rule. To twice the magnitude of the resistance^ add the 
weight of that arm of the lever to which it is applied; 
then^ multiply together^ the surOi the tveight of the arm 
of the lever on which the resistance acts, the natural sine 
of the angle of direction of the resistance, and the natural 
cosecant of the angle of direction of the power, and to 
the product add the square of the power ; then, from the 
square root of this sum, siibtract the magnitude of the 
power, and divide the remainder by the weight of an unit 
in length of the lever, and the quotient will he the length 
of the arm, or the distance from the fulcrum qr centre of 
motion at which the power is applied. 

Example 1. In a bended lever of the first order, a force of 124 
pounds, directed in an angle of 80^ 4!, is found to counterpoise a 
load of 2240 .pounds, acting at the distance of feet from the 
fulcrum or centre of motion, and directed in an angle of 74° 1 5' ; 
at what distance from the centre of motion is the power applied, 
supposing one foot of the lever to weigh 18 pounds ? 

natsin. 74® 15' =0-96246, 

« nat. cosec. 80 4=1 - 01522, 

twice the magnitude of the resistance, 2240 x 2= 4480 lbs. 
weight of the arm on which the resistance acts, 18 x 2^=45 lbs. 

then, by the rule, we ha,ve 

® 4480+45 X 45 X . 96246 x” 1 . 01522+ - 1 24 j 

= 18.83 feet, the distance sought. 

Substitute the proposed numbers for their representatives in^ 
equation (/), and it becomes 

(18d«+248d) sin. 80® 4'= 11312.5 sin. 74® 15', 
or, dividing both sides by 18 sin. 80^4', we obtain 
124 

dH-^d=614.083, 

•7 
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complete the square, and it becomes 
, 124 ✓62\* 

»'+-^D+(— ) =661.64, 

extract the root of both sides of the equation, and we get 

D+y=26.72. 

therefore, by transposition we obtain 
d= 18.^ feet, the same as before. ■ 

Analytically. 

Let or = the distance, or length of the arm required, 
then is 182:=its whole weight, and consequently, 

9a: = half its weight; 

therefore, by our fundamental principle, we have 
124+9a: : 2240+22.5 :: 2..5 sin. 74° 15' : j*sin.80°4; 
by multiplying the extremes and means, we have 
(9^2+ 124a:) sin. 80°4'=5656.25 sin. 74° 15', 
divide by 9 sin. 80° 4', and wc finally obtain 
124 

a:2+-^a:=z614.083, 

the identical equation obtained above by the method of substitution, 
having a: in place of d. 

Example 2. In a bended lever of the first order, a force or 
power of 8 tons acting at right angles to the end of the lever, is 
found to equipoise a load of 480 tons, applied at the distance of 
2 feet from the centre of motion, and (hrected in an angle of 
80° 28'; at what distance from the centre of motion is the powtM- 
applied, supposing one foot in length of the lever to weigh 2cwt.? 
nat. sin. 86° 28'=0.998l, 
nat. cosec. 90 0=1, 

twice the magnitude of the resistance 480 x 2 = 960 tons, 
weight of the arm on which the resistance acts. 1 x 2 =0*2 tons ; 
tficn, by the rule we have 

M= 1o|V})60 + 0.2 xO -2 X 0.9981 +3®-3} = lll -66 feet,* the dis- 
tance sought. 

Substitute the given numbers for their representatives in equation 
(/J, and it becomes 

d2+60d= 19204 sin. 86*> 28', 

the cosecant of 90“ being equal to the radius or unity, has no 
eflect in this case, and therefore it disappears from tlie equation, 
but the natural sine of 86° 28^ is 0 . 9981 ; hence, our equation is 
d2+60d= 19167-5124, 
complete the square, and it becomes 
n2+ 60 d + 30«=20067 . 5 J 24, 
extract the root of both sides of the equation, and we get 
D+30=141.66, 
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therefore, by transposition we have 
n =z 1 1 1 • 66 feet, the same as before. 

Analytically. 

• Let :r=the distance, or length of the arm required, 
then is half its weight; consequently by the fundamental 

principle, we have 

3+^0 • 480+^0 : -2 sin. 86® 28' : r, 
or by making the product of the mean terms, equal to the product 
of the extremes, it is 

a:«+60r= 19204 sin. 86® 28', 

but the natural sine of 86® 28' is 0.9981, as has already been shewn 
above ; therefore, we have 

a:«+602r= 19167. 5124, 

the same equation as before, having x in place of o. 

In this example, we have supposed the power to be ac;ting at 
right angles to the lever; if therefore, we regard the resistance as 
acting in a direction parallel to that of the power, the inclination 
of the arms of the lever to each other can easily be assigned, for 
it is equal to 180®^ (90— a); and the equilibrium would obtain on 
a straight lever, if its arms were respectively to each other as d to 
d sin. a. 

44. Problem 28. Given the magnitwle of the power p ; its dis- 
tance from the centre of motion d; the distance of the weight 
or resistance from the centre of motion d^ and p, the weight of 
an unit in length of the lever^ with a and i, the angles of 
direction ; to find r the magnitude of the resistance. 

Let bodi sides of the general equation of equilibrium (f), be 
divided by sin. a, and it becomes 

2rrf+rf-f =(2 /;d+dV) sin. b. cosec. «, 
transpose the term d^(p and divide by 2d^ and we obtain^ 
^_i)(2j»+Dp) sin. b cosec. 

The practical rule which this equation affords, is as follows. 

Uur.E. To twice the magnitude of the pmver^ add the 
weight of that arm of the lever to which it is applied; 
then^ midtiply together, the sum, the length of the arm, 
or distance of the pouter fntm the centre of motion, the 
natural sine of the angle of tu edion of the jwwer, and 
the natural cosecant of the angle of direction of the 
weight or resistance; from the product subtract the dis^ 
tance of the resistance from the fulcrum, drawn into the 
weight of the arm on which it aets; then, divide the . 
remainder by twice the length of that arm of the lever to 
tohich the resistance is ajfjilied, and the quotient will be 
the magnitude of the •^^csistance required. 
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Example 1. In a bended lever of the first order, a power of 
112 pounds applied at the distance of 35 feet from the fulcrum, 
and directed in an angle of 66% is found to balance a certain 
resistance acting at the distance of 3 feet, and directed in an angle 
of 77°; what is the magnitude of the resistance, supposing that one 
foot in length of the lever weighs 6 pounds? 

nat sin. 66°= *91355, 
nat. cosec. 77 = 1 • 926^ 


twice the magnitude of the power • 1 12 x 2 =224 pounds, 
weight of the arm on which it acts 6 x 35 =210 pounds, 
the length of the arm at which the resistance acts =3 feet, its 
weight =3x6= 18 pounds, then, 18x3=54; 

therefore, by the rule we have 


224+210 X 35X -91355x1.0263-54 
2x3 


=2364.63 pounds, the 


resistance sought. 


Let the several data be substituted for their representatives in 
equation (fj^ and it becomes 

(fir +54) sin. 77° = 15190 sin. 66°, 
or dividing both sides by sin. 77° we get 
Cr+54= 15190 sin. 66° cosec. 77°, 


then transposing 54 and dividing by 6 the coefficient of r, we have 

15790x0.91355x1.6263-54 ™ 

=2364.63 pounds, the same as 


before. 


Analytically. 


Let :r=the resistance required, then we have 
112+105 : x+9::3 sin. 77° : 35 sin. 66% 
or by making the product of the mean terms, equal to the product 
of the extremes, we have 

Qx sin. 77° +27 sin.77°=7595 sin. 66°, 
transpose the term 27 sin. 77°, and divide by 3 sin. 77°, and we get 
.r=(7595 sin. 66° cosec. 77°-27)-f-3, 
which, by employing the numerical values of sin. 66° and cosec. 77° 
gives a: =2364. 63 pounds, the same as before. 

Example 2. In a bended lever of the first order, a power of 
12 tons acting at the distance of 20 feet from the centre of motion, 
and directed in an angle of 86^ 10', is found to equipoise a certain 
resistance acting at the distance of 43 feet, and directed in an 
angle of 86° 10'; what is the magnitude of the resistance, sup- 
posing one foot of the lever to weigh 112 pounds or ^ 

JSy the third inference to the twentieth problem, we learn, that 
when the power and resistance are inclined at the same angle to 
their rcs])e(;tivc arms of the lever, an equilibrium obtains under the 
same conditions as if the lever were straight; this is also obvious 
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from equation (/), for since the angle a is equal to the angle b, 
sin. a must also be equal to sin. 5; therefore, by expun^ng the 
equal factors, the equation reduces to 


the very same as the equation of equilibrium for a straight lever 
of the mt order, but this coinddence of form in the equation of 
equilibrium for the straight and the bended lever, in the case of 
equal angles of direction, has no influence on the rule which we 
have given for this problem, the operation becomes simplified, in so 
far as we know, that the product of tin. b by cosec. a is equal to 
unity, but the rule remains the same. 

nat. sin. 86^ 10's >99776, 
nat. cosec. 86 10 =1*00224, 


twice the magnitude of the power 12 x 2 =24 tons, 
weight of the arm on which it acts x 20= 1 ton, 
length of the arm a!t which the resistance act8=43 fec^ its weight 
='f^=2>15 tons; therefore, we get.^ 


24+1 x20x >99776 X l>00224—92>45 
86 


=4>74 tons nearly. 


the resistance sought. 

Substitute the data in the equation inimdediately above, and it 
becomes 

86r+92>45=500, 

transpose 92>45, and divide by'^ and we have 

500-92*45 ^ ^ - 

r= ^3 =4>74 tons, the same as before. 

no 


Analytically. 


Let orrzthc magnitude of the resistance required ; 
then, by the fundamental principle of equilibrium, we have 
12+.5 :a:+1.075::43 : 20, 

and by making the product of the mean terms equal to the product 
of the extremes, we get 

43ar+46. 225=250, 

transpose 46.225, and divide by and we have 
ar= ^ =4.74 tons, as it ought to be. 

In the method by substitution, and also in the analytical method, 
we have omitted the angles of direi Jon altogetlier, purposely to 
show, that since they are equal, they have no influence whatever 
on the result, that coming out the same by the three methods ; hut 
it must not be forgotten, that when the angles of direction arc 
of difierent magnitudes, they must be retained in the general 
equation. 

45. Problem 29. Given the magnitude of the resistance r, its 
distance from the fidcriim d; the distance of the power from 
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Hue fidcnim d, and the weight of an unit in length of the 
lever ^ with a and the an^es of direction; to find the 
magnitude of the power. 

Let both sides of the general equation of equilibrium (/) be 
divided by sin. and it becomes 

^^D+D®p=(2rrf+cPp) sin. a cosec. b, 
transpose the term and divide by 2 d, and we obtain 

d(2r+dp) sin. a cosec. i— 

_ , 

an equation from which the value otp is easily determined. 

The practical rule may be expressed as follows. 

Rule. To twice the magnitude of the resistance^ add the 
weight of that arm of the lever to which it is applied; then 
multiply together^ the mrn^ the length of the arm^ or dis~ 
tance of Hue resistance from the centre of motion^ Hue 
natural sine of the angle of direction of the resistance, 
and the natural cosecant of the angle of direction of the 
power; from the product subtract the distance of the 
potoer from the fulcrum, drawn into the weight of that 
distance; then, divide Hue remainder by twice the length 
of the arm at which the power is applied, and the quo^ 
tient will give the magnitude of Hue power sought. 

Example 1. In a bended lever of the first order, a weight or 
resistance of 2240 pounds, acting at the distance of 7 feet from the 
centre of motion, and directed in an angle of 60°, is found to equi- 
poise a certain power acting at the distance of 21 feet, and directed 
in an angle of 65°; what is the magnitude of the power, supposing 
the weight of one foot in length of the lever to be 20 pounds ? 
nat siiL 60°= • 8660% 
nat. cosec. 65 = 1 • 1033% 

twice the magnitude of the resistance 2240 X 2=4480 pounds, 
weight of the arm on which it acts 20 X 7 = 140 pounds, 
length of the arm on which the power acts =21 feet, its weight 
=420 pounds; therefore, by the rule we have 

4480-h 140 X 7 X • 86603 X 1 • 10338—420 X 21 „„„ 

/»= 2rx2 =526.771b8. 


tlie power sought. 

Substitute we proposed data for their representatives in the 
general equation (/), and we get 

(42p+ 8820) sin. 6d'’=32340 sin. 60°, 
divide by sin. 65°, and we obtain 
42^+8820=32340 sin. 60° cosec. 65°; 
transpose 8820 and divide by 42 the co-efiScient of p, and we have 

32340 X . 86603 x 1 . 10338-8820 __ , . 

/»= — — =525.77 {rounds, the 


same as above. 
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Analytically. 


Let X = the power required, then, by our fundamental principle, 
we have 

x+210 : 2310 :: 7 sin. 60® : 21 sin. 65®, 
or, by converting the analogy into an equation, we obtain 
21 (ar+210) sin. 65®= 16170 sin. 60. 
divide both sides of the equation by 21 sin. 65®, and it becomes 
j:+ 210=770 sin. 60® cosec. 65®, 
transpose the term 210, and we have 
ar=770x -86603X1 - 10338- 210 =525 -77 lbs. as it ought to be. 

Example 2. In a bended lever of the first order, what power, 
acting at the distance of 40 feet from the fulcrum, and directed in 
an angle of 73® 49', will counterpoise a load of 180 tons acting at 
the distance of 2 feet, and directed in an angle of 86® 56', supposing 
one foot of the lever to weigh 5 cwt or ^ of a ton ? 

nat.sin.86®56'= .99857, 
nat. cosec. 73 49 = 1.04134, 


twice the magnitude of the resistance I80”x 2=360 tons, 
weight of the arm on which it acts 2 x of a ton, 
length of the arm on which the power acts =40 feet, its weight 
= 10 tons; therefore, by the rule, we have 


P= 


360 + . 5 X 2 X • 99857 x 1 • 04134-400 
40x2 


=4*87 tons, the weight 


required. 

Substitute the given numbers in the general equation (f), and 
it becomes 

(80p+4()0) sin. 73® 49'= 721 sin. 86® 56', 
divide both sides by 80 sin. 73® 49' and we obtain, 
j»+5=9.0125 sin. 86® 56' cosec. 73® 49'; 
transpose 5 and introduce the numerical values of sin. 86® 56' and 
cosec. 73® 49', and we have 

7>=9-0125x -99857 X 1-04134— 5=4-37 tons, the same as above. 


Analytically. • 

Let Jir=the power required, then by our principle, we have 
(.t+ 5) : 180+i::28in.86‘>56' : 40 sin. 73® 49', 
nr., by making the product of the mean terms, equal to the pro- 
duct of the extremes, we get 

40 (:r+5) sin. 73® 49'=3n().5 sin. 86® 56', 
and dividing both sides of the equation by 40 sin. 73® 49' it 
becomes 

jr+5 = 9-0125 sin. 86® 56' cosec. 73^49', the same as before, hav- 
ing X in place of p. 

46. CoROL. In practical cases, the angles of direction of the 
power and resistance will generally be known, it is therefore unne- 
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eessary to illustrate the method of finding these two elements by 
numerical ex<ainples, for it will seldom be requisite to compute 
them ; we shall therefore content ourselves by exhibiting the 
expressions that indicate their values, as derived from the general 
equation of equilibrium in which they are involved. 

If both sides of the general equation (f)y be divided by 
we get 




and again, if we divide both sides by (2/?D+D*p), we get 


sin. 5=( r; — )sin. /i. 
\2pD+uV^ 


ITiese are the expressions by which the angles of direction can 
be determined, when they arc not given a priori from the circum- 
stances of construction, and it is presumed, that from the simple 
nature of the equations, the intelligent reader will find no difficulty 
in their application. 


' 47. Problem 30. Given /Ac magnitude of the power j)^ its dis-- 
tance from the centre of motion d ; the magnitude of the 
resistance r, and its distance from the centre of 7notiun d; 
with a and A, the angles of directimi ; to find p, the weight of 
an unit in length of the lever. 


The general equation (f), in its expanded form, is as below, 
2 j 0 D sin. A+d^ sin. b:=i2rd sin. a+ePp sin. a, 
by transposition we have 
D*p sin. A— d*p sin. a:=i2rd sin. a— sin. A, 

or, since cither of the terms on both sides of the equation may 
exceed the other, the value of the unknown quantity may be thus 
expressed, 

2(rrf sin. a sin. A) 

D* sin. A ^d* sin. a 

In this equation pn is the moment of the power, and rd the 
moment of the resistance, the same as we denoted them when 
treating of the straight lever; but since these products are here 
modified by the angles of direction, the terms po sin. A and rd sin. a 
may, in the case of the bent lever, very properly be denominated 
the moments of the power and resistance ; the practical rule will 
then be expressed in words at length as follows. 

Rule. Multiply the squares of the distances of the power 
and resistance from the centre of motion hy the natural 
sines of the respective angles of direction^ and find the 
difference of the products according as the one or other 
is the greater; then, divide twice the d^erence of the 
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moments of the power and resistance, by the difference of 
the products thus foujui, and the quotient will give the 
weight of an unit in length of the lever, express^ in the 
same terms as p and r. 

Example L In a bended lever of the first order, a power of 
560 pounds, acting at the distance of 24 feet from the centre of 
motion, is found to balance a load of 8556 pounds acting at the 
distance of one foot ; what is the weight of one foot of the lever, 
supposing the angles of direction of the power and resistance to be 
respectively 80° and 75°? 

nat. sin. 80°= • 98481 
nat sin. 75 = -96593; 


then, by the rule, we have 24x24x *98481 =567*24056, 

lx lx *96593 = *96593, 

566*27463 

ference of the products. 

moment of the power 560 x 24 x * 98481 = 13235 • 8464, 
moment of the resistance 8556 x 1 x *96593 = 8764*4971, 


dif. 


4471*3493 dif- 


ference of the moments ; 


then 


4471*3493X2 


566*27463 


= 15*79 pounds, the 


weight required ; the length of both arms of the lever together is 
25 feet; consequently, its whole weight is 394*75 pounds; hence, 
the aggi-egatc weight on the fulcrum is 9510 J pounds. 

Another example resolved analytically will here be sufficient. 

Example 2. In a bended lover of the first order, a power of 
4cwt. suiting at the distance of 8 feet from the centre of motion, is 
found sufficient to balance a load of 380 cwt acting at the distance 
of three feet ; what is the weight of the lever, the angles of direc- 
tion being equal? 


It has already been stated, that when the angles of direction arc^ 
equal, the conditions of equilibrium are the same, whether llie 
lever is straight or bended ; therefore, 

let a:=the weight of one foot in length of the lever, 
then according to the fundamental principle, we have 
4(l+:r) ; 380-|-1*5 a’’I 3 : 8; therefore, 
by making the product of the meai Usrms equal to the product of 
the extremes, 

we have 32 (l+ar) = 1140+4.5j:, 
and by transposition, we get 
27.5ar=1108, 


therefore, by division a: =40. 29 pounds, the weight of one foot, 
but the whole length of the lever is 8-|-3=ll feet, consequently its 
whole w'eight is 40*29 x 11 = 443* 19 pounds. 

11 
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48. If the resistance r be withdrawn, the term in which it 
occurs will vanish, and the general equation (fjj becomes, 
( 27 m-|-D*p) sin. 5 = 9 sin, ri, the equilibrium being maintained by 
the effort of the extreme arm of the lever alone ; consequently, the 
value of (p as deduced from this equation is 
_ 2/ii> sin, & 

sin. a— D® sin A 

and when the angles of direction are equal to one another, this 
expression becomes 

^ d*— D* ; 

but d+D= the whole length of the lever, and if w represent its 
whole weight, we obtain 

_2/?i) (rf+p) 


and because, the product of the sum and difference of any two 
quantities is equal to the difference of their squares, wc^ have 

2pu(d+n) . 

(d+n) (d-i))'’ 

therefore, by reducing the fraction, we finally get 


2/;d 


The practical rule afforded by this equation may be expressed 
as follows. 

Rule. Divide twice the moment of the power ^ by the dif- 
ference between the arms of the lever^ and the quotient 
will give the whole weight of the beam^ in the same name 
as the power applmL 

This rule was given in another form for the straight lever, 
(problem 9j, and it w^as there remarked, that it might be ai)plied 
to tlie determination of the weight of large uniform bodies, when 
their weight and magnitude are such, as to render it diffic*ult to 
weigh them by any other method ; since that remark w'as written, 
an experiment has been tried, the result of which renders tlie 
tlieory perfectly conclusive. 

Hie experiment was conducted in the following manner; a 
straight uniform piece of wood exactly 41^ inches in length, was 
sus{)ended by a small cord to the nail 
n fixed purposely into the end of a 
projecting beaTn b; tlie point c at 
which the bar was suspended was 
exactly 10.9875 inches from p, and 
consequently, 80. 1875 inches from r; 
the power />, required to bring the rod 
into the horizontal position was ex- 
actly I Oj ounces, and when the rod 
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was weighed after the experiment it was found to weigh 18^ 
ounces. 

w 1 u 10.9;375x2x 16-25 

By our rule, we have = 18-466 ounce., 

a very satisfactory result 

49. 'Fhis experiment, it will be observed, was made on a 
straight beam, but the same result would have obtained if the 
beam had been bent at the point c, provided that the power p and 
the effort of the arm cr were directed in the same angles ; in a 
bent lover however this may often happen not to be the case, it is 
therefore necessary to retain the angles of direction, in order that 
our theorem may apply to all positions of the bended lever, 
whether the forces act in lines imrallel or oblique to each other. 

The value of <p deduced from the general equation (f)^ is, as we 
have shewn above, 

__ 2/>d sin. h 

sill, a— I)** sill, b 

and this multiplied by the whole length of the lever, must give its 
whole weight; but the length is (r/q-n) and the whole weight is 
represented by w ; consequently, by multiplication we have 
^ 2j3D sin, h (d+i>) 

""d" sin. a— D* sin. b 

The practical rule afforded by this expression may be given in 
w'ords as follows. 

lluLE. Multiply twice tlw moment of the power by the 
sum of the arms, or the whole leuf^th of the lever ; then, 
divide the result by the difference of the products that 
arise, by multiplying:^ the sqwire of the lenf^th of each 
arm of the lever by the natural sine of the adjacent angle 
of direction, and the quotient will give the tvhole weight 
of the lever. 

Example 1. In a bended lever of the first order, a power of 
224 pounds, or 2cwt. acting at the distance of 3 feet from the 
centre of motion, and directed in an angle of 70^ 30', is found to 
sustain the extreme arm of the lever horizontally; what is the 
whole weight of the lever, supposing the length of the horizontal 
arm to be 28 feet ? 

Here, since the extreme arm of the lever is sustained in a 
horizontal position, the line of its effort must coincide with that of 
gravity ; consequently, the angle of its direction is 90 degrees. 

Then, nat sin. 70® 30'= .94264, 
natsin.90 0=1.00000, 
whole length of the beam or lever, 28 + 3 =31 feet; 
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then, by our rule, we have 
2x2x3x .94264 X 31 
X 28x1 -3 x 3x .94264 

whole weight required. 


452 cwt. the 


Extenswn of the foregoing principle to the determination of the 
cubical contents of bodies. 


50. We shall propose another example of a kind likely to occur 
very frequently in practice, and since the magnitude of a body can 
always be determined by having its weight given, it is probable 
that the same principle may be extended to the determination of 
the cubical contents of bodies when they are uniform in figure and 
density. 

Exampi.e 2. A log of American pine 64 feet long, and of uni- 
form section throughout the whole of its length, is suspended from 
a crane at the distance of 12 feet from one of its ends ; what is 
the weight of the log, and hov«{ many cubic feet does it contain, 
supposing that 8cwt. suspended from the shorter end brings it to 
all equipoise, its specific gravity being 0-46 when that of water is 
unity i 

In this example, the angles of direction arc each equal to 
90 degrees, therefore tlic rule which we have laid down for that 
case must be applied; hence we get 
^ 

w=— — ^=4.8cwt. the whole weight of the log. 

Now we have 1 : 0.4G 62.5 : 28. 75 pounds, in a cubic foot 

of American pine j consctjucutly, 

— ■ - =18.7 cubic feet. 

28 . /O 

54. If instead of the resistance, we suppose the power to be 
withdrawn, the term in which it occurs will vanish, and the genenil 
equation (f)^ becomes 

i)®p sin. b:=:(^rd+(P<p) sin. 
from which, by transposition and division, we find 
2rd sin. a 

0 = i-; ; , 

D-sin. 5— f/‘sin. a 

an equation perfectly symmetrical with that which obtained on 
the supposition that the resistance was withdrawn, therefore, the 
rules and opc^rations, are on both suppositions the very same. 

We shall now proceed to inquire, what are the conditions of 
equilibrium for a bended lever of the second order, taking into 
account the etFort of its own weight and the effect produced by the 
action of obliciuc forces. 
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Section Fifth. 

OF BENDED LEVERS OF THE SECOND ORDER, OR THOSE WHICH 
HAVE THE RESISTANCE BETWEEN THE CENTRE OF MOTION AND 
THE POWER. 


52. In a bended lever of the second order, the centre of gravity 
does not exist in any part of the figure itself, but is situated some- 
where in the straight line joining the centres of gravity of the two 
arms, and is consequently either raised or depressed according as 
the lever is bent downwards or upwards; it therefore becomes 
necessary to calculate the place of this centre, ^and reduce it to the 
proper point in the straight line connecting tlie power with the 
centre of motion, for it is at this point that a new force equal to 
the weight of the lever must be conceived to exert itself and the 
moment of this force, added to that of the resistance, must in the 
case of equilibrium be equal to the moment of the power. Now, 
since the lever is considered ui^orm in section and density, the 
centre of gravity of each arm exists at its middle point, and the 
common centre of gravity, or that of the whole lever, must therefore 
be determined by the following construction. 


Let CK and pr represent the 
arms or parts of the lever ; then, 
since the whole is considered 

uniform in section and density, 1 

bisect CR, PR in the points e and ^ 

F, join EF ; then the common or principal centre of gravity exists 
in EF ; hut the commou centre of gravity of two bodies divides the 
straight line. Joining their respective centres in the inverse ratio of 


their niasseji^ and since the parts of the lever cr and pr are con- 
sidered unifonn, their masses are directly as their lengths ; there- 
fore, if g represent the position of the common centre, we have 


CR+PK : PR :: EF : Eg^; 

Join CP and cg^ then ef equal one half of cp ; that is, one half of a, 
and if I be taken to represent the whole length of the lever, or the 
sum of the parts cr and pr, we have 




Put ^=cg, which has to be fou: J by calculation, and c=tbc 
angle qgA, the angle of direction of the new force ; then is cA=^sin. r. 
h being the point in cp where the weight of the lever acts in 
opposition to the power; now, if l<p:=:w be the whole weight of the 
lever, then its moment or effort at k is Iw sin. c\ consequently, by 
employing the moments of the power and resistance as formerly 
assigned, the equation of equilibrium becomes 

pD bin. h-^ird sin. a+Sw sin. c. (g) 
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This equation supposes that cr, pr, and ih:, or cr, pRi and the 
angle crp are known, which in practical constructions will always 
be the case; (consequently, the chief difficulty consists in finding 
a priori the values of the distance ^9 and the angle of direction r; 
but supposing these elements to be already determined, the analysis 
of the equation will be similar to that of equation for which 
reason, and because our article on the lever has already extended 
beyoiul the limits prescribed to it, we shall be very brief in the 
developement of that analysis. 


53. Problem 31. Let all the factors which constitute the equa- 
tim of equilibrium (g) he given excepting o/ie, and let it be 
required to express the value of that factor in terms of 
the rest. 

Here, by recurring to the original equation, and separately 
disentangling the quantities, we find the following class of formula) 
to fulfil the conditions of the problem. 

^ p n sin.i— Sw sime 
““ r sill, a 
rdmx.a+lw ^\n.c 


1 . 

2 . 

3. 

4. 


o. 


P 


^rd sin. sin. c 

D sin. b 


u = 


p sill, b 
po sin. A— -rd sin. a 
w sin. c 

po sin. h^cw sin. c 
d sin. a 


6. 


w 


r= 


pn sin. h-^-rd sin. a 

» • 9 

0 sin. c 

„ . sin. b — sin. c 

7. sin. axz^ ; 

rd 

. , rd sin. a + T tr sin. c 

8 sin. A= — 


9. sin. c 


__po sin. h^rd sin. a 




Each equation of the above class affords a rule peculiar to itself, 
and adapted to the determination of one particular object, and it is 
presumed, that by turning to the corresponding problems under 
equation (^, where the rules are drawn out in words at length, the 
intelligent reader will find no difficulty in supplying them here 
whenever the circumstances of the case may render it necessary ; 
we therefore omit them, but the subject must be further expounded ; 
for since the elements c and S are assignable only in terms of cii, 
PR and cp; or in terms of* their representatives dy (l-^-d) and jo; 
or in terms of some of these in connexion with the angle of 
deflexion, or the angle crp contained between the arms of the lever 
CR and PR ; it becomes desirable to know in what manner the values 
of c and B are to be determined. 

First, then, in the triangle erf, we have given the three sides 
ER=^c/; FR= rf), and £f=|d; consec^uently, the perpendicular 
Rs, which by the nature of the construction is equal to ghy is ex- 
pressed as under, viz. 

BS=^V4rf-u‘-- (I) 



( 2 ) 


and if wc put .t to represent the angle rks, then we have 

2r/i) 


see. xz 


now, by the analogy preceding the general equation of equilibrium 
(^), it has been shown that 

D(/-rf) 


( 3 ) 


therefore, in the triangle CEg, wo have given the two sides ce and 
with the contiuned an*gle c£^; to find the side cg=S’, conse- 
quently, by Plane Trigonometry, we get 

(i-d) cos. a-}; (4) 

again, from the right angled triangle chg^ by having the hypothenuse 
i 'g and the perpendicular gh given, we obtein 

sin. c=,y \ / 5 ) 

^ 4u* i !)*(/— d)*+d7{dZ4*‘2D(/— d) C08.ar} 5 ' 

This expression for the value of sin, c is of a very complex 
character, and when the centre of gravity is reduced to the point A, 
we have 


oA=J_V D»(A-rf)*-h<«{««+2D(t_rf)cos.a:}— »»— (6) 

2/ 4X)9 

the equation just found expresses the distance from the centre of 
motion at which the lever is supposed to act, and since the whole 
w'cight of the lever is represented by tv or its equivalent If, its 
effort or moment when applied at the point A, is expressed by 

^ / — - - 

D®(/— ^i)*+riZ{<//-}-2D(/-Hi)cos. it] D*— /(/— 2rf)*}; 

Now, if this expression be substituted for Bw sin. c in equation 
(g)^ the conditions of equilibrium will then be represented in known 
terms. 

If the lever be straight, and consequently jrno; then will 
cos. ar=l and /=n; therefore, the whole of the second compound 
member under the vinculum will vanish, and the first becomes 
simply from which, by extraefing the square root, we have 
for the effort or moment of the ^^ver, the same as it was found 
to be for the straight lever of the second order. 

54. By reason of the very prolix form that the equation of 
equilibrium would assume, if the preceding expression for the 
moment of the lever were introduced, it would be almost impos- 
sible to render a verbal rule intelligible, and besides the operation 
would be neither more nor less than determining separately, each 
of the six preceding quantities, in the same order as they have 
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occurred in the investigation : we shall therefore propose a nume- 
rical example, and calculate successively the several parts in order 
to show by what means the required object is to be attained, by so 
blending together the results as to lead us directly to the very 
point proposed. 

Example. The whole length of a bended lever of the second 
order is '25 feet, the shorter arm, or distance between the resist- 
ance and centre of motion is 8 feet, the straight line connecting 
the fulcrum with the remote extremity of the lever being 24 feet; 
and moreover, the angle of direction of^the power is 80^86^, that 
of the resistance being 85^ 12^; what must be the magnitude of the 
power to sustain in cquilibrio a resistance of 846 pounds, the 
weight of a foot in length of the lever being 9 pounds? 

First then, by substituting the dimensions of the lever in tlie 
equation expressing the value of as or ghj it becomes 

^*“4x24^(‘^ X 8x 24)'>- {24*-25 (25-2 x 8)}*= 1 -6223 feet, 


and to find the secant of x, we have, by substituting the dimensions 
of the lever in the second step, 

O V A V 24 

^=24grT5l 25-2 X 8) =^ 

then, to find, e^, according as its value is exhibited in the third 
step, we have 

24(25-8) „ , 

and again to find or the distance of the centre of gravity g from 
the centre of motion c, we have by substitution in the fourth step 

(25-8)H-8x26{i)^6+2xWl26^^^^8)^yi4} = 

11-92 feet 


Here, then, we have determined both gh and eg, or eJ ; that is, 
the perpendicular and hypothenuse of the right angled triangle cAg, 
therefore, we have 

sin. ezzL^ 1 ^ I j sine of 82° 10'; 

consequently cA becomes 1 1 . 92 X . 99068= 11.81 feet, the distance 
from the centre of motion to the point where a new power ecpii- 
valent to the weight of the lever, is supposed to act ; therefore', 
the moment of the lever is 11-81 X22d=2657-25 pounds. 

Hence, if 2657-25 be substituted for dw sin. c in the equation 
of equilibrium (g)^ it becomes 

jpo sin. 5=rrf sin. o-f 2657 -25 ; 

or by referring to equation 5, problem 31, we have the value of p, 

the required quantity expressed as follows, viz. 

rd sin. a+2^bl - 25 

»= . — • 

* D Sin. b 
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cocsequently, if the given numerical values of r, d and o, with the 
natural sines of the angles of direction a and b be substituted as 
above^ we sliall have 


required. 


_846X8X •99649+2657-25 
“ 24X-98^7 


=397 pounds, the power 


Such then, is the operation necessary to be performed in a 
bended lever of the second order, to determine the magnitude of 
the power, when the pla|p of the centre of gravity is not given ; 
and a similar process for aiiv other quantity would be required; 
but it may here be remarked^ that for any practical purpose how- 
ever delicate, a graphical determination of the centre of gravity 
will be found sufficiently ^curate, and since it is much more easily 
performed than the numerical process, it may perhaps be found 
advantageous to adopt it, we shall therefore, take a separate 
problem for the purpose of showing in what manner the position 
of the centre of gravity is to be found, and also the point where 
the new power equivalent to the weight of the lever is supposed 
to act 


Problem 32- Of the method of finding the centre of gravity of 
a bended lever of the second order^ when its armsy angles of 
directioHy and resistance with the distance between the fulcrum 
and the remote extremity of the lever are givenu 

56. Example. The whole length of a bended lever of the second 
order is 30 feet, the shorter arm, or distance between the resist- 
ance and centre of motion is 6 feet, the distance between the 
fulcrum and the remote extremity of the lever 26 feet, the angle of 
direction of the powder 88® 30', that of the resistance 90® or a right 
angle; what weight will just be balanced by a power of 400 
pounds, supposing the whole weight of the lever to be 360 pounds ? 

In this example it is proposed to determine the centre of gravity 
by construction as follows : since the whole length of the lever is 
30 feet, and that of the shorter 
arm 6 feet, the longer arm must 
be 30—6=24 feet Construct 
the triangle cup, having its 
three sides respectively equal 
to the given numbers ; viz. 
cr = 6, PR = 24 and cp = 26: 
bisect CR and pr in e and f, 
join EF and through f draw fb 
parallel to cr; make fb equal 
to half the length of the lever or 15 feet, and join be; then from 
H cut off BD equal to fr or fp, and through d draw'* og parallel to 
BE ; then is g the place of the centre of gravity. From g, the 

1 
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centre of gravity thus determined, demit gh per{)endieularly to cd, 
then will h be the point at which the weight of the lever opposes 
the power, and di is the distance from the centre of motion at 
which it acts ; therefore, if cA be measured from the same scale as 
was used in constructing the triangle, it will be found equal to 
11-9 feet very nearly. 

We shall now determine the same thing from the sixth step ot 
the investigation, and that the reader may the more clearly per- 
ceive the process of substitution, it is deemed expedient to (arrange 
the several terms regularly under each oftier, in the same order as 
they occur in the expression, proceeding from right to left, this 
being the method usually pursued in deducing rules from alge- 
braical formula'. 

= 6x2 =12, 

/-2rf = 30-12 =16^ 

/(/-2rf) = 30x18 =640, 

D2«./(/«2rf) =676-640=136, 
{n2_/(/-2rf)}«=136x 136=18496, 

(2e/D)2- {D2-/(/-.2rf)}2=97344-18496= 78848, 

j = ’-^,x30'=2(i243.7(>7. 

This completes the formation of the second member under Ihf 
vinculum, and the formation of the first is accomplished in the fol- 
lowin^f manner. 

From the second step of the preceding investigation, the value 
of the angle x is found as under, 

2(/d=2 X 6 X 26=312 log. 2.494iri.'i 
and it has lu'cn shown, that d*— Z(/— 2rf)=136 log. 2>133.')39 
angle bef=j:=64® O' 27" log. sec. 10.360616 
iiat. cos. 64° 9' 27" = -4359, 

cos. X =24 X -4359 =10-4616 

2n (l-d) cos. X =52x 10-4616 =<>44-0032, 

{f//-(.2u (/-</) C08.X} =180+544-00.32=724-00:12, 
///{<//+2i> (l-d) cos. *} =180 X 724-00.32=l;l0.320-.'iT6; 
{/-(/)« =24 x 24 =576, 

If- (l-d)- =676 X .576=3a0376, 

0 '(/— tl)-+r//{f//+2u (l-d) cos. A'} = ^ 
389376+130320-576=519696-576.$ 

This completes the formation of the first member under tl>e 
vinculum; therefore 

cA=V5190W.'576-262-^W-f-60=Il .71 feet; 

hence, the difference in the results as obtained by the two methods 
of construction and calculation, is about two-tenths of a foot, but 
the mincidenc^ would be much nearer if the operation were per- 
formed with very fine instruments and on a larger scale. 
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Now, the whole weight of the lever is 360 pounds ; therefore, 
its moment or effort is equivalent to 11.71 x360=;4215*6 pounds; 
consequently, the equation of equilibrium (g), becomes 

pD sin. />=r</sin. a+4215.6, 
or, by referring to equation 4, problem 31, we have 

pD sin. 4215.6 

ef »n. a * 


therefore, by substituting the numerical values of p, d and with 
the natural sines of the angles of direction a and b, we obtain 


400x26x .99966-4215.6 . 

r= ^ - - = 1732-744 pounds, 


for the weight or resistance required. 


The investigation for the place of the centre of gravity in a 
bended lever of the third order, would be precisely similar to that 
which we have given for the second, and the steps of investigation 
would be pcrfecrtly symmetrical ; the only difference being that in 
this case, the magnitude of the poyver must always exceed that of 
resistance, unless when the lever is so much bent, and the mag- 
nitude of its arms such, as to bring the resistance nearer to the 
centre of motion than the power; when this is the case, it is not 
necessary that the power should exceed the resistance, for the 
lever again would coincide with that of the second order. 


57. Conclusion. In closing tlic discussion upon the lever, it 
may not be improper to remark, that our plan originally was, to 
express algebraically the value of each qu«intity deduced from the 
general equations of equilibrium, and from such expression, to draw 
up a rule in words at length, which again should be illustrated 
by appropriate practical examples. This plan has been continued 
throughout for the straight lever, both in case of perfect levity and 
<vhcn it is considered as having weight; and for the liended lever, 
it has been continued as far as that of the second order, having 
respect to the effect produced by gravity: at this stage of the 
subject, we have been compelled to deviate from our plan, on 
account of the very complicated form which the general equation 
would assume, if the expanded expression for the effort of the 
lever were introduced: the values of the several factors derived 
from the equation so constituted, would unavoidably partake of its 
prolixity, and as we have already ori ^erved, a rule in words could 
scarcely be rendered intelligible. 

It is customary for writers on the lever to enumerate the several 
simple engines or tools, that arc actuated by its principle, thus, 

To levers of the first order belong, the balance; the steelyard, 
scissars, pokers, pincers, snuffers, &c. 
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To levers of the second order belong, cutting knives fixed at one 
end, doors moving on hinges, oars of boats, rucMers, wheel-barrowi^ 
nutrcrackers, &c. 

To levers of the third order belong, Sheers for sheep, compasses, 
a ladder while men are raising it up with one end resting on the 
ground, tongs, the bones of animals, &c. 

There are moreover universal and compound levers which we 
have not considered, but as these are either combinations or mul- 
tiplications of those above named, the theory would present nothing 
novel or interesting, we will however have occasion to advert to 
them, when considering other departments of this work ; with this 
notice, therefore, we ^uit the lever, and proceed to examine the 
principles and conditions of equilibrium in the wheel and axle, 
or as It is commonly called the Axis in PeritrocMoJ^ 
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1 . The wheel and axle is a machine so named, by reason of its 
consisting of a wheel and cylinder, having a common axis with 
pivots fixed in its extremities, on which l£e whole may revolve. 
This very simple and useful contrivance, although usually aesignated 
a second mechanical power, requires the consideration of no other 
principles than those already adduced for the lever; it is in fact 
nothing but a lever, having the radius of the wheel for one arm, 
and that of the cylinder or axle for the other, the fulcrum being the 
common centre of both. This machine is also^ and not improperly, 
termed the Perpetual Lever ; for since the power and the resistance 
operate respectively at the circumference of a circle revolving 
about an axis, it is obvious that the rotation must maintain the 
continuity. 

Let PAB represent a section of the 
wheel, and qou a section of the axle 
at right angles to the common axis 
or line of rotation passing through 
the centre c; then, since the effort of 
the resistance to turn the axle is the 
same at whatever point of its length it 
may be applied, it will cause no error 
to suppose the power and the resistance 
as acting perpendicularly at the points 
p and u in the same plane, the direc- 
tions in which they act coinciding with 
the direction of gravity : — ^thus circum- 
stanced, the points of application are 
always as if they were connected by the 
straight horizontal lever pcr, of which the arms are respectively 
PC, the radius of the wheel, and uc, the radius of the cylinder or 
axle, c being the fulcrum or centre of motion ; now, while the simple 
lever could operate only through a very limited space, it is evident 
that by means of the rotation the power may be made to descend, 
and the resistance or weight to ascend through any space whatever; 
hence the name Perpetual Lever.* 



See art. 2. p. 1. Lever. 
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The principle of equilibrium for the wheel and axle is as follows. 

If the pmver and the resistance act at right angles to the 
extremities of their respective radii^ an equilibrium will 
obtain wlten they are to each other inversely as the radii 
on which they act. 

± Now this principle* although a little diflerently expressed, is 
the same in substance as that on which the theoi'y of the lever was 
constructed; therefore 

Put D=Fc* the longer arm of the lever* or radius of the wheel, 
</=Hc* the shorter arm of the lever* or radius of the axle, 
p=tlie measure* or magnitude of the power* 

and r=the measure, or magnitude of the resistance. 

Then* by the principle of equilibrium above enumerated* we have 

/I : r : : rf : D, 

and this* by equating the products of the mean and tlie extreme 
terms* becomes 

• This is the identical expression which we obtained for the con- 
ditions of equilibrium in the straight lever* when it was considered 
inflexible and void of gravity or weight ; consequently* the equations 
derived from it must be of the same form* and the rules and 
examples employed in the case of the lever, are equally applicable 
to the wheel and axle. 

3. lliat the wheel and axle in all its generality coincides in 
principle with the difierent orders of the lever* both straight and 
bended, will become manifest from the following illustration. 

The right line wr is a straight 
lever of the first order* of which 
PC and Rc are the two arms* and c 
the fulcrum or centre of motion* the 
power jp acting at right angles to one 
extremity* and the resistance r acting 
at right angles to the other* the direc- 
tions in which they act coinciding with 
the direction of gravity. 

If the power /;* instead of acting at 
the extremity of the horizontal radius 
CP* be supposed to act perpendicularly 
to the extremity of the deflected radius 
cp'* while the resistance r continues to 
act at right angles to the radius cr* 
still in the horizontal position* the 
equation of equilibrium will be the sam^ and p^cr becomes a bended 
lever of the first order* whose arms are p'c and rc : but if die power 
Pj instead of acting at right angles to the deflected rmlius cp', be 
supposed to act parallel to the resistance, or in the direction of 
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gravity, the foregoing equation does no longer hold, for then the 
nrin of the lever or radius cp becomes shortened into cit; conse- 
quently, in order to maintain the equilibrium, all other things 
remaining, the magnitude of the power must be increased. 

Let h represent the angle of direction cp'n; then by Plane 
Trigonometry, cn becomes d sin. 6, and the effort or moment of die 
power acting at the point p' is expressed by ym sin. b; but this must 
be equal to the effort or moment of the resistance acting at the 
point R ; that is, 

pi} sin. i=rc/. 

Again, if the resistance r, instead of acting at the extremity of 
the horizontal radius cr, be supposed to act perpendicularly to the 
extremity of the deflected radius cr^, while the power p acts at 
right angles to cp^; then the conditions of equilibrium will still be 
indicated by the equation 

pT}zzrd^ 

and p'cu^ continues to be a bended lever of the first order, whose 
arms are respectively p'c and r'c; but if the resistance r, instead 
of acting at right angles to the deflected radius cr' be supposed 
to act parallel to the power p, while both act perpendicularly to 
the honzon, or in the direction of gravity; then the equation 

pn sin. b’szrd 

does not express the conditions of equilibrium, because the arm of 
the lever, or radius cn' becomes shortened into cm ; therefore, the 
resistance must be increased in the same ratio, all other things 
remaining as in the equation above. 

Let a ^present the angle of direction en'm; then by Plane 
Trigonom^ry cm becomes d sin. u, and the effort or moment of the 
resistance acting at the point is expressed by rd sin. a ; but this 
must be equal to the moment of the power acting at the point p^ 
which we nave already shown to be expressed by pn sin. b ; hence, 
when the power and resistance act obliquely to the radii of their 
respective circles, the conditions of equilibrium for the wheel and 
axle are expressed generally by the following equation, viz. 

pD sin. b^rd sin. 

'Fhis again, is the identical equation which indicated the condi- 
tions of equilibrium for the bended lever;* consequently, the 
values of the several quantities which i- mvolves will be determined 
after the same manner, and the rules and examples there employed, 
are equally applicable to the wheel and axle now in progress of 
discussion. 

4 Suppose the radius cp' to revolve about the point c, till it 
comes into the position cp" at right angles to cp; then, if the 


* No. 2. 
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power p be applied perpendicularly to the extremity of the radius 
cp", while the resistance r acts at right angles to cii or cr', the 
conditions of equilibrium will still be indicated by the equation 

/)D=rrf; 

but, if the directions of the power and resistance coincide with the 
direction of gravity, then does cit as well as the angle h become 
equal to nothing, and the equation 

pj^ sin. sin. a 

vanishes altogether; consequently, the machine is sustained at 
rest, either by means of its own weight, or by the power acting 
singly at p", or some other point in the .vertical line passing 
tlirongh the centre of motion ; in this state the lever is about to 
change its order, for let the radius cp" continue to revolve about 
the point c till it assumes the posi- 
tion cp', then is p'cii a bended lever * 
of the second order, of which the arms | 
arc respectively p'c and rc. 

If the power /),actat right angles 
to the extremity of the radius cp^ 
while the resistance r is applied per- 
pendicularly to CR, the equation 
^i)=r(Z 

continues to indicate the conditions 
of equilibrium ; but if the power and 
the resistance be supposed to exert 
themselves parallel to each other, or 
in the direction of gravity, the arm 
CR remaining horizontal ; then, the angle of direction ofTihe resist- 
ance is 90 degrees, and its sine is equ;d to unity; consequently^ the 
equation which iu^cates the state of equilibrium, is, as we have 
already shown 

sin. i&=rc/, 

and if the radius or arm rc, instead of remmning horizontal, 
becomes inclined to the horizon, while the forces continue to act 
in the direction of gravity ; then the general equation resumes its 
original form, viz. 

pii sin. i=rrf siiL a 

and moreover^ if the radius cp' continues its rotation till it glides 
into the position cp, coincident with cr the radius of the axle; 
then is prc a straight lever of the second order, whose arms ai . 
respectively pc and rc, and the equation of equilibrium is the same 
as before, viz. 

/m=:rdL 

Again, if the two forces be supposed to change places with each 
other in such a manner, that the power p^ instep of being applied 
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to the circumference of the wheel is applied directly to that of the 
axle, while the resistance r transfers its point of application . to 
the circumference of the wheel; then is rfc^ a straignt lever of 
the third order, whose arms are 
respectively rc and i>c, and .when 
the directions of the power and 
resistance are coincident with the 
direction ' of gravity, if the lever rpc 
be horizontal, the equation express- 
ing the conditions of equilibrium for 
this case also, becomes 
j9D=rd. 

If the arm cr, revolve about the 
centre c, till it assumes the position 
cr', then is r'cp a bended lever of 
the third order, whose arms are 
respectively r'c and pc ; now, if the 
resistance r act at right angles to the 
arm r^c, while the power p acts also at right angles to the arm pc , 
then, the equation involving the conditions of equilibrium retains 
its form as before, viz. 

; 

but if the directions of the power and the resistance, coincide with 
the directions of gravity, and become oblique to the arms of the 
lever or radii of the circles on which they act, the general equation 
expressing the conditions of equilibrium, again becomes 
/m sin. &=:ri/ sin. a. 

Thus t^en, in every c^e of its application, have we succeeded 
in assimilating the conditions of equilibrium for the wheel and 
axle, to those for the lever formerly developed. 

5. The several equations that indicate the state of equilibrium 
for the wheel and axle, when brought into one view are as 
under, viz. 

1 . po^rdj 

2 . pTi^rdmLOi 

3. rd=:pD8in.i^ 

4. pT> sin. 6=rdsin. a. 

From the first of these equations we infer, that the angles of 
direction of the power and the reabtai^vse are equal to one anoAer, 
in which case it is manifest, that tney mi^ act either at right 
angles or obliquely to the radii of the circles to which they are 
applied. ^ 

From the second and third we infer a different arrangement, via. 
that while one of the forces acts at right angles to the arm where 
it is applied, the other may act at any degree of obliquity 
whatever. 

K 




74 


OF THE WHEEL AND AXLE. 


The fourth and last equation indicates, that both the power and 
the resistance act obliquely, and at different angles to their respec- 
tive radii; hence it appears, that by merely attending to the condi- 
tions of equilibrium, the corresponding arrangement of the forces 
can always be ascertained. 

To determine the pressure fipon the pivots or gudgeons of the 
wheel and axle when in equililmo. 

6. In treating of the lever in the foregoing article, it was found 
necessary,* in order to establish generally the conditions of equi- 
librium, to take into consideration the effect of the lever^s weight; 
but in treating of the wheel and axle there is no necessity for such 
an enquiry, because, under whatever circumstances the equilibrium 
may obtain, the portion of matter on one side .of the vertical plane 
passing along the axis of rotation, will always sustain the equal 
and similar portion on the other side; consequently, the weight of 
the machine has no tendency either to produce or to derange the 
state of quiescence, that being maintained splely by the efforts of 
the opposing forces. But, although the weight of the wheel and 
axle cannot at all disturb the equilibrium, it may have a very great 
effect with regard to the pressure on the pivots that support it, 
and since in many instances, it may be requisite to assign the 
exact measure of such pressure, we shall here enquire by what 
means it is to be discovered. 

7. Let AB represent a uniform bar or beam of any material what- 
ever resting horizontally on two 
supports, and let the weight w be 
suspended from some intermediate 
point as c ; then by the principle 
of the lever, the load thus sus- 
pended will be shared at the supports a and b in the inverse ratio 
of the distances ac and bc; that is, 

the pressure at a, is to the pressure at b, as the distance bc to ac. 

Put w=ac, the shortest distance of the support at a from the 
point of suspension at c, 

9i=BC, the distaifee from the support at b, then will 

m+ 9 i=AB, the whole length of the beam; therefore, we have 

, . . uiw 

m+n \m..w : — ; — > 
w+w 

that portion of the load which is sustained by the support at b ; 
again 

nw 

m+n \n\lw : — ; — > 
m+n 

the other portion of the load, or that which is sustmned by the 
support at A ; now, if the weight of the beam be taken into account, 
it 18 evident that one Half of it will be transferred to each support 
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for since it is sustained in a horizontal position, and supposed to 
be of unifom figure and density throughout its length, there is no 
reason why it should press more on one support than on the other. 
Let w represent the whole weight of the beam, then we have 

^ pressure at a, and 

w(m+n)+2mto ,, 

Now, this is exactly the case of the wheel and axle, for tbo load 
suspended from the point c, produces the very same effect, as if it 
were an uniform wheel applied to the axle at that point, and the 
beam itself can easily be conceived as an axle suprorted by its 
pivots at the extremities a and n. The expressions however, can 
be somewhat simplified, for since m+n denotes the whole length 
of the beam, if we make we have only to substitute I for 

m+n^ and we obtain 


Ivr+^nw 

~¥l 


=the pressure at a, and 


Iw+fimw . 

— =the pressure at b. 


The equations in this form are more convenient for verbal expres- 
sion, and since it is of mat imj^rtance in mechanical construc- 
tions, to know exactly the quantity of pressure on the pivots or 
gudgeons, we shall here give a rule by which it can be ascer- 
tained; but in the first place we must observe that w in tlie 
equation, instead of being a load suspended from c as in the 
figure, is to be considered as the weight of a wheel fixed there, 
while I and w are respectively the length and weight of the axle ; 
this premised, the rule may be expressed in words atlength as follows. 

8. Rule. Multiply the weight of the wheel hy its distance 
from either pivot^ and divide the product hy the whole 
length of the axle; then^ to the quotient^ udd half the 
weight of the axle for the pressure on the pivot or gudr 
geon^ opposite to the distance by whi^ the weight of the 
wheel is multiplied. 

Example. The weight of a cast iron wheel, fixed on an axle at 
the distance of 2 feet from one of its ends, is 2^cwt or 2W pounds; 
what is the pressure on either pivof^ supposing the weight of the 
axle is 84 pounds, and its length 16 r 

By the rule, it is, weight of the wheel 280 pounds 

distance from the pivot ^feet * 

, length of the axle 16 )560( 

quotient=36 
half the weight of the axle =42 
pressure on the remote pivot=77 pounds 
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consequently the pressure on the other pivot is 280 + 84— 77 =287 
pounds. 

> 

9. This determination, it will be observed, ha^ respect only to 
the pressure produced by the wheel ^d axle,, without considering 
the effect of the forces applied to them, but it A easy to perceive 
that the complete solution of the question must include the effect 
of the forces also ; that is, the pressure on either pivot of the axle 
must partake of the three pressures, viz. half the weight of the axle, 
a proportional part of the weight of the wheel, and a proportional 
part of the forces. The quantity of pressure produced by the 
wheel and axle alone has been determined above, it therefore only 
remains to assign the effect produced by tlie action of the power 
and the resistance, when operating in the direction of gravity, and 
on opposite sides of the axis of rotation. 

Now, the power j9, and the resistance r, may be conceived to act 
as a single force equivalent to their sum applied at their common 
centre ; therefore, let S represent the distance between the wheel 
and the point where the resistance acts estimated on the axis of 
rotation then by the ])rinciples of the lever and centre of gravity 
we. have 

- rS 

p+r : r : : S : — 

P+r 

the distance betwixt the place of the wheel and that of the common 
centre of the forces; 

y+r:p::i:^ 

the distance betwixt the common centre and the point where tlie 
resistance acts, consequently, the distance of one pivot from the 
common centre of the forces, is 

m(p+ r)+rS 

p+r 

• and the distance of the other, is 

w(/i + r)— 

. P+^ 

But, as we have already stated, the sum of the forces considered 
as one force acting at the common centre, must be shared at the? 
pivots or the supports in the inverse ratio of the distances ; hence 
we have 

/ : Z= proportional pressure 

on the pivot at a ; 


This may be called the central or the inUrmcdialc distance. 
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I : proportional pressure 

on the pivot at b. 

The .united pressure of^the wh^l, the axl^ and the forces, is 
therefore as follows, viz. ' 

^P+y+w)— w whole pressure on the pivot at a ; 

»* (p + r +«g)+ whole pressure on the pivot at b. 

The practical rule afforded by these expressions is as foUows. 

10. Rule. Add all three together^ the power^ the resktance^ 
and the weight of the wheels and multiply the sum by the 
distance of the wheel from either pivot; then^ to or from 
the result j according as the lesser or greater distance of 
tlhe wheel is med^ add or subtract the product of the 
central or intermediate distance by the resistance or force 
that operates on the axle; then^ divide the sum or the 
remainder tty the whole length of the axle^ or the distance 
between the pivots^ and to the quotient add half the weight 
of the axle^ for the pressure required. 

Example. The weight of a east iron wheel, fixed on an axle at 
the distance of 4 feet from one of the pivots, is 336 pounds, the 
weight of the axle is 112 pounds, and its length 22 feet; and more- 
over, a power of .56 pounds is applied to the circumference of the 
wheel, while another power of 265 pounds is applied to the axle, 
at a point 8 feet distant from the wheel ; what is the pressure on 
either pivot, supposing the forces to act in the direction of gravity 
on opposite sides of the axis of rotation ? 

By the rule we have 
18X(336+.56 +265)— 8 X 265 112 

22 2 
pivot nearest to the wheel, and 

4x(336+56+265)+8 X 265 112 

22 ^ 2 

other pivot. 

What we have hitherto done appli*'s only to the case of a single 
wheel and axle, but the intelligent leader will easily perceive, that 
the principle is general, and extends to any number of wheels and 
axles, provided the power be applied to the first wheel, and the 
resistance to the last axle; whatever may be the mode of con- 
nection, whether by bands or ^y wheel and pinion, the equilibrium 
obtains when the potoer is to the weight as the continual product 


=497 1*1 poqnds, on the 
=271^^1 pounds, on the 
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of tl^e radii' of all the axles to the continual product of the radii 
of all the wheeU, This is called Tooth and Pinion Work^ the 
means and appliances of which may be found in all the treatises on 
Mechanics since the days of Emerson till the present time; the 
successive steps of improvement in which ma^ be found particularly 
detailed in Dr. Olintnus Gregory’s Mechanics, and the Treatise 
on Machinery in the Encyclopaedia Metropolitana, compiled by 
Professor Barlow, of the noym Military Academy at Woolwich. 
It formed no part of the plan of our work to copy into it what 
others have so diligently collected ; we therefore the more readily 
refer the reader to ^e most established authorities for information 
on a subject which belongs to the Mechanics of practical men. 
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INTRODUCTION. 


Our treatise upon the pully presents this mechanical power in a 
form very different from any that we have seen. The arrangement 
of the subjects, — its general developement, — and the particular 
questions introduced under each system of pulleys, — form the 
assemblage upon which this difference is founded. Out of many 
combinations that might have been chosen, we have selected eight, 
the conditions of equilibrium belonging to each of which we have 
scientifically expounded, by a method similar to that which we have 
pursued in all our previous enquiries; — and we have commenced 
our investigation by enunciating a class of e(|uilibrated equations 
for these eight vaneties of the pulley, deducing therefrom three 
distinct and independent equations, on which the whole theory of 
the pulley depends. With these three equations, following the 
order of the arrangement, we are thence enabled to demonstrate 
at length the eight successive problems which we had selected as 
sufficient to exhaust the statical properties of the pulley. The 
examples by which we illustrate our subject, will be found curious;'* 
we believe they are novel. To nautical men, the method by which 
we have uniformly exemplified the pressure or strain on each rope, 
block or hook, will prove interesting if not instructive. The 
demonstrations of the pressure on each ring and its continuous 
pulleys give this value to the solution of the question — taking the 
sum of these pressures wc arrive at the original answer^ and thus 
prove the correctness of our operation. Solutions conducted in 
this way offer great advantages to the general reader: the man of 
science sees with pleasure the advances which industry makes 
to raise to intellectual superiority the ingenious and laborious 
mechanist. In a word, these soludou. unfold the whole doctrine 
of the pulley, and, by exhausting every principle it involves, they 
leave nothing unrevealed that should be known. 

In the first six problems, the chords are all parallel to one 
another, in the 7th and 8th they are oblique to one another. 

The introduction of White’s pulley, in the third problem, assigns 
to this ingenious contrivance its proper place in the system to 
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which it belongs, and our illustration of its mechanism, accom- 
panied by two examples, presents an arrangement that should not 
be altogether overlooked. ^ In the fifth problem, we have inves- 
tigated the combination which has hitherto been made of one fixed 
and several moveable pulleys; or of several fixed and several 
moveable pulleys, and to this system we have added a new combi- 
nation, by which a still higher mechanical effect will be obtained. 
This arrangement is exhibited in the sixteenth figure, in which the 
reader will perceive that each additional cord or moveable block, 
quadruples the mechanical efficacy of the pulley. The 6th prob- 
lem is the converse of the 5th; for whereas, that sjrstem exhibited 
the cord passing under the moveable pulley, this (the 6th) treats 
of tlie cordage going over the pulley. Like the fifth, it consists of 
two cases; one, in which the cords are attached to hooks in the 
load to be raised ; the other, in which the cord passes under a 
pulley that is attached to the load. 

Though such a combination may never be met with in practice, 
its utility and efficiency are demonstrated as clearly as the other, 
and its introduction, accompanied by examples, will furnish the 
reader with exercises that are rarely to be met with in the writings 
of authors who have treated of the mechanical jiowers. We are 
perfectly aware, that diagrams similar to figures 14tli, I5th, 17th . 
and 18th, may be found in a contemporary publication, but wo 
have not seen in that work any illustrations resembling our own. We 
may, therefore, claim originmity in the whole of these, excepting 
always the principle of equilibrium, which must be common to all 
who undertake this branch of mechanical investigation. 

In the 7th and 8th problems, the directions of the cords being 
oblique, the investigation required the introduction of Plane 
Trigonomet^, and the solutions of the equations of equilibrium 
are necessarily performed by means of logarithms. 

With these eight problems we have exhausted every principle 
of the pulley, and it were to no purpose to have introduced other 
arrangements and combinations, since every particular respecting 
them is exemplified in what we have done. 

A very curious and useful combination of pulleys is described 
by Mr. Smeaton, in the 47th volume of the Philosophical Trans- 
actions. The model which he showed to the society, consisted of 
twenty shieves^ five on each pin. With this model^ which could 
be carried in the pocket, he raised six hundred weight; and if a 
larger tackle of ^ the same kind was properly executed, a ton might 
easily be raised by one man. 

Among various recent attempts at improvement in the con> 
struction of the pulley, we may be allowed to notice a species of 
differential pulley, invented by Saxton, for augmenting the speed 
of carriages on railways and other roads, and of vessels for inland 
navigation: this contrivance consists in a double pulley, one 
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side of which is of less diameter than the other, and it may be 
aflSxed to the carria^ or vessel to be propelled. A rope passing 
round each grove of the pulley, must also pass along the road or 
canal in the direction of which the carriage or vessel is to move. 
If the difference of diameter in the double pulley be as six to seven, 
the one pulley being one-seventh less than the other, the speed of 
the carriage or vessel will be multiplied thirteen times; that is to 
say, the carriage or vessel will move thirteen times faster than the 
rope' which propels it, so that if the rope be made to move 1 mile 
an hour, the carriage will move 13 miles ap hour; or if tlie 
rope move 4 mile an hour, the carriage will move 52 miles an hour; 
or if the rope move 10 miles an hour, the carriage ought to move 
130 miles an hour; and the rates of speed may be increased or 
diminished according to the proportionate diameter of the two sides 
of the double pulley. 

"Fhe proportion used in the pulley of a model carriage, which 
was exhibited in 1834, at the Gallery of Practical Science^ Adelaide 
Street, Strang London, was as eight to nine, shewing a difference 
of one-ninth in the diameter of the two faces of the pulley; accord- 
ingly, the carriage moved seventeen times faster tlm the rope 
which propelled it The inventor has introduced ingenious and 
efficient contrivances for stopping and starting the vessel at 
pleasure, and for keeping it constantly under safe control ; also, a 
compensation for the expansion or contraction to which ropes of 
great length will be liable from variations of temperature. Car- 
riages on this plan may be moved by the power of steam engines, 
fixed at proper distances; or of horses moving in a straight line, 
or in the circle of a mill-wheel, or by the power of streams of 
water, but in whichever way moved, this pulley will always be of 
very pptial use, and upon a very limited scale. 

A rope of twisted grass thrown over the branch of a tree, and 
grasped firaly by a man, who might thereby sustain a load upon it 
equal to his strength, presents the earliest mode of bodies placed 
in equilibrium by means of cords. The man’s power will in this 
case sustain the same weight as it would do were a pulley fixed to 
the bough of a tree, which we may thence very safely consider 
as the axle of a pulley. But with a pulley, the man would raise 
a weight much more easily, because^ in addition to the purchase he 
exerted in hauling the rope over the pulley, the pulley itself would 
afford^ very great assistance by revolving in its axis, and thereby 
removing a vast portion of the frici: .n which would be produced 
did the rope slide over a fixed in place of a moveable body. 
Perhaps an idea of this kind suggested to Dr. Hamilton and others 
the notion, that the pulley cannot properly be considered a lever 
of any kind.” But there is nothing more obvious, however, than 
that the fixed pulley is a lever of the first order, and the moveable 
pulley a lever of the second order; and we behold both these 

L 
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systems of pulleys in constant action in the daily avocations of 
mechanics, as well as on the deck of a ship, where the sailor, 
without moving from the stand to which his duty fixes him, may 
by means of a rope passing over a pulley, change the direction of a 
force, and hoist a sail or signal-flag to the top of the loftiest mast. 
Nay, on ship-board the pulley is the great engine employed, not 
only for changing the direction of force, and enabling a few men to 
overcome great resistances, which would require vast numbers to 
effect the same purpose, but it is in fact the only mechanical power 
that we can employ^ so generally. Sec, for example, with what ease 
a vast anchor and its ponderous iron cable are weighed by means 
of blocks and ropes, how masts are raised and placed in their berths, 
how the whole apparatus of sail-yards can be arljusted with the 
most perfect order and nicety, how easily vast guns are worked in 
the hour of battle ; and, in short, how every tmng aloft or below 
has its direction changed by a bloc:k and tackle, which thereby 
gives the sailor an entire command of his craft. 

We must not, however, confound the block with the pulley; the 
block is the wooden mass or iron frame in wdiich the pulley revolves 
on a fixe(i pin or axle. With this explanation we shall use the 
words block or pulley indiscriminately. 

In demolishing and in rearing buildings, we sec labourers perform 
very curious operations by means of a fixed pulley. Sometimes 
manual labour is, in this case, supplanted by a horse trotting round 
a large wheel, attached by a mechanical contrivance to his collar, 
and by means of pulleys all the materials of stones, bricks, and 
mortar are thereby effectually carried up or lowered down. 

Colliers and well-sink(*rs will step into a bucket attached to 
i rope that ])asses over a pulley, and then, seizing the other end 
of the rope in their hands, will descend to their work with perfect 
safety, and remount again to the summit by stepping into the 
bucket and pulling themselves up by their hands. In descending 
they employ much less force than is necessary to preserve their 
equilibrium, but in raising themselves they augment the force, and 
if they pull with a force equal to half their weight they may easily 
regain the pulley. Daring adventurers sometimes lower themselves 
over the brow of a perpendicular rock by fastening a rope round 
their body, passing the other end over a fixed pulley, and then 
taking hold of it in their hands, to lengthen it as they descend. 
By the same means they may raise themselves to the brow of the 
cliff, but for safety both ends of the rope should be attached to 
the body. But if the weight of the man be the limit of his strength, 
such feats appear impossil)lc. 

Fire-escapes, attached to a fixed pulley, may thus be worked 
by individuals when no other means arc at hand to render 
assistance. A pulley attached to a strong girder at the top of a 
window, with a cradle to which both ends of a rope might be 
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attaelied, presiMits all the apparatus necessary tor enabling the most 
timid to escape from a connagration. 

Before we conclude these prefatory remarks on the pulley we 
must repeat aii observation made, elsewhere, for the purpose of 
disabusing a common notion, that the* pulley, of all the mechanical 
powers, enables us to save labour. No such thing : and in order 
to be convinced that even more labour or bodily exertion is expended 
than would suffice to do the work without pulleys, let us take the 
first examjple under figure 14. Here is a system of ten pulleys, 
, upon which a power of 1*20 pounds weight will sustain in equilibrio 
a load of 122880 pounds. Now, if one man caCn lift but 120 lbs., 
it is very plain that with this tackle of pulleys he is able to lialance 
as much as 1024 men ; in fimt, as much as a whole regiment of 
soldiers, or the crew of a ninety-gun ship. 

To put this case in another point of view, suppose one man with 
a tackle of pulleys having ten plies of rope, ciin raise a weight 
which it would rcciuire ten men to raise at once without pulleys : 
if the weight is to be raised a fathom, the ten men will raise it by 
pulling at a single rope and walking one fathom; whereas, the one 
man at his tackle must walk until he has shortened all the ten plies 
of rope one fathom each ; that is, he must walk ten fathoms, or ten 
times as tar as the ten men walked. In both cases, the same 
quantity of man’s work is employed to accomplish the same end. 
In the first case, the work is |)erformcd by ten men in one minute. 
Ill the second, one man consumes ten minutes. And to set this 
matter in another point of view, (for men work throughout the day,) 
let us suppose there is a week’s work to be done by the tmi men ; 
it is plain, there would be ten week’s work of the one man ; and 
when the payment came to be made for their labour, we should 
have to pay ten men one week’s work each, and one man ten 
week’s work at the end of the job. If their weekly wages are alike, 
there is nothing sav<'d in point of expense; and we have shown 
there was no saving of time. There is, therefore, as Dr. Arnot 
justly observes, no direct saving of human effort from using pulleys ; 
indeed, there is a loss from the great friction which has to be over- 
come. But, thefi, they allow a small force, at its leisure, to produce 
any requisite magnitude of effect at the exjiense of additionally 
overcoming a certain amount of friction ; or, of performing, by two 
or three pairs of hands, operations which hundreds, whom it might 
be inconvenient to employ, would b * required to achieve. 

We see with what great ease vast loads are raised by means of 
pulleys, when the rope is fasten^ a wheel and axle, which lift 
as long as there is rope to be wound up, whereas tlie pull of a man’s 
strength represents a simple lever that acts only through a small 
space. In all cranes and pile engines we find pulleys employed, 
and we see how much may be accomplished by the patient labon" 
of a solitary individual. 
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Although, therefore, there is no actual saving of labour in the 
use of the pulley,, it is very plain we could not substitute any other 
contrivance that would so readily do the same service, especially in 
the rigging of a ship. We could not, for example, place idoft forty 
or fifty men, to hoist a mast, a topmast, or a top-gallantmast into 
its berth, or employ a fewer number to raise a vast sailyard to 
which many hundred, yards of canvas were attached ; nor could we 
bring a company of men to the bow of a ship to weigh her anchor 
and heavy iron cable. In a word, if the reader will attentively look 
at tlie method we have employed in estimating the comparative , 
merits of the several systems of pulleys which we have introduced, 
he will be convinced of the vast importance attached to this 
mechanical power above any other by maritime people in all ages 
of the world. 



85 


OF THE PULLEY. 

D^nitiom and equations of equilibrium on which the whole theory 
of the pully depends. 

In the two articles immediately preceding, we have treated of 
the Lever and of the Wheel and Jtxle^ those mechanical powers to 
which writers in general ^ve the precedence in their discussions, 
and which they consider as in some measure unfolding the principles 
o^ and constituting a foundation for all the others. 

We follow the general system of arrangement, but in our mode 
of treating the subjects we differ widely from other writers, and 
we cherish the hope that the plan which we pursue in the illus- 
trations, will, to most of our readers prove both entertaining and 
instructive. 

Ulie next mechanical power which presents itself for our con- 
sideration in the order of arrangement is 

Th£ Pulley, a small grooved wheel, commonly made of wood, 
iron, or brass, having a pivot passing through its centre, and fixed 
in a frame or block, about which it revolves as an axis, by means 
of a cord passing round the circumference that serves to draw up . 
or sustain the weight. 

The pulley is either single or combined; that is, it cither acts 
singly by itself, or there are several pulleys combined togetlier for the 
pur])ose of augmenting the energy of the power. It is also either 
fixed or moveable, that is, it is either connned to one place, or it 
shifts its position and moves upwards or downwards in obedience to 
the power and the load. 

There are various modes of combining pulleys together, for the 
purpose of either changing the direction of the power, or deriving 
some mechanical advantage, some of which are vastly superior to 
others, but the most interesting and important combinations that 
have hitherto been applied to practical purposes, are the fol- 
lowing, viz. 

1. The single fixed pulley^ over hich a cord passes, having 
the power attached to one end, and tiie weight or resistance to the 
other ; in this arrangement no mechanical ^vantage is gained, its 
principal use being to change the direction of the power. By a 
machine of this sort, a given power acting in any direction,* can be 
opposed to an equal resistance acting in any other direction. 

^e conditions of equilibrium in this system, will be exemplified 
in the solution of the first problem. 
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t2. The shtgle muvvahle pulley^ under whicli a eord passes, 
having one end sustained by the power, and the other fixed to 
some immoveable object, the weight being attached to the frame or 
block in which the pulley plays; in this arrangement the weight is 
equal to twice the sustaining power, and by passing the cord o\er 
a fixed pulley, the direction of the power can be accommodated to 
that of the weight 

If the cord, instead of having one of its ends attached to an 
immoveable object, should be passed over a pulley fixed there, 
and finally joined to the frame or block which contains the move- 
able pulley and supports the weight; then, in this arrangement, 
the weight is equal to three times 3ie power, and if that end of the 
cord on which the power acts be passed over .another fixed pulley, 
the direction of the power will bo changed from an upward to a 
downward position. 

The conditions of equilibrium for this system, will be exem- 
plified in the solution of the second problem. 

3. Sei)eral fixed and several moveable pulleys^ in this arangc- 
ment, the weight is equal to as many times the power, as is 
denoted by thrice the numter of moveable pulleys, and further- 
more, every additional moveable pully increases by 2 the efficacy 
of the sustaining power. 

The conditions of eejuilibrium for this system, will be exem- 
plified in the solution of the third problem. 

Note. In the foregoitig combinations, with all their varieties of 
arrangement, it must be observed, that the same (;ord is supposed 
to extend from the power to a certain fixed point, and in its pro- 
gress, to come in contact with, and influence all the pulleys of the 
system; in this case, the mechanical*' efficacy can only be aug- 
mented by increasing the number of pulleys, but it is nianifesl, 
that a far greater mechanical advantage may be obteined by increas- 
ing the number of cords, after the manner described in the fol- 
lowing arrangements. 

4. One fixed and two moveable pulleys^ with two separate cords ; 
this combination admits of two varieties; in the one, the weight is 
equal to four times the power, and in the other, it is five times ; 
the whole arrangement is called a Spanish Burton. 

The conditions of equilibrium for this system will be exemplified 
in the solution of the fourth problem. 

5. A single fixed and several moveable pulleys^ where each 
moveable pulley has its own cord passing under it, and fastened to 
a separate hook ; in this arrangement, the power is to the weight, 
as unity is to that power of 2, in which the exponent is denoted 
by the number of cords or moveable pulleys. I'he mechanical 
efficacy of this system may be greatly augmented, without increas- 
ing the number of either the cords or moveable pulleys, by merely 
passing each cord over a fixed pulley, instead of fastening it to a 
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hook, and finally attaching the cord to the moveable pulley which 
it sustains; in the arrangement thus modified, the power is to the 
weight or resistance, as unitjb is to that power of 3, in which the 
exponent is denoted by the number of cords or moveable pulleys. 

If another fixed, and another moveable pulley be intrimuced for 
each cord, without altering the number of the cords, a still higher 
mechanical effect will be obtained, for in this case, the power is to 
the weight or resistance, as unity is to that power of 4, in which 
the exponent is denoted by the number of cords, or half tlie number 
of moveable pulleys. 

The conditions of equilibrium for this system, will be exem- 
plified in the solution of the fifth problem. 

6. ji single fixed and several moveahle pulleys^ where every 
pulley in the system, has a separate cord passing over it and 
attached to the load; in this arrangement, the power is to the 
weight, as unity is to that power of 2, diminished by one, in which 
the exponent is denoted by the number of pulleys, or by the 
number of cords attac^hed to the load which is required to be 
raised, or sustained in equilibrio. 

The mechanical effect of this system may be greatly augmented, 
by passing each cord under a pulley fixed to the load, and return- 
ing it to the lower part of the block containing the moveable 
pulley over which it originally passes. In the arrangement thus 
modified, the power is to the weight or rcsistiance, as unity is to 
that power of 3 diminished by one, in which the exponent is 
denoted by the number of cords, or by the number of pulleys fixed 
to the load. 

The conditions of equilibrium for this system, will be exemplified 
in the solution of the sixth problem. 

A^ote. In these several combinations, we have considered the 
pulleys and their containing blocks to be so adjusted, that all the 
cords may act in parallel directions; but in tliose that follow, wo 
shall conceive the cords to be strained in directions that arc 
obliciue, or inclined to one another. 

7. ^ single fixed and a single moveahle puUej/^ where the direc- 
tions of the power and the weighty are inclined to one another; in 
this arrangement, the power is to the weight, as radius is to twice the 
cosine of the angle of inclination, or thai» angle which the direction 
of the weight makes with the direction of the power. 

The conditions of equilibrium for thic system, will be exemplified 
in the solution of the seventh problem. 

8. A single fixed and sei^eral movefJdc pulleys^ where each 
movc<*ible pulley has its own sustmning cord passing under it, and 
fast(‘ned to a separate hook ; in this arrangement, the power is to 
tlic weiglit, as rarliiis is to the continued product of the cosines of 
half the angles which are made by the cords sustaining the pulleys, 
drawn into that power of 2, in which the exponent is denoted by the< 
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number of sustaining cords, or by the number of pulleys that are 
moveable. 

The conditions of ecpilibrium for this system, will be exemplified 
in the solution of the eighth problem. 

9. These are the several varieties of combinations, or systems, 
which we propose to discuss more at large in their order, for 
which purpose. 

Put /^=the power or agent which sust^ns the weight in equi- 
librio, 

fi;= the weight or resistance which counterbalances the power, 

N=thc number of parts of the cord, engaged in sustaining 
the pulley or block to which the weight is attached ; 

92= the number of distinct cords in the system: 
then, if a, />, c, &c., denote half the angles made by the cords sup- 
porting the respective moveable pulleys, we shall have the con- 
ditions of equilibrium for each of the foregoing arrangements, 
expounded by the following equations, viz. 


1. fi;=N9t^9, 

2. fo=N9ijp, 

3. tf; = N92jD, 

^lwrr(N+2)/>j’ 


5. w;=N’‘/9, 

6. «c;=(n’‘— l)/>. 

7. w;=N7i7;cos. ff, 

8. 2o=N7i,(co8.acos.icos.ccos.?i). 


Of the foregoing class of equilibrated equations. Nos. 1, 2 and 
have precisely the same form; hence we infer, that however dif- 
ferent from one another the particular systems to which they refer 
may be, yet the principle of their combination is the same, and for 
this reason, disregarding all extraneous conditions, the mechanical 
effect must be increased exactly in proportion to the extent of the 
system ; for it is manifest, that if the power p be constant, the 
value of w varies as the coefficient nw, and if the factor w be con- 
stant in addition to the power, then w varies simply as n ; conse- 
quently, the greater the value of n, the greater is the effect 
obtained by the system, the friction and stiffness of the cords not 
being considered. 


The equation No. 7, is of the same import as Nos. 1, 2 and 3, 
being simply modified for tlie |lurpose of estimating the equi- 
librium in the case of oblique action ; if the angle a should vanish, 
or become equal to zero, tne arrangement would correspond to that 
referred ^to in No. 2; consequently, the mode of estimating the 
mechanical efficacy would also be the same. 

In like manner it may be shown, that No. 8, corresponds to 
No, 5; for if the angles a, 6, c, &c. should vanish, the whole paren- 


* These two expressions for the value of the weight, limit the application 
of this system ; in both cases the value of n is 3 ; consequently, 

In the first arrangement, tvsss4p. 

* and the second niTungement, irs5p. 
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thetical expression would become equal to unity, and the value of 
the weight fc;, as indicated in Nos. 5 and 8 would be the same. 

10. Hence, the distinct and independent equations, on which 
the whole theory of the pulley depenas, are simply as follows 

1. to=:Nnjp, 

2. m;=n"p, 

3. w=(n* — l)/>. 

The method of deducing and applying these equations, with their 
subordinate varieties, will become manifest, from the solution of the 
following problems and tlieir appropriate examples. 

Section First. 

WHEN THE CORDS ARE P/ RALLEL TO ONE ANOTHER. 

11. Problem 1. To determim the comlitions of equilibrium^ or 
the relaiimi that suhshts between the potver and the weighty 
in the case of a single fixed pulley. 

Let a horizontal line ab, (fig. 1), be drawn through c, the centre 
of the single fixed pulley; then shall the straight line ab 
represent a lever of the first order, having the point c 
for its fulcrum or centre of motion; the weight w acting 
at the extremity of the arm ac, while the power p acts 
as a counterpoise at the extremity of the arm bc. 

Then, because the pivot or fulcrum passing through 
c is fixed, and the arm ac equal to the ann bc, it is mani- 
fest, that in the case of an equilibrium, the following 
proportion must obtain, viz. 

p : wllxQ : bc; 

consequently, by making the product of the mean terms 
equal to the product of the extremes, the resulting equation will 
indicate the conditions of equilibrium ; that is, 

AC.wzzBC./;; 

but because the arm ac is equal to the arm bc, we obtain by 
expunging the common factor, ii 

w=zp. ^ (1) 

This result corresponds to the firsf of the preceding general 
independent equations; for there is onU’ one portion of ro^e or cord 
engaged in sustaining the weight w, other being acted on by 
the power /»; and there is only one rope or cord in the system; 
hence, by qur notetion, n and n are each equd to unity, which 
being substituted in No. 1 of the general equations, gives 

w=p, 

the identical expression which we obtained from the preceding 
investigation. 

M 
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12. The above equation implies, that 

If a power sustain a weight in equilibrio by means of a 
cord passing over a fixed pulley^ the power and the 
weight are equal to each other. 

Hence, all fixed pulleys are levers of the first order, in which the 
arms are equal to one another ; consequently, a fixed pulley adds 
nothing to the efficacy of the power, but only serves to change its 
direction and to facilitate the motion of the cords. 

Let the capital letter P represent generally the pressure or strain 
on any particular part of any system, whether it be a fixed point, 
an axis, or portion of the sustmning cords; and let the same letter 
represent the accumulated pressure of the whole system, viz. the 
aggregate of the power and the weight taken conjointly ; the weight 
of the apparatus, including pulleys, blocks, and cordage, being, 
in so far as relates to pure theory, entirely disregarded; then 
we have 

(a) 

Example. If the weight w be equal to 28 pounds, a force or 
power of 28 pounds will sustain it in equilibrio ; consequently, by 
equation (a), the accumulated pressure on the pivot or axis passing 
through c, is 

p=28+28=56 pounds. 

13. Problem 2. To determine the conditions of equilihrinm^ or 
the relation that subsists bchveen the power and the weighty 
in the case of a single moveable pulley. 

Let a horizontal line ab, (figs. 2 & 8), be drawn through c, the 
centre of the moveable pulley acb; then 
shall AB be a lever of the second order, hav- 
ing the fulcrum or centre of motion at b, 
the power acting at a, and the weight sus« 
pended from the pivot or axis of the pulley 
passing through c. 

Then because the arm ba is equal to 
twice the arm bc, it follows, that in the 
case of an equilibrium, tl^ power is to 
the weight, as the length of the arm bc, 
is to the length of the arm ba ; that is, • 

jD : r: BC : ba; 

consequently, by making the product of the mean terms equal to 
the product of the extremes, tiie equation involving the conditions 
of equilibrium, or the relation subsisting between the power and 
the weight, becomes 

BC.tf;=:BA./7; 

but the length of the arm ba is twice the length of the arm bc, 


Fig. 2, Fig. 3, 




OF THE PULLEY. 


91 


the one being the diameter and the other the radius of the pulley ; 
therefore, if bc be taken equal to unity, the above equation becomes 

( 2 ) 

This result also corresponds to the first of the general inde- 
pendent equations ; for there are obviously two portions of the rope 
or cord employed in sustaining the weight fir, viz. the portions hp 
and BH, each of them sustaining one hal^ but the system consists 
of only one cord; consequently, by our notation, n= 2, and it=l ; 
let these values of n and n be substituted in No. 1 of the general 
equations, and we get 

the identical expression which we obtmned from the preceding 
investigation. 

14. 'Fhe equation thus deduced implies, that 

If a power sustain a weight in equilibrio, by means of a 
cord fixed at one end^ and acting on a sit^le moveable 
pulley^ the weight is equal to twice the power. 

Hence all moveable pulleys are levers of the second order, 
having the lengtli of one arm double the length of the other; 
consequently, a single moveable pulley whose parts are arranged 
as exhibited in (fig. 2), has the efiect of doubling the energy of the 
power. If the power p, instead of acting in the direction a/>, 
should have the cord to which it is attached passed over the fixed 
pulley D, as represented in the third diagram, the same relations 
w'ould still obtain ; for as we have already seen, the fixed pulley d, 
adds nothing to the efficacy of the power, but only serves to change 
its direction from an upward to a downward position. 


15. The preceding investigation and the results that arise from 
it, apply only to the case of a single moveable pulley supported by 
two portions of the sustaining cord; but if one or two fixed pulleys, 
be brought into combination with the single moveable one, after 
the manner exhibited in the annexed diagrams, it is manifest, that 


the weight will then be equal 
to diree times the sustaining 
power, for since the lower block 
c, to which the weight w is 
attached, is supported by three 
portions of the running cord, 
each portion must support a 
third part of the weight; and 
because the tension of the cord 
is equal in every part, while 
its quantity is measured by the 
magnitude of the power /?, it 
is evident, that the accumu- 


Fig. 4. 



Fig. 5. 



Fig. 6. 
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lated tension of the three portions which sustain the lower block, 
must be equal to three times the straining power; that is, 

w=zSp. (3) 

Here again, the result which we have obtained is identical with 
that which flows from die general equation No. 1; for in this 
case, n=3, and 9i=l ; let these numerical values of n and h be 
substituted for them in the equation just referred to^ and we 
obtain 

W=:3p9 

the very same expression which we deduced from the foregoing 
investigation. 

16. The above equation implies, that, 

If a power switaiu a weight in equilibrio^ by means of a 
cord passing over one or two fixed pulleys^ and und^ a 
moveable one^ the weight is equal to three times the stis^ 
taining ])otver. 

Example 1. What weight will a power equivalent to 28 pounds, 
he able to sustain in equilibrio, by means of a cord fastened to an 
immoveable object at the remoter end, and passing under a single 
moveable pulley, to whose frame or containing block, the weight 
is attached ? 

Tliis question is obviously resolvable by means of equation (2), 
where we have 

w;=:2/>=28X2=56 pounds. 

Example 2. What weight will a power equivalent to 28 pounds, 
be able to sustain in equilibrio, when the moveable jnilley to which 
the load is attached, is supported by three portions of the running 
cord, after the manner exhibited in the fourth, fifth, and sixtli 
diagrams ? 

This example is resolvable by means of equation (3), where we 
have 

w=3/i=28X3=84 pounds. 

Example 3. What power will be able to suspend a weight of 
224 pounds, by means of a cord having one end fastened to an 
immoveable object and passing under a single moveable pulley, to 
whose block the weight is attached ? 

The conditions of this example arc obviously the reverse of the 
preceding ones, and consequently, the solution requires a reverse 
operation; that is, the required quantity in this case must be 
detennined by division, or by the reduction of equation (2), as 
follows 

, -^=112 pounds. 

, Example 4. llic load remaining, as in the third exam|)le ; what 
must be the sustaining power under the conditions indicated 
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\jy equation (3), and exemplified in the fourth, fifth, and sixtii 
diagrams ? 

Tlie mode of solution for this example is obviousl}' similar to that 
for example 8, and is as follows. 

=74f pounds. 

Of the distribution of pressure for the several varieties of 
pulleys in our arrangement of the foregoing examples. 

17. With respect to the distribution of pressure for the several 
varieties of arrangement, exhibited in the diagrams to which the 
above examples refer, we have as follows. 

For the arrangement represented in the second figure. 

The pressure on the hook h, is p=;^fp=p, 
pivot c, is p= ?p=2j»: 

For the arrangement represented in the third figure. 

The pressure on the hook h, is p= \w^p^ 

pivot c, is p= 

pivot D, is p= +i?i;=2jp. 

By the two last of these equations, it appears, that the pressures 
on the axis of the pulleys c and d are equaX but this can only be the 
case, when the weight of the apparatus, including blocks, pulleys, 
and cordage, is disregarded; it would obviously be otherwise, if 
the cfiTect of that weight were taken into the account; for then, 
the axis passing through d, has to sustain in addition to 2/y, not 
only the whole weight of the pulley n and cord ad^, but also half 
the weight of the pulley c ; whereas, the axis passing through c 
lias nothing to sustain besides the weight tP, and the block to 
which it is attached. The weight of the other half of the pulley c, 
is bbviously transferred to the hook at h ; consequently, the total 
pressure at h, including the apparatus, is equal to half the weight 

together with half the pulley c and the cord bh. 

The power, as determined from the third of the foregoing 
examples, is 112 pounds; consequently, the respective numeric^ 
values of die several pressures, are as below, viz. 

* Pressure on the hook h, is p= jp= 112 pounds, 

pivot c, is p=2/;=224 , 

pivot D, is p=2jt;=:224 

And we have shown in equatiou ca), that the accumulated 
pressure of the whole system, is equivalent to the aggregate of the 
power and the weight taken conjointly; consequently, in the 
present instance, the total pressure is 

p=/i+w= 112+224=336 pounds, 

being equivalent to one anc^ a half times the weighty or three 
times the power. With respect to the pressure on the axis of the 
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pulleys c, Df or on c, d and h, in the diagrams illustrative of 
equation (3), it is manifest, that each of the cords attached to, or 
engaged in supporting the moveable block c, sustains a third part 
of the whole weight w; consequently, the pressure on the axis of 
each pulley, is equal to two thirds of the weight, or twice the 
power; for the tension of the sustaining cord is the same at every 
point of it, and since each pulley is acted on by the cord in a 
similar manner, it is manifest that the axis of each, sustains twice 
the measure of tension; that is, twice the straining power, or two 
thirds of the weight; hence we have 

Jfor the arrangement represented in the fourth figure^ 

The pressure on the axis c, is p=2 »= Jm;, 

D, - P = = 

For the arrangements represented in the fifth and sixth figures. 
The pressure on the axis c, is pi=2jii= Iw, 

: D, - p=2p=|«;, 

H, - P=2^=fw. 

Now, in the fourth example preceding, the weight is given 
equal to 224 ’pounds, and the calculated power is 74f pounds; 
consequently, the pressure on the axis of each pulley, is 
224x2 

P=: — := 74 ^ X 2= 149-J^ pounds ; 

and the aggregate pressure of the system according to equation 
(a), is 

p=:jp+fo=74|+224=298f pounds. 

1 8. Problem 3, To determine the conditions of equililtrium, or 
the relation that stibsists hehoeen the power and the weight, 
in the case of several fixed and several moveable pulleys, 
when the same running cord acts upon them all, the uwnibeT 
of fixed and moveable pulleys being equal. 

The solution of this problem, depends entirely on the principles 
developed in the solution of problem 2, but the arrangement in the 
present instance is somewhat different, and by reason of a more 
extensive range of combination, a greater variety of curious and 
important systems may be employed; but whatever variety of 
systems may be called into action under this principle, there is 
one important feature characteristic of them all, viz. that whatever 
number of pulleys may be arranged in the fixed block, the same 
number must be similarly arranged in the moveable one; espe- 
cially when the power acts in the most advantageous direction. 

The annexed diagram represents a system of this description, 
where one and the same cW acts on all the pulleys, both in the 
upper block B, which is fixed and immoveable, and in the lower 
block c, which moves upwards and downwards with die weight and 
the power. 
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It is manifest from tlie inspection of the figure, that the weight w 
is sustained by all the cords attached to. the lower block, each 
cord supporting an equal portion of the whole. 

Now, since the cord which goes round all the pulleys, 
commences at the lower extremity of the fixed block b, 
it is evident, that there must be twice as many portions 
of the cord engaged about each block as there are 
pulleys in it; but n by our notation, denotes the numr 
ber of portions of the cord engaged in supporting the 
weight; consequently, in the case of an equilibrium, 
whatever may be the degree of tension on one part of 
the cord, the same degree of tension must exist in them 
all, and since the tension is universally measured by 
the magnitude of the power, it is manifest, that the 
tension of all the cords that support the weight, must 
be equal to as many times the power as there are 
cords so engaged; but we have just stated that n 
denotes the number of cords; therefore, we have 

fi;=Np. 

Now in the diiiCTam, fig. 7, there are only two pulleys in each 
block, consequently, the number of cords supporting the weight 
is 4; therefore, if 4 be substituted for n, in the above equation, 
we obtain, 

f(;=4j9. 

In this case also, the result which we have deduced from the 
foregoing reasoning,' is identical with that which flows from the 
general equation No. 1 ; for here we have n= 4, and w=l ; conse- 
quently, by substitution, the general equation becomes 

tv=4p, 

the very same expression afforded by the investigation, as it ought 
to be. 

19. The above equation (4) implies, that 

a poiver sustain a weight in equilibrioj by means of a 
running cord acting mi ail the pulleys of the system, the 
weight is equal to as many times the power, as there are 
portions of the cord engaged in supporting the moveable 
block to which the weight is attached. 

Hence, it is manifest, that every additional moveable pulley, 
adds twice the magnitude of the power ^o.the effect 

Example 1. In a system of pulleys oi which two are fixed and 
two moveable, having the same cord acting on them all; what 
weight will a power of 9^ pounds sustain, the parts of the cords 
being supposed paralled to one another? 

In this example we have given n=4, and p=9^ ; let these num- 
bers be substituted for. n and p in equation (4), and it becomes 
tp=4X 9^=38 poun^ 


Fig. 7. 



(4) 
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Example 2. By means of a system of pulleys, of which 6 are 
moveable, the same cord going ropnd them all; what power will it 
require to sustain a weight of 336 pounds, the portions of the cord 
being supposed parallel to one another? 

. Here we have given n=12, and fp=336 pounds; let these num- 
bers be substituted for n and w in equation (4)^ and it becomes 

12j9=336; 

therefore, dividing by we get 
yi=-^^=28 pounds. 

It is manifest that the same equation (4), is applicable to the 
determination of the number of moveable puUeys ; for if both sides 
of the equation be divided by we have 



consequently, when the weight and its sustaining power are given, 
the number of parts of the cord engaged in supporting the weight, 
is found by simply dividing the weight by the power, and the 
number of moveable pulleys in the system, is obviously equal to 
half the number of sustaining cords: thus, suppose the weight to 
be 336 pounds, and the power 28; then, substituting these numbers 
for w and p in equation (4), we get 

28n=336; 

and dividing by 28, it is 
336 

N=--^-r-=12, the number of parts of the 


sustaining cord, one half of which, viz. 6, is the number of move- 
able pulleys, corresponding to the number proposed, in the second 
example above, as it ought to do. 

Of the distribution of pressure in this system. 


20. With respect to the distribution of pressure in a system of 
this sort, it is obvious, that the weight w is supported by all tlie 
cords attached to the lower block q and since the tension is the 
same on every part of the cord throughout the system, each cord 
must support an equal portion of the load; but the number of cords 
engaged in supporting the load is, as we have stated above, equal 
to twice the number of moveable pulleys; consequently, the pressure 
on each cord is represented by the following equation, viz. 


w 

p=r®= — ; 

therefore, taking the load to be 336 pounds, as in the foregoing 
example, and the number of sustaining cords 12; then, according 
to the equation immediately preceding, we get 


336 


=28 pounds. 


p=p= 


12 
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This degree of tension is the same os the power applied; for, in 
our description of the diagram which exhibits the By8tedi» 'we.have 
shown that the tension on each portion of the cord engaged in 
supporting the weight, is equal to the tension on the . Jin trac- 
tion, or that portion of the cord on which the powe^ imtsr.,. ' / » 

The whole pressure on the chain at a, setting aside the' wnighipf 
the apparatus, is, according to equation (a), expressed as follows, viz. 

ps=j9+ic; * 

but by equation (4) we have 

fi;=:Njp; 

consequently, substituting this value of w in the above expression 
for the aggregate pressure on the chain at a, we obtain 

p=(n+1)/i. (i) 

This equation in its present form, may perhaps require an 
example to illustrate its application; let us, for instance, take the 
following. 

Example 3. Suppose it were required to determine the pressure 
of the chain at a, in a system of 12 fixed and 12 moveable pulleys, 
the sustaining force being equivalent to 256 pounds. . 

Here we have given nz=24 and/?=:256; let these numbers be 
substituted for n and in equation (/>), and it gives 
p= (24+ 1 ) X 256=6400 pounds. 

The same result, however, may be obtained otherwise, in the 
following manner, viz. by the equation marked (4) we have 
fc;=24 X 256=6144 pounds, 
and by the equation marked {a) it is 
p=6144+256=6400 pounds, the same as before. 

This pressure, it must be observed, is wholly independent of the 
effect produced by the weight of the apparatus, including the 
blocks, pulleys, and cordage ; but in cases where very great pre- 
cision is required, it will be found necessary to take these into the 
account also; for in estimating the strength of the support to 
which the system is attached, the weight of the apparatus if neg- 
lected, may be such as to produce rupture, even in cases where 
with die weight and the power only, there would have been no 
danger. 

21. Systems of fixed and moveable pulleys, having the same cord 
acting on them all, are frequently combined otherwise than that 
which is exhibited in the foregoing dia^^^am ; but provided that the 
portions of the sustaining cord retain their parallelism, the con- 
ditions of equilibrium, and the relation that subsists between thp 
weight to be supported and the power, applied, must be the same^ 
in ml; consequently, the equations (4 and 5), will still obtain. ^ 

One of the most common arrangements is, when the wheels are 
placed, one by the side of another, on the same pin or axis, and are 
separated from one another by thin plates of iron or other materials, 
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each pulley occupyiiig 9 as it were, a separate compartment in the 
block or frame that holds them together. 

llie subjoined diagram represents a system of this sort, where b 
is the upper block or frame fixed, to the beam by means of the 
sling and staple as at the point a, and c is the 
lower or moveable block, ascending or descend- 
ing as infiuenced by the weight and power; 
w is the load to be raised or sustained in equi- 
librio, and p is the power acting at the extre- 
mity of the running cord, whose other extremity 
is fastened to the hook at ii, or to some point h 
in the fixed block b. The method of esti- 
mating the conditions of equilibrium, is here 
the very same as in the preceding combination, 
but the pressure on the hook or support at a 
is not precisely the same, by reason of the 
running cord being fixed into the hook at h, 
which transfers a portion of the pressure to 
that point equivalent to the magnitude of the 
power applied; the pressure at the point a, is therefore only 
equal to the load, the weight of the apparatus being disregarded, 
but the aggregate pressure on the beam at tlie points a and ii 
must, in all such arrangements, be the same; that is 

P=z(N+l)j». 

If the end of the running cord, instead of being fastened to the 
supporting beam by a hook at h, should be attached to the immove- 
able block B, by a hook or bracket as at 4 ; the whole pressure 
would be transferred to tlie beam at the point a, in which case, 
both the power and the pressure of this arrangement, would be 
determined by the same equations, as the power and the pressure 
of the arrangement immediately preceding; that is, with the same 
data, and under similar circumstances, the same results would 
ensue. 

Example 1. What weight will a power of 450 pounds be able to 
sustain in equilibrio, in the arrangement represented at fig. 8; the 
number of moveable pulleys being 5, and the portions of the 
sustaining cords that act upon the pulleys being parallel to one 
another? 

Here we have given, ^=450, and N = 10; let these numbers be 
substituted for p and n in equation (4), and it becomes 
ti;=:450 X 10=4500 pounds. 

Example 2. W'^hat power will be able to sustain a block of 
marble containing 24 cubic feet, by means of a* system of 4 move- 
able and 4 fixed pulleys, arranged in the manner represented in 
fig. 8, the portions oitlie sustaining cord being parallel to one 
another ? 

It has been found by experiment that a cubic foot of common 
white marble weighs very nearly 170 pounds avoirdupois; conse- 
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quently, 24 cubic feet must weigh 1 70 X 24 =:408(> pounds; hence, 
we have given, and «i;=:4080 pounds; let these numbers be 
substituted for n and w in equation (4), and.it becomes 

8;>=4080; 

or, dividing both sides of the equation by 8^ we get 
jti=510 pounds. 

Of the distribution of pressure in the several points of this system, 

together with the accumulated strain, which is s/unvn to be equal 

to the weight and power taken conjointly. 

The 510 pounds determined above is also the pressure on each 
portion of the cord engaged in supporting the lower block ; conse- 
quently, the pressure on the supporting beam and the hooks at the 
points A and h, are respectively as follows, viz. 

The pressure at a is, P=510 X 8=4080 pounds, 

H-, p=510Xl= 510 , 

and the accumulated pressure at the points a and h, calculated by 
equation (5), is, 

p=(8-h 1) X 510=4590 pounds. 

If the end of the cord, instead of being carried up to the hook 
at II, should be fastened to the fixed block as at /i ; then, the staple 
and ring at a will have to sustain the whole pressure of the weight 
and the power, which is, as we have just shown, equivalent to 
4590 pounds. 

22. Another curious and important combination of this kind is 
that which is implied in the following problem, in which the parts 
of the running cord supporting the several moveable pulleys in any 
system are parallel to one another. 

Problem 4. To determine the conditions of equilibrium, etnd the 
relation that subsists between the power and the weight under 
the following circumstances. 

A power p, is applied to the extremity of a running cord which 
passes over a fixed pulley a, under a moveable 
pulley D, over a fixed pulley b, under a move- 
able pulley E, and is finally fixed into a hook 
at c. To the centre of the pulley d, is attached 
a cord which passes under a moveable pulley f 
and is fixed to the centre of the pulley e, and 
at the centre of the pulley f, tlie weight w is 
applied. 

Find the conditions of equilibriun^, -ind the 
pressures at the points a, b and c. 

Since the parts* of the running cord are all 
paridlel to one another, it is manifest, that the 
tension is uniform throughout the system, and 
equivalent to the sustaining power p\ and 
because the tensions of the cords about the 




100 


OF TIIE PULLEY. 


pulley F are equals and alsq tbose about the pulleys d and £» it is 
manifest, that the weight w rises verticallv) and therefore the 
pulleys D and £ are eonstatitly in the same horizontal line ; hence 
it follows, ^at the efficacy of the power /i, is nothing augmented 
by means of the pulley f pr the cord by which it is supported, its 
use being to maintain the ^parallelism of the pa^ of the running 
cord, and ensure the vertical movement of the weight; 

consequently, we have 

The pressure on A=:2jp, 

b=2/>, 

c=p; 

but the accumulated pressure on the supporiing beam, disregarding 
the weight of the apparatus, is obviously equal to the sum of the 
weight and the power taken conjointly, hence we have 

that is 

w=i4p. 

Now, the number of effective pulleys in the system under con- 
sideration is only two, each of which is supported by two portions 
of the running cord; consequently, we have n=4, wliicn being 
substituted for n in the general equation No. 1, gives 

the same expression that we derived for the value of tif, from the 
foregoing distribution of the pressure on the several points of 
support 

llie general expression for the aggregate pressure at the dif- 
ferent points of support., is obviously expressed by the following 
equation, viz. 

P=(N+1);;; 

for we have shown above, that 

p+w:=^p, 

but N in the present system is equal to 4 ; consequently (n+ l)=5, 
the coefficient of p in "the above expression for the total pressure ; 
hence it is manifest, that the equations which we have here 
obtained for the values of w and p, are precisely the same as those 
for the systems described under problem «) ; and generally 

If the parts of the rumiwg cord supporting several 
moveahle pulleys in any sjfsle^n^ he parallel to me 
another^ the equations (4 and b) determine the conditions 
of equilibritan and pressure. ^ 

Example 1. What weight will be sustained by a power of 
0^ pounds, under the circumstances represented in figure 9 imme- 
diately preceding ? 
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Here we have given and.'W^4; let these numbers be 

substituted for p and n in equation (4) ahd it becomes 

fir=z4 X 386= 15^-poun^.. 

With respect to the pressure at the points lof support a, b and c, 
we have already shown, that, ^ ^ ^ 

The pressure on a=2/i^2x ^86 =772, 

B=2p=2x 386=77% 

c= /i=l x386=386; 

and the accumulated pressure on the beam at the several pointy of 
support, as determined from equation (&), is 

p= (n+ 1)/?=: (4+ 1) X 386= 1930 pounds. 

Example 2. What power .will be sufficient to suspend a ton 
weight, by means of a system of pulleys arranged as m fig. 9, all 
the parts of the cord in contact with the moveable pulleys being 
parallel to one another, and what is the pressure at each point of 
support? 

In this example we have given, to=2240, and n=4; let these 
numbers be substituted for w and n in equation (4), and it becomes 

4/1=2240, 

and dividing both sides by 4, we get 
/i=560 pounds; 

hence, the pressure at each point of support is, 

'Fho pressure on a=2/;=2 x 560= 1120 pounds, 

n=2/?=2x 660= 1120 , 

c= /i=lx560= 560 

CoKOL. There are various other combinations of pulley besides 
these which we have illustrated, wherein the same cord runs 
throughout the system from the point of application of the power, to 
some other point in opposition to it, where it is finally fixed ; but 
every arrangement of this description is expounded by the same 
theory, and they are all of them liable, in a greater or lesser degree 
to the following objections, viz. 

1. The great quantity of friction generated on the pwota 
or axisj and against the sides of t/te blocks in which the 
wheels revolve. 

2. The great irregularity of weat^ iKcasioned oy the dif- 
ferent velocities with which the pvdleys revolve on their 
furis. 

Of fThitds pulley i the wheels of which are a series of unequal 
concentric groves. 

22. But these and several other minor defects, are in a great 
measure obviated by the contrivance represented in figs. 10 and 1 1, 
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where the pulleys, instead of being a series of different wheels of 
equal diameters, revolving on the n. 

same or different axles, are repre- 
sented by a series of unequal con- 
centric ^ooves in the sanie wheel, 
whose diameters correspond to the 
portion of the cord that moves over 
their circumferences in a mven time. 

By this arrangement, me velocity 
of the circumference of each groove, 
is adjusted to that of the cord pass- 
ing over it, which evidently equimzes 
the wear of the machine, and the 
friction is reduced to that of the 
pivots, and the rubbing of one wheel 
on the sides of the block in which it 
revolves. 

In order that the velocity of the 
several circumferences maybeacoom- 
modated to that of the cord passing 
over them, it is necessaiy that the 
diameters of the several grooves, 
should follow the proportion of the series of consecutive numbers 
I, 2, 3, 4, &C. so &r as the number of grooves in both blocks, 
which in the present instance is ten, viz. five in each block; but 
for the actual construction of the respective grooves, it is requisite 
that the numbers of the series should be alternated, in the fol- 
lowing manner, viz. For the lower or moveable block, the dia- 
meters are respectively 1, 2, % 4 and 5; and for the upper or 
fixed block, the diameters are respectively 2, 4, 6, 8 and 10. In 
practice however, the diameters of the grooves are not proportioned 
to the above numbers, nor can they be so if the diameter of the cord 
be taken into account^ the proportion only holds when the cord is 
considered inextensible and of no sensible magnitude^ but this in 
actual practice can never be the case; consequently, in the me- 
chanical construction of the pulley, and its application to actual 
practice, the diameter of the cord must be aeducted from each 
term of the foregoing series, otherwise the small grooves will have 
a tendency to rise and fall more rapidly than the larger ones, and 
thus render the contrivance more defective than the common 
systems which it is intended to supersede. 

In this, as in every other arrangement, in which there is but 
one cord running throughout the system, the weight is equal to as 
many times the power, as there are parts of the cord engaged in 
supporting the weighty or the lower block, to which it is attached; 
now, in the present instance, there are ten portions of the cord 
thus employed; consequently, we have 
* " wzzlOp, 
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llie vety Bame result would flow firom equation (4), or from the 
first of the general equations formeriy referrra to; hence it is mani- 
fest, that whatever may be the nature of the arrangement, provided 
that the same cord traverses the system, the conditions of equi- 
librium are universally expressed by the same equation. 

tlxABiPLE 1. What weight wOl be ^sustained in equilibrio^ by a 
power equivalent to fiOOlbs. acting on a system like that repre- 
sented in figs. 10 and II, supposing that each block contains five 
grooves, and what will be the pressure on the hook at h, the 
weight of the apparatus not being considered? 

Here we have g^vcn,|i=600, and n=10; let these niunbers be 
substituted for y* and m in equation (4), and we obtain 

w=€O0 X 10= 6000 pounds. 

For the pressure on the hook h, equation (b), gives 
p=:(N-f-l)p=r(10-{-l) X600= 6600 pounds. 

Examplf. ‘2. The arrangement 'and the number of grooves 
remaining as in the last question; what power will be able to 
suspend a weight of 12564bs, the weight of the apparatus not 
being considered and what is the pressure on the hook at ii? 

In this example we have ^ven, «r=1256^ and n=10; let 
these numbers substituted for w and n in equation (4), and 
we have 

10^=12564, 

and dividing both sides of the equation by 10, we get 
jti= 1256*4 pounds. 

For the pressure on the hook h, equation (5), gives 
p=(N-f 1)/)=11 X 1256. 4= 18620*4 pounds. 

We have now illustrated tiie principal combinations of pulleys 
in which there is but one cord running throughout the system, 
and we have also remarked in i^ing^ that the same formula 
expresses the conditions of equilibrium for them all; but there 
are other arrangements frequently employed in practice, in which 
a greater number of cords is introduced, and by which a greater 
mechanical efficacy is obtained, and moreover, such as require 
diflerent formulae to expound their th< j;‘etical relations; a few of 
the most important of these, it is now our intention to investigate. 

24. Problem 4. To determine the conditions of equiUbriumf or 
the relatian that subsists between the power and the 
in the case of one fixed and two moveabk puMeys^ acted on 
by two separate cards. 
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Fig. 12. Fig. 13. 


The conditions specified in this problem are represented by the 
arrangements in figs. 12 and 13^ in 
each of ,which we observe one fixed, 
and two moveable pulleys, with two 
separate cords, of which there are three 
portions communicating with, or en- 
gaged in sustaining the lower block to 
which the weight is attached. 

In fig. 12^ the tension of the cord, 
extending from the power jo, over the 
pulley B and under c to the fixed point 
ri, is obviously equal to the power 
applied, while the tension of the cord 
extending from the pulley b and over 4 
to the lower block, is equal to twice the 
power; consequently, the sum of the 
tensions of the three cords engaged in 
supporting the weight, is equal to four times the power; that is 



wzzAp. 

This equation is the same as that given in the note to No. 4 of 
the table of formulae, immediately under our notation, and is also 
derivable from the first form of the general equation there ^iven ; 
for N in the present instance is equal to 3, to which if unity be 
added, gives 4 for the coefiicient of p, the same as above. In 
fig. 1^ the tension of the cord, extending from the power ja, to 
the pulley b, is equal to the power, and this cord being finally 
attached to the pulley which sustains the weight, supports a 
portion of the weight, which is equal in magnitude to the power. 

The cord from b to a, balances the united tensions of the parts 
from /I to F, and from b to c ; consequently, its tension is equal to 
twice the power, and being brought under the moveable pulley c, 
which susfoins the weight, and finally fixed to the hook at h, 
it sustains a part of the weight equal to four times the power; 
therefore, the aggregate tensions of the three cords bc, ac and cii, 
which are engaged in supporting the weight, must be equal to 
five times the power applied ; that is, 


w^5p. 

This equation also, corresponds to that given in the note above 
alluded to,, and is derivable from tlie second form of the general 
equation ; for here n is equal to 3^ to which if 2 be added, gives 5 
for the coefficient of the some as has been determined from the 
figure. 

in both of these combinations, it is manifest, that while the 
weight of the pulley b assists the power in sustaining the weight, 
that of c opposes it, and therefore, to have their effects exactly to 
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balance one another, it is necessary, that in the combination, figure 
12, they should be equal to one another, but as represented in 
figure IS, if the weight of the pulley b be equal to half the weight 
of c, they will destroy each others effects, for in that case, the one 
assists the power just as much as the other opposes it 

Example 1. What weight will be sustained in equilibrio, by a 
power equivalent to 360 pounds, in the arrangements represented 
in figs. 12 and 1^ the weight of the apparatus not bein^ consi- 
dered, and what is the pressure at the points a and ii in both 
cases ? 


Here, in the case of fig. 12, we have given/) =360, and (n + 1)=4; 
but in the case of fig. 13, it is /)=360, and (n-|-2)=5; conse- 
quently, the value of w for both cases, is as follows, viz. 

For the arrangement in fig. 12, w=360 x 4= 1440 lbs. and 
For the arrangement in fig. 1^ fi;=360 x 5= 1800 lbs. 

The pressure on the point a in fig. 12, is, p= 4/) =1440 lbs. and 
The pressure on the point h is, p= /)= 360lbs. 

i^-4,= I4401b.».d 

The pressure on the point ii is, p=2/)= 730lbs. 


Example 2. What power will be required to equipoise a weight 
of 864 pounds, by means of a system of pulleys arranged as repre- 
sented in figs. 12 and IS, the weight of the apparatus not being 
taken into the account? 


Here, in the case of fig. 12, we have 
4/1=864, 

or, dividing both sides by 4, it is 
/)=216 pounds. 

In the case of fig. 13, we have 
5/9=864; that is, 

/)= 172 -8 pounds. 


Section Secono. 

WHEN each moveable PULLEY HAS ITS OWN CORD PASSING OVER IT, 
AND IS AITACHED TO A ' t.PARATE HOOK. 


25. Problem 5. 2h determine the conditions of equilibrium, or 
the relation that subsists between the power and the weight, 
in the case of mie fixed and several moveable pulleys, each 
nuweable pulley having its^ own cord passing under it, and 
attached to a separate hook. 

o 
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When each moveable pulley in the system, has a separate cord 
passing under it and fastenra to the separate 
hooks B, c and d as in the diagram; then, the 
determination of the conditions of equilibrium, or 
the relation that subsists between the power and 
the weight, requires the consideration of other 
principles; for by the second problem foregoing, 
in the case of a single moveable pulley, such as 
the pulley e in the diagram, it has been shewn, 
that 

p \ will : 2 , 

and for the same reason, the weight sustained by 
the pulley £, is to the weight sustained by the 
pulley F in the same ratio ; that is, 

p \ will : 2, 

and after the same manner may it be shown, that the weight sus- 
tained by the pulley f, is to the weight sustained by the pulley o 
ill the same ratio ; that is, 

p \ will : 2, 

and so on, as far as the number of moveable pulleys, or separate 
cords ill the system ; or generally, 

p \ will : N“, 

where n according to our notation is the number of cords sustaining 
the pulley to which the weight is attached, and w, the number of 
distinct cords in the system ; consequently, by equating the pro- 
ducts of the extreme and mean terms, w^e get 

(5) 

Now, in the arrangement which we arc just considering, tlie 
number of cords engaged in supporting the pulley to which the 
w'eight is attached, is only 2; therefore, if 2 be substituted for n in 
equation (5), we shall obtain 

. ?p=2"/>. (6) 

'rhis equation implies, that, 

If a pmver smtuin a weight in equilibrium hy means of a 
system of pulleys arranged as in Ilg, 14, where each 
moveable pulley has its oivn eord passing under itm and 
finally attached to a separate hook ; the weight is equal 
to as many times the power^ as there are units in that 
power of 2m whose exponent is denoted hy the number of 
moveable pidleysm or by the number' of separate cords in 
the^system. 

From which it is manifest, that^each additional cord or moveable 
pulley doubles the eflScacy of the power. 
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Example 1. What weight will be sustained by a power of 120 
pounds acting by means of a system of 10 moveable pulleys, 
arrang^ as in fig. 14, each pulley having a separate cord passing 
under it, and finally attached to a separate hook ; all the parts of 
the suspending cords being supposed parallel, and the weight of the 
apparatus not considered ? 

In this example there are given, jti=: 120, and ra=10; let these 
numbers be substituted for p and n in equation (6), and it becomes 

w;=2^®Xl20, 

but the tenth power of 2, as indicated by the principles of involu- 
tion, is 

X 2*+*=32 X 32= 1024 ; 
consequently, we obtain 
fi;= 1024 X 120= 122880lbs. 

Example 2. What power will suspend a weight of 4 tons by 
means of a system of 4 moveable pulleys, arranged as in fig. 14, 
all the parts of the suspending cords being supposed parallel, and 
the weight of the apparatus not considered ? 

In order to resolve this example, it is necessary to disengage the 
unknown or required quantity from the factor with which it is com- 
bined in equation (6), and by so disengaging it, we shall obtain 

^=fe-r-2*; 

now, in the question, n=4, and «e=4tons, or 8960 pounds; let 
these numbers be substituted for n and w in the foregoing expres- 
sion for the value of p, and it becomes 

ji;=-Y^= 560 pounds. 


Example 3. A power of 5 pounds is found to suspend a weight 
of 640 pounds, by means of a system of pulleys arranged as in 
fig. 14, where the moveable pulleys are all suspended by separate 
cords, and the blocks and pulleys so adjusted, tliat all the parts of 
the suspending cords are parallel to one another; required the 
number of separate cords, or the number of moveable pulleys in the 
system ? 

Let both sides of equation (6) be divided by p, and we get 


; IS 


but by the nature of logarithms, it 
n. log. 2=log. w • log.jt;, 
or by division- t is 

* 

now, fi;=640, and p=5 by the question; consequently, by substi-. 
tution, the atove expression for me value of n becomes 

log. 640— log. 5 
^io^ 


M = - 
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or by actually employing the logarithm^ we obtain 
_2.806180-0.699970_ 

”” 0-301030 

Of the distrihution of the weight mi the hooks and frames 

26. With respect to the distribution of the weight on the hooks 
I), c, IS and the frame or bolt at a, it is obvious, that 

The pressure on D=i w=(2"^^)-/>, 

c=J f/;=(2"“®)'j», 

B=^ W=(2““3)-jp, 

A=i^w=(2"““)-j»; 

but the aggregate pressure on the supporting beam, setting aside 
tlic weight of the blocks, pulleys, and cordage, is manifestly equal 
to the power and the weight considered conjointly; hence we 
have 

p=;;+?i; = (l+2*-^+2»^+2»-H2*‘-")-;>, (c) 

now, we have already shown in equation (6), that 
7i;=2*p; 

consequently, by substitution, we get 
w+j}=^l^p-\‘P\ that is 

p=(2*+1).;a (d) 

In the second example preceding, the weight is 8960 lbs, and 
the power is 560 lbs.; consequently, we have for the accumulated 
pressure at the several points of support, according to equation (a), 
pzz 8960 +560 =9520 pounds, 
or according to equation (c/), wc have 
p=(2^+ 1) X 560=9520 pounds, the same as before. 

Of the pressure sustained hy each point of support 

27. But to assign the portion of this pressure which is sustained 
by each point of support, we must have recourse to equation (c), 
where the law of die series is developed by which the pressure on 
each point is to be ascertained. 

Now, in the present instance, vre have given w=4, and y>=560; 
(consequently, by separating the terms of the series, as far as is 
indicated by the number of pulleys in the system, we shall have 
for the pressure on the several points of support, as follows, viz. 

For the pressure on e it is p= (2*“^) x 560 =4480, 

D p= (2*-«) X 560=2240, 

c P= (2*^®) X 560=1120, 

B P= (2"^) x560= 560, 

a P=(l + 1) X 560=1120, 

Then, by taking the sum of these several ) nound 

portions, we- get 5 ^ 

for the aggregate pressure on the supporting beam, the same as 
before. 
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TTie mechanical efficacif is aupnmted bypassing the cord over a 
fixed pulley in the load. 

28. We have elsewhere stated, that the mechanical efficacy of 
this system may be greatly augmented, without increasing the 
number either of the cords or the moveable pulleys, by merely 
passing each cord over a small fixed pulley instead of fastening it 
to a hook, and finally attaching the cords to the moveable pulleys 
which they respectively sustain. 

An arrangement of this kind is represented in fig. 15, where it 
is manifest, that the tension of the cord extend- 
ing from the power p to the pulley a, is mea- 
sured by the magnitude of the power, and since 
the same cord passes over the pulley a, under 
the pulley e, over the pulley b and is finally 
fixed to the hook at c, it is evident, that the 
three parts of the cord engaged in sustaining 
the pulley e, support a portion of the weight iir, 
which is equal to three times the power. 

Ilut the tension of the cord ef, is equal to 
the united tensions of the three cords sustaining 
the pulley e ; that is, equal to three times the 
power; consequently, the three parts of the 
cord ETcf, wliich are engaged in sustaining the 
pulley F, support a portion of the weight w, 
which is equal to nine times the power. 

Again, the tension on the cord fg^ is equal to the united tensions 
of the three cords sustaining the pulley f; that is, equal to nine 
times the power; consequently, the three parts of the cord fgb^, 
which are engaged in sustaining the pulley g, support a portion 
of the weight equal to twenty seven times the powder; and so on 
ill the same proportion for any number of cords whatever, or as 
far as is indicated by the number of moveable pulleys. Hence 
generally, 

j) : will : N", 

where n is the numbers of cords engaged in sustaining the pulley 
or block to which the weight is attached, and the number of 
distinct cords in the system ; consequently, by multiplying extremes 
and means, we obtain 

This expression corresponds in iu':L with equation (5), but in 
this case, the value of n, or the number of cords engaged in sup- 
porting each moveable pulley is 3; tlierefore, if the number 3 be 
substituted for n in the above equation, we obtain 

w=zarp. (7) 

This equation implies, that, 

// a pmcer sustain a weight in equilibria^ hy imam of a 
system of jniUeys arranged as in fig. 15, where each 


Fig. 15. 
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distinct cord is passed over a Jixed pulley ^ and finally 
attached to the moveable ofiie which it sustains; the 
tveight is equal to as many times the potoer^ as there are 
units in that power of 3, whose exponent is denoted by 
the number of moveable pulleys^ or by the number of 
separate cords in the system. 

From which it is manifest, that each additional cord or moveable 
})ulley, triples the efficacy of the power. 

Example 1. What weight will be sustained by a power equivalent 
to 250 pounds, acting by means of a system of 8 moveable pulleys, 
arranged as in fig. 15, where each cord is passed over a fixed pulley, 
and finally attached to the moveable one which it sustains; all the 
parts of the suspending cords being supposed parallel, and the 
weight of the apparatus not being considered? 

In this example there are given, />= 256, and 7i = 8; let these 
niunbers be substituted for and n in equation (7), and it becomes 

«»=(?x256, 

but the 8th power of ^ as indicated by the principles of involu- 
tion, is 

3C+C ^ 3C+fi=:8i X 81 =6561 ; 

consequently, we obtain 
w=6ij6l x256=l671)6l6lbs. 


The same example performed according to equation (6), would 
give a weight of 65536 pounds, to be sustained in equilibrio, by a 
power equivalent to 256 pounds; consequently, the system repre- 
sented in fig. 15, is, with the same number of pulleys and the same? 
applied power, nearly 25 j times more cfficacdous than the system 
represented in fig. 14. 

Example 2. W^hat power will suspend a weight of 6746 pounds, 
by means of a system of 5 moveable pulleys, arranged as in fig. 1 5, 
all the parts of th^ suspending coi«... being supposed parallel, and 
th'' weight of the apparatus not considered ? 

Here we must disengage the unknown or required quantity jh 
from the factor with which it is combined in equation (7), and by 
so disengaging it, we shall get 

p’=,w~¥2r\ 

now, in the example, ?/ = 5, and «crz=6746; let these numbers be 
substituted for n and w in the above expression for the value of p^ 
and it becomes 


i>=^=27«ilb8. 


Example 3 . A power of 5 pounds is found to suspend a weight 
of 405 pounds, by means of a system of pulleys, arranged as in 
fig. 15, where the blocks and pulleys are so adjusted, that all the 
parts of the suspending cords are parallel to one another; required 
the number of separate cords, or the number of moveable pulleys 
in the system ? 
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Let both sides of equation (7) be divided by p, and it is 


but by the nature of logarithms, we have 
» log. d=log. w— log.p; 

tbat IB, «_ g , 

now, 7<; z =405, and ;>=5 by the question; consequently, by substi- 
tution, the above expression for the value of n becomes 

log. 405— log. 5 

7J = 1 9 

log.3 

or by actually employing the logarithms, it is 
_2> 607455-0>698970 _ 

" 0-477121 


Of the distribiftion of the weight an the fixed blocks, 

29. With respect to the distribution of the weight on the fixed 
blocks D, c, n and a, it is manifest, that 

The pressure oti nzz ^ ii;=2(3*“*) 

c=f 

B = 

A=-j„w= (S’*-”)-//; 

but the aggregate pressure on the supporting beam, setting aside 
the weight of the blocks, pulleys and cordage, is manifestly equal 
to the power and the weight taken conjointly; hence we have 

Pz=;>+7r==2(l (e) 

now, we have already shown in equation (7), that 
wzzSy; 

consequently, by substitution, we get 
7i;+^i=37>+7>; that is, 

p=(3“+l).p. 0 

In the third example preceding, the weight is 405 pounds, ^hc 
power 5 pounds, and the number of moveable pulleys as found by 
(*alcu1ation is 4; consequently, the accumulated pressure at the 
several points of support is, by equation («), as under, viz. 
i»=405+5=4J0 pounds, 
or, according to equation (f), wc have 
p=(3^-j-l) X 5=410 pounds, the same as above. 

Of the distribution of the pressure ^^xtained by each point of 

support, 

30. Kut to determine the portion of this pressure which is sustained 
by each point of support, we must revert to equation (e), where the 
law of the scries is developed by which the respective pressures 
are to be assigned. 

Now, in the present example, we have given, n=4, and p=:&; 
consequently, by separating the terms of the series, continued as 
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far as is denoted by the number of moveable pulleys in the system, 
the respective pressures on the several points of support, will be 
as follows, viz. 

The pressure on e, is p=2(3"~^) x 5=270 

D, - p=2(3--)x5= 90 

c, - p=2(3’‘-“^)x5= 30 

B, - P=2(3*"*)x5= 10 

A, - p= 2x5 =10 

I'hen, by taking the sum of these several portions, we get^4l0 pounds, 
for the aggregate pressure on the supporting beam, the same as 
before. 

31. Of a system of fixed and moveable pulleys^ whose mechanical 
efficacy ascends according to the successive powers of 4. 

We have stated in another place, that if another fixed and 
another moveable pulley be introduced for each cord, without 
altering the number of separate cords in the system, a still higher 
mechanical effect will be obtained; for in this case there arc four 
portions of each cord engaged in sustaining the moveable pulleys ; 
consequently, the mechanic^ efficacy of the system ascends, accord- 
ing to the successive powers of the number 4. 

An arrangement of this kind is 
represented in fig. 16, where it is 
manifest, that the cord yM, extending 
from p to the fixed pulley a, is strain- 
ed by a force equivalent to the power 
which is applied at the point jp, and 
since every part of the same cord as 
it proceeds from a to the fixed point 
under the pulley b, is strained by an 
equal force, it follows, that the four 
cords. which are engaged in sustsun- 
ing the moveable block e, must su})- 
port a portion of the weight equi- 
valent to four times the power. 

But the tension of tne cord ef, 
is equal to the united tensions of the 
four cords which sustain the block e ; 
that is, equal to four times the power, 
and since the same cord, as it pro- 
ceeds from £ to the fixed point at c 
is equally strained, the four cords 
which are engaged in supporting the 
block F, must sustain a portion of the weight w equivalent to 16 
times the power. 

And after the same manner it may be showm, that the four 
cords which are engaged in supporting the block o, must sustain 
a portion of the weight w equivalent to 64 times the power; and 


Fig. 16 
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SO on in the spne proportion for any number of separate cords, or 
as far as is indicated by the number of mqveable blocks in the 
system. Hence it is 

/I : fi; : : 1 : n", 

where as^ heretofore, n is the number of portions of the cord, 
engaged in supporting the pulley or block to which the weight is 
attached, and 9t, the number of separate cords in the system; 
consequently, by equating the products of the extreme and mean 
terms, we get 

Now, in this case n, or thte number of cords engaged in sus- 
taining each moveable block is 4; therefore, if 4 be substituted 
fur N in the above value of we shall get 

w=4“/;. (8) 

This equation implies, that. 

If a power sustain a weight in equilibrio^ hy means of a 
system of pulleys arranged as in ^fig. 16; the tveight is 
equal to as many times the pemer^ as there are units in 
that prrwer of 4, whose exponent is denoted by the number 
of moveable blocks^ or hy the number of separate cords 
in the system. 

From which it is manifest, that each additional cord or moveable 
block, quadruples the mechanical cificac*y of the machine. 

Example 1. What weight will be sustained in equilibrio, by a 
power equivalent to 384 pounds, acting by means of a system of 
pulleys arranged as in fig. 16; there being three moveable blocks 
in the system, and all the parts of the suspending cords parallel to 
one another? 

In this example there are given, />= 384 lbs. and w=3; let these 
numbers be substituted for p and n in equation (8), and it becomes 

ii;=4*x384, 

but 4^=64; consequently, we have 
«;=64xd84=24576lbs. nearly 11 tons. 

Example 2. What power will be sufiicient to suspend a weight 
of 10000 pounds, by means of a system of pulleys arranged as in 
fig. 16; there being 6 moveable blocks or separate cords in the 
system, and all the parts of the cords parallel to one another ? 

Here we have given f£;= 10000 lbs. and w=6; let these numbers 
be substituted for w and n in equatio. ( S), and it becomes 

4®;?=100UU, • 

but the sixth power of 4 as indicated by the principles of invo- 
lution is 

4* x4*z=64x 64=4096; 
consequently, we have 

=2 -4411)8. nearly 2^ pounds. 

4U9o 
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Example 3. A power equivalent to 4 pounds, is found to sus- 
pend a weight of 262144 pounds, by means of a system of pulley.^ 
arranged as in fig. 16, where the blocks and pulleys are so adjusted, 
that all the parts of the suspending cords are parallel to one 
another; required the number of separate cords, or moveable 
blocks in the system ? 

Let both sides of equation (8) be divided by /?, and it is 

4*=— > 

P 

but by the nature of logarithms, we get 
M • log. 4 =log. ta— log. py 
which, by division, becomes 

log.w-log.7> 

log.4 ’ 

now, 1^=262144, and p=4: by the question; consequently, by 
substitution, the above expression for the value of n becomes " 

log. 262144— log. 4 
log. 4 

or by actually employing the logarithms, it is 
_5 . 41 8.540-0. 602060 
‘ 0.60*2060 " 

Of the distribution of the weight on the pulleys and rings of this 
systetn. 

32. With res[)eet to the distribution of the weight on the pulleys 
and rings attached to the supporting beam, it is manifest, that 
taking them in order, from the right side of the system towards 
the point where the power acts, we have 
For the pressure on the ring d, and its two) w;— 

contiguous pulleys, 4 p— •. t )-p> 

For the pressure on the ring c, and its two ) _ , 

contiguous pulleys, j ^ 1 5^^ — v » 

For the pressure on the pulley to the right of b, r= 

pulley to the left of b, w= ( 4 « '^)-py 

pulley — (4”-”)./y, 

but the aggregate pressure on the supporting beam, setting aside 
the weight of the apparatus, is evidently ecpial to the power anti 
the weight considered conjointly ; consequently, we have 

pz=//+w= {2+3(4"‘“‘+4*“"+4"”\ . &c.)} (g) 
now, we have shovTi in equation (8), that 
fi;=4"/>; 

consequently, by substitution, we get 
w+yi=4"/i+p, 
or, which is the same thing, 

A = (4*+ !)•/?. (h) 

Now, in tlic third of the foregoing examples, the weight is 
26214411)8., tho power 4lbs. and the number of separate curds, as 
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found by calculation is 8; consequentlvy the accumulated pressure 
at the several pc^nts in the supporting beam is, by equation (a), 
p=262144+4=262148 pounds, 
or according to equation (/<), we have 
pz=(4®+ 1) X 4=262148, the same as above. 

^ But to determine the portion of this pressure that falls on each 
ring and its contiguous pulleys, we must have recourse to equa- 
tion (g), which being extended to the specified number of terms, 
will indicate the pressure for each, as follows 
The pressure on ring i and pulley is, p=3(4"^*) x 4=196608, 

H p=3(4“‘'2)x4= 49152, 

« p=3(4-“’)x4= 12288, 

F p=3(4"-^)x4= 3072, 

E p=3(4*~5) X 4= 768, 

D p=3(4»-^) X 4= 192, 

c p=3(4*“^)x4= 48^ 

pulley B p=3(4"~®) x 4= 12, 


pulley A p= 2x4 

Tticn, by taking the sum of these several portions 
we have for the aggregate, • 


= 8 . 

’I 262148lbs., 


the same as before. 


Section Third. 


WHEN THE MOVEABLE PULLEY HAS ITS OWN CORD GOING OVER IT, AND 
IS FINALLY ATTACHED TO THE WEIGHT OR RESISTANCE. 

33. Problem 6. To determine the conditions of equilibrium^ or 
the relation that subsists between the power and the weighty 
in the case of one fixed and several moveable pulleys, each 
moveable pulley having its oivn cord going over it, and 
finally attached to the resistance or weight to he sustained, 
all the sustaining cords being parallel to one another. 

Here in the case of an equilibrium, if we sup- 
pose the power p, to act upon a cord passing 
freely over the pulley d, and to be fixed to the 
weight w in the point d; then it is manifest, 
that the whole pressure on the pulley i>, is equi- 
valent to twice the power because the tension 
on the part of the cord extending from p to d, is 
equal to the tension on the part extending from d 
to d, and each of them is equal to the power ; 
therefore, the pressure on 

d=2/i. 

But the cord cd supports the whuie force or 
pressure on the pulley d, and because the cord 
Dcc, passes freely over the pulley c, the tension 
on the part cc is also equal to the pressure on the 
pulley D ; consequently, the whole force or pres- 
sure on c, is twice the force or pressure on d; 
that is, the force or pressure on the pulley 
c=4p. 
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Again, the cord bc sustains the whole force or pressure on the 
pulley c, and because the cord cni passes freely oyer the pulley b, 
the tension on the part bA, is equal to the tension on the part bc ; 
consequently, the whole force or pressure on the pulley b, is equal 
to twice the force or pressure on the pulley c; that is, the pressure 
on the pulley 

B=8p. 

And after the same manner it may be shown, that the pressure 
on the pulley a, is equal to twice the pressure on b; that is, the 
pressure on 

A=zl(iy>. 

And thus may the process of induction bc pursued as far as 
the specified niunbcr of pulleys in the system, or as far as the 
number of separate cords attached to the load, which datum in the 
present arrangement, limits the terms of the series. 

Hence, the whole force of the cords a«, ni, cc, nrf &c., that 
operate to support the weight is evidently equivalent to lialf the 
accumulated force, or pressure on the several pulleys a, b, c, d, &c., 
as far as the number of pulleys ; that is, 

iv = (V‘ + . . 2”) 77, 

or which is the same thing 
«i; = (l +2+2"+2^*--2 "“^)-/l (?) 

Now, the sum of the geometric series within the parenthesis, is 
manifestly expressed by 2” — 1, where n denotes the number of 
terms in the seri(^s, corresponding *to the number of separate cords 
by which the weight is supported ; hence we get 

«c=(2"— l)-^;. (9) 

'lliis equation implies, that 

//« power xfistam a weight in equilihrioy ly means of a 
system of pulleys arranged as in Jig, 1 7, where each pulley 
has its own cord])assing over it and attached to the weight; 
theeveight is equal to as many times the power as thei'e 
are iinitSi less one, in that power of 2 whose exponent is 
denoted hy the number of cords sustaining the load. 

Hence it appears, that wdiatever may be the intensity of the power 
at aqy particular term of the scries, that intensity is more than 
doubled at the next succeeding teirni, by the magnitude of the single 
power. 

For, let (2*— 1 )jp measure the intensity of the power at any term 
of the series; then will {2”+^—!)^ measure the intensity at the 
(w+1)*^ term; consequently, we have 

the numerator of the fraction divided by the denominator gives a 
quotient of 2 with a remainder/?; hence the truth of the foregoing 
iwrence is manifest. 



OF THE PULLEY. 


117 


Example 1. In a system of 4 pulleys, arranged as in fig. 17, 
where the cord round each pulley is attached to the weight; it is 
required to ascertain what load wiU he kept in equilibrio by a force 
equivalent to 8 pounds, the suspending cords being supposed 
parallel to one another, and the weight of the blocks pulleys, and 
cordage not being considered? 

Here we have given, and 91=4; let these numbers be 

substituted for p and 9i in equation (9), and we shall have 

l)x8; 

that is, w^=(l6—l) X 8=120 pounds. 

Exampi.e 2. Wliat power will be required to hold in equilibrio 
a weight of 2040 pounds, by means of a system of 8 pulleys, arranged 
as in fig. 17, where the cord round each pulley is attached to the 
weight, the suspending cords being all parallel to one another, and 
the weight of the apparatus not considered ? 

In this example there are given, 91 = 8 , and 10 = 2040 pounds; let 
these numbers be substituted for n and w in equation (9), and it 
becomes 

(2«-.l)p=2040, 

but the eighth power of 2, as indicated by the principles of invo- 
lution, is 

2*+-x 2-+*= 16x16=256; 
consequently, we have 
(256-l).j»=r2040; 

therefore, dividing each side of the equation by (256— 1) =255, 
we obtain 

pound®- 

Hence, in a system of pulleys, such as that described in the 
question, a power of 8 pounds is sufficient to balance a^load of 
2040 pounds, or the power is to the weight in the ratio of unity 
to 255. 

Example 3. In a system of pulleys arranged as in fig. 17, where 
the cord passing over each pulley is attached to the weight, a power 
of 5 pounds is sufficient to hold in equilibrio a weight or resistance 
of 635 pounds; required the number of pulleys in the system, sup- 
posing the suspending cords to be all parallel to one another, and 
the weight of the apparatus not considered? 

Here we have given /;=5, and tor- 635; let these numbers be 
substituted for 79 and w in equation (9; .v,id it becomes 

5(2--l)=6p, 

divide both sides of the equation by 5, and we get 
2»- 1 = 127, 
transpose and we have 
2*=128, 

but by the nature of logarithms 
9t log. 2=log. 128; 
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hence, by division, we obtain 
log. 128 
““■top"’ 

or by actually employing the logarithms, we get 
2.107210 , „ 

”= 07301030 =^ 


This is the method of resolving a particular example, but 
that nothing may be wanting to render tne subject complete, we 
shall here deduce the general formulae, by which any question 
similar to the above may be resolved, without going through the 
several steps exhibited in the particular solution. 

34. Gmerid formula: for the solution of similar examples. 

From equation (9), we get by division 
w 

2»-l = — . 

I* 

which by transposition becomes 
P 

and by the nature of logarithms, we get 
M. tog. 2=tog. {w+p)— log. py 
which by division gives 
(«’+p)—lf^S’P 
log. a' 

Of the distribution of pressure throughout each of the sustaining 

vords. 


35. With regard to the strain or pressure on the beam e, it is 
obviously equal to the weight tv, and the power p taken conjointly ; 
that is ' 

but by equation (9), we have 
(2*— !)•/;; 

consequently, by substitution, we get 

p=2>. {k) 

This equation expresses the total strain or pressure on the beam 
at the point of support, and is, as we have already stated, equivalent 
to the sum of the weight and the power considered conjointly, 
omitting the effect produced l)y the weight of die blocks, pulleys, 
and cordage. 

In the second example foregoing, the weight w is equal to 
2040 pounds, the power as found by calculation is 8 pounds, and 
the number of pulleys or separate cords is 8; consequently, by 
equation (a), the whole pressure on the supporting beam at e is 
p=2040+8=2048 pounds, 
or by equation {k) wc have 
p=2&X 8=256 x 8=204^ the same as above. 
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Rut to assign the portion of this strain or pressure, which is 
communicated to the' point e, through each of the sustaining cords, 
we must recur to the series developed in equation (/)i from whence 
we obtain the following series of numbers, for the pressure or strain 
on the respective cords, beginning with that which is farthest from 
the point where the power is applied; thus : 

Pressure or strain transmitted by the 1st cordii(2"^^).j»= 128 x 3=1024 

2nd (2^-)./i= 64x8= 512 

; 3 r(i 32 x 8= 256 

4th (2^).p=z 16x8= 128 

5th (2*-®)./;= 8x8= 64 

6th \^%p=z 4x8= 32 

7th (2’‘-7).;>= 2x8= 16 

8th (2”-«).;>= 1 X 8= 8 

sum of the portions =2040 
to which add the power, and wc shall have 2040+8=2048 pounds 
for the aggregate pressure, or strain on the beam, the same as 
before. ^ 

36. The equation marked (A) for the pressure, corresponding to 
the arrangement of fig. 17, is evidently identical with equation (6) 
for the equipoising weight, corresponding to the arrangement in 
fig. 14; and because the aggregate pressure, or strain upon the 
beam in both cases, is equivalent to the sum of the weight and the 
sustaining force; it follows, that with tlie same number of suspend- 
ing cords, the strain on the beam in the former case, exceeds that 
in the latter by the magnitude of the power, and this circumstance 
leads us to a comparison of the diiierent systems, with regard to 
their mechanical effect. 

Let it for instance, be required to exhibit the comparative merits 
of the systems, wliose conditions of equilibrium are respectively 
t'xpounded by the three following equations, viz. 

1 . = 

2. ?f;=2"/;, 

*‘1. w=z(2*— 1),/;. 

Where n, w, p and tv must be understood to denote the same 
quantities specified in our notation, and must be applied acdbrdingly 
in the comparison. 

Now, supposing the power applied in e*«ch system to be 28 pounds, 
and let n=w=6; then, we shall have fe^- the respective mechanical 
effects, as follows, viz. 

In the first system, «e= 28 x 6 = 168 pounds. 

In the second system, w= 28x2^ = 1792 , 

In the third system, w=28x (2®— 1)= 1764 ^ 

where it is manifest, that the second system has the advantage, 
when the c omparison proceeds on the supposition of an equal 



120 


OF THE PULLEY. 


number of cords being engaged in sustaining the weight ; but it is 
obvious, that this will not hold, in the case of an equal number 
of moveable pulleys, which is after all the most exact mode of com- 
parison. 

37. Let us then suppose the number of moveable pulleys in each 
system to be 0, the power remaining as above ; then the equations 
of equilibrium for a combination of 6 moveable pulleys are respec- 
tively as below, viz. 

* 1 . 

^ ^ 2. ti;=2®/i, 

3 m;=( 2^ — l)j?; 

which equations being actually expanded^ we obtain 

In the first system, «i;=28x 12 = 336 pounds, 

In the second system, ii;=28 x 64= 1792 , 

In the third system, ii;=28x 127=3556 

Hence it appears, that on the supposition of the same number 
of moveable pulleys, the arrangement exhibited in fig. 17 has by far 
the advantage in point of mechanical energy ; and this advantage 
arises from the circumstance of all its pulleys, both fixed and 
moveable, proving efFectivc ; ajid what is more, the power gained 
by the fixed pulley in this system, exceeds the power gained by all 
the moveable ones be they ever so many; whereas, in the other 
systems, the fixed pulleys gain no advantage whatever, but only 
serve to change the direction of the power, and facilitate the motion 
of the cords. 

I'hcse remarks, however, it will be seen, apply only to the theory 
of the several systems according to the tenor of our investigations, 
and have no reference whatever to their practical applications ; the 
reader will therefore keep it in mind, that the above comparison 
is merely thecrctical, and not at all intended to excite prejudice 
for or against this or that system, in point of practical utility. 

It has been stated in another place, that the mechanical 
effect of the arrangement represented in fig. 17 may be greatly 
augmented, by merely passing each cord under a small pulley fixed 
to the loa^ and finally attaching it to the moveable pulley over 
which it originally passes, as in the following diagram. 

Of a single fixed and several moveable pulleys^ in which every 

small pulley in the system has a separate cord passing under it, 

while the pulley itself is fixed into the load or resistance. 

38. A combination of this sort will not, it is true, be frequently met 
with in practice, nevertheless we think proper to give it in this 
place, not only because it is well adapted for exercise to the reader 
in the art of arrangement, but because of its effect in impressing 
on the memory the general principle on which the equilibrium of 
the pulley depends. 
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A system such as we refer to is represented in 
fig. 1^ in which it is manifest, that the tension of 
the cord extending from p to d, is measured by a 
force equivalent to the power, and since the same 
cord passes freely over the pulley d and under rf, 
till it is finally attached to the lower part of the 
block in which the pulley n revolves, it is evident 
that the whole strain, or pressure on the pulley d, 
is equivalent to three times the power; for the 
tension on every part of the cord is the same 
throughout its length, and since there are 4;hrec 
parts of it exerting their influence on tlie pulley 
D ; it follows, that the pressure on 

But the cord cd supports the whole force or 
pressure on the pulley d, and because the cord 
ncc passes freely over c and under r, till it is 
finally attached to the lower part of the block in 
which the pulley c revolves ; it follows, that the 
force or pressure on the pulley c, is equal to three 
times the pressure on the pulley d.; that is, the 
pressure on 

0=9/;. 


-Fjfff. la 



Again, the cord nc supports the whole strain or pressure on the 
pulley c, and by reason of the uniform tension, and free j)assag(‘ *)f 
the cord over Ji and under A, till it is finally attached to tlie lower 
part of the block in which the pulley }i revolves ; it follows, that 
the pressure on 

n=27/A 


And in like manner it may be shown tliat the whole force, or 
pressure on the jmlley a, is three times the pressure on vt ; that is, 
the pressure on 

A=8l7^ 


And thus may we proceed, as far as the specified number of 
separate cords in the system may be extended. 

But the whole force of the several cords that tend to sd'pport 
the weight w;, is obviously equivalent to two thirds of the accu- 
mulated force or pressure on the pulh'^ s a, n, c, i},&c., as far as 
the number of pulleys maiy be extended : tuerefore we have 

or which is the same thing, 
w=2(1+3+3H3". ' (/) 

or by summing the terms, we get 
1)/* 

Q 


( 10 ) 
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This equation implies, that, 

1/ a power sustain a weight in equilibrioj by means of a 
system of pulleys arranged as in Jig* 18; the weight is 
equal to as many times tiie power, as there are units, less 
one, in that pwver of 3^ whose exponent is denoted by the 
number of separate cords in the system* 


Whence it appears, that whatever may be the intensity, or 
mechanical effect of the power at any particular term of the series, 
that intensity will be more than trebled at the next succeeding 
term, by twice the magnitude of the power applied. 

For let 1 represent any particular term of the series, then 
will 3“+^— 1 represent the next succeeding term; consequently, 
we have 




which result confirms the above inference. 


KxAiVfPLE 1. In a system of 4 pulleys, arranged as in fig. Id » 
it is required to ascertain what load will be suspended by a power 
of 121bs., the suspending cowls being supposed parallel to one 
another, and the weight of the apparatus not considered ? 

Hero we have given ^;=:12, and w=4; let these numbers be 
substituted for and n in equation (10), and it becomes 
w={p^^\)Xl2, 

but the fourth power of il, as indicated by the principles of invo- 
lution, is 

3-X3~9x9=81; 
consequently, we have 
w=(8l-l)Xl2=960lbs. 

Kxample 2. What power will be required to suspend a weight 
of 4308lbs. by means of a system of 6 pulleys, arranged as in 
fig. 18^ where all the parts of the suspending cords are parallel to 
one another, and the weight of the blocks, pulleys and cordage not 
taken into the account ? 

In this example there are given, w=6, and ic=4368 pounds; 
let these numbers be substituted for n and w in equation (10), and 
it becomes 

(3^-l)j»=4368^ 

but the 0th power of 3, as indicated by the principles of invo- 
lution, is 

3»x3»=27x 27=729; 
hence, we obtain 


Example 3L In a system of pulleys, arranged as in fig. 18^ 
where all «tlie parts of 4he suspending cords are parallel to one 
another, a power of 4 pounds is found to balance a weight of 
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26240 pounds ; what is the number of pulleys, or separate cords 
ill the system, the weight of the apparatus not being considered ? 

Here we have given, ;>=4, and t(;=26240 pounds ; let these num- 
bers be substituted for/i and tv in equation (10), and it becomes 
4(3'‘— l)=z26240, 

divide both sides of the equation by 4, and it is 
1=6560. 


transpose, and we get, 

3'‘=6561, 

but by the nature of logarithms, we have 
71 . log. d=log. 6561, 
hence, by division, we obtain 
log. 6561 

M = -T^ IT > 

log. 3 

or by actually employing the logarithms, we get 

3.816970 ^ ^ , 

8 pulleys, or separate cords. 


Of the accumulated strain on the beam. 

39. With respect tp the strain or pressure on the beam at e, it 
is, as has been formerly observed, equivalent to the sum of the 
weight and power; that is 

but by equation (10), wo have 
«i;=:(3‘— 1)^>; 

consequently, by substitution, we get 

p=3"/a (//i) 

In the first of the examples to equation (10), the calculated 
weight is 960 lbs., and the given power is 12 pounds; the number 
of pulleys or separate cords being only 4; consetpiently by equation 
(a), the accumulated pressure at e is 

p=:960+ 12=972 pounds, 
or by equation (m), we have 
pzz«y X 12=972, the same as above. 


Of the pressure on each cord in the si/stem. 

40. But in order to determine how much of this accumulated 
strain, is transferred to the point e, through each of the suspending 
cords, we must return to equation (Z), where the law of the scries 
is developed by which the values of the several terms are to bo 
assigned; thus. 

The pressure or strain transmitted 7 v lo— 

By the two parts of the first cord is, J > o, 

- — second , 2(3“”-) x 12=216, 

third 2(3“”*) X 12= 72, 

fourth , 2(3*”^) X 12= 24, 

sum of the portions=960, to 
which add the given power, and we get 

r=960+12=972lbs. the same as before. 
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In the whole of the foregoing problems, we have supposed the 
blocks and pullc^ys to be so adjusted, as to admit all the parts of 
the suspending cords* to act in parallel directions ; it therefore only 
romaiiis, to (consider a (;ase or two, in which the directions of the 
cords are oblique to one another. 

Section Fourth. 

WHEN THE DIRECTION OF THE POWDER AND WEIGHT ARE OBLIQUE 
TO ONE ANOTHER. 

41 . Problem 7 . Tn determine the co7idUions of equilibrium^ or 
the relation that subsists between the pmver and the weighty 
in the case of a single fixed and single moveable imlley^ when 
the directions of the power and the weight are not parallel^ 
but oblique to one another. 

Let /;nEii be a running cord, attached to the power at^, passing 
over the fixed pulley n, under the moveable pulley e, and finally 
fastened to the hook at ii. 

Produce the cords p\\ and he, to meet in the point d; join dc, 
and draw c i: at right angles to Df’, the . 

point c being the centre of the move- 
K ; then, because^ the cord 
strained throughout its 
the magnitude of the strain 
is i‘(]ual to the power y;, it follows, 
that the widght w will always assume 
that position, in which the parts nc 
and HE of the sustaining cord, will be 
equally inclined to the vertical line nc ; 
consequently nc bisects the angle hdh. 

Let ED, the production of the cord 
HE, represent the magnitude of the 
force acting in the direction dii, and 
conceive the force ed to be resolved into the two forces dc and ce 
])erpcndicular to one another: then shall dc represent that portion 
of the power which acting in the direction of the cord eh, 
becomes available in supporting the w^cight in the direction of the 
vertical line dc, the other ]mrt ce acting at right angles adds 
nothing to the (‘ffcct. 

Now', because the tension of the cord bc, is equal to the tension 
of the cord he, it is manifest, that the whole power expended in 
supporting the weight w in the direction of gravity, is represented 
by twice dc, while the power exerted in straining the cord, is 
reiircscnted by twice de, hut dc is obviously the cosine of the 
angle edc to the radius de ; consequently, we have by Plane 
'i Vigonometry, 

2de : 2dc ll rad. : 2 cos. edc; 

but 2de as w'o have already shown, is equal to the power p, and 
2dc equal t(» the weight w; therefore, it is 
2 J : w 1 1 rad. : 2 cos. h. 



able pulley 
is equally 
Icnsrth, and 
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iiv'here the letter according to our notation, denotes the angle 
KDc; that is, half the angle bdii made by the directions of the 
cords which sustain the weight. 

Hence by taking the radius equal to unity, and equating the 
products of the extreme and mean terms, we get 

u;=2/>cos.a. (11) 

This equation implies, that, 

Ifa pmver sustain a weight in equHibrio^ by means of a 
cord acting on a single fixed and a single moveable 
pulley^ where the parts of the suspending cord are 
oblique to each other^ the weight is equal to twice the 
powers dhninished in the ratio of the cosine of the angle 
of direction. 

42. Hence it appears, that the greater the angle of inclination 
between the direction of the weight and the power, the less is 
the effect produced ; this is m.Tnifcst, for if the angle of inclination 
increases to a quadrant or 90 degrees; then cos. a=0, and equa- 
tion (11), becomes 

wzzO; 

that is, whatever may be the magnitude of the power applied, it has 
no tendency to move the weight in the direction of gravity, its 
whole energy being expended directly on the fixed point or hook 
at 11 . 

If the angle of direction continues to increase, its eonsine 
becomes negative, in which case no equilibrium can obtain, for 
the force or power has then a tendency to urge the weight w in 
its own direction, instead of causing it to ascend in an opposite 
direction. 

If the angle of direction increases to a semicircle or 180 
degrees ; then cos. a is e(]ual to the radius considered negatively, in 
w hich case equation (11), becomes 

w=^2p; 

that is, the weight and the power act both in the same direction, 
tor the weight instead of ascending in opposition to the power, 
descends in the same direction writh a double intensity. 

If the angle of direction vanishes, then the parts of the sus- 
pending cord become parallel to one another, in which case, cos. a 
is equal to the radius taken affirmativclv; consequently, equation 
(11), becomes 

w=2p, 

agreeing with equation (2), as it obviously ought to do. 

Example 1. Wliat weight will be held in cquilibrio, by a power 
of 28 lbs., attached to a cord passing under a moveable pulley and 
over a fixed one, supposing the portions of the sustaining cord, to 
make with each other an angle >f 86 degrees? 
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In this example we have given 2/1=86®, or a=43^ and 
/I =28 lbs.; let these numbers be substituted for a and p in equa- 
tion ( 11)9 and it becomes 

«p=2 X 28 X cos. 43®, 

but the natural cosine of 43® is 0*73135; consequently, by sub- 
stitution, we get 

tp=56 X 0*73135=41 lbs., very nearly. 

If the cords sustaining the weight had been parallel to one 
another, as indicated by the foregoing inference, the value of w 
would have come out 56 lbs. instc/^ of 41, making a difference of 
15 lbs. in the result, produced by reason of the obliquity of the 
parts of the sustaining cords. 

Example 2. A weight of 112 lbs. is kept in equilibrlo, by a 
power as in the foregoing example ; what is the magnitude of the 
power, supposing the parts of the sustaining cord to be inclined to 
each other in an angle of 40 degrees ? 

Here we have given, 2/i=40°, or «=20®, and ?p=112lbs.; let 
these numbers be substituted for a and iv in equation (11), and it 
becomes 

2/iCos.20®=112, 

or l)y halving the equation, we get 
cos. 20® =56, 

but the natural cosine of 20® is, 0.9e3f)69; consequently, by sub- 
stitution and division, we get 

56 

^ ~ 0 • 9096}) ~ 

If the portions of the siistainiiig cord were parallel to one 
another, a power of SO-g- pounds would balance a weight of 119 lbs. 
being 7 lbs. more than the balanced weight; the difference in this 
case being small, on account of the acuteness of the angle of direc- 
tion, which in the present instance is only 20 degrees. 

Example 3. A power of 256 lbs. is found to balance a load of 
486 lbs. in a system arranged as in iig. 19; what is the magnitude 
of the angle, formed by the parts of the suspending cord ? 

In this example we have given, />=256, and M» = 486lbs.; let 
these numbers be substituted for p and tv in equation (11), and it 
becomes 

2 X 256 X cos. a = 486, 

let both sides of the equation be divided by 2 X256, and we get 
486 

cos. rt=^ =0.94922=nat cos. 18® 20^ LO"; 

(consequently, the angle made by Uie portions of the sustaining 
cord at the point of convergence below the moveable pulley, is 
18® 20' 15" X 2=36® 40' 30". 
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Of the stress on the supporting beam and also upon the 
several portions of the system. 

43. With regard to the stress or pull on the supporting beam at 
the points a and ii, it is manifestly equivalent to the sum of the 
weight and power, considered conjointly ; that is, 

hut the expression for the value of le, as found from equation 

(11), is 

w= 27 iCos. «; 

hence, by substitution, we get 

p= (2 cos. « + 1)^;. (;/) 

Now, ill the second example preceding, we have 7 £’=ll 2 lbs.; 
y?=:5J)^-lbs., and ^=20 degrees; consequently, by equation (o), 
we liave 

* rz=ll2+59J=zl741bs., 
or, by ecpiation (w), we obtain 
p = (2 X 0 . 939(>9 + 1 ) X 59i z= 1 7 J the same as above. 


But the respective portions of the strain or pressure, eoinmu- 
iiicated at the points a and h, are as below, viz. 


rrossiirc or strainl 
oil the point] 
on the point h. 


, is p=p+ (cos. 20°+ 1) X 59 
- p= ifc= cos. 20° X 59i 


\m, 

50, 


consequently, the total pressure on the beam=: 17 1 Mbs. 
the same as above. 


Section Fifth. 

OF A FIXED PULLEY AND SEVERAL MOVEABLE PULLEYS ACl'lNO 
OBLIQUELY TO ONE ANOTHER. 

44. Problem 8. To determine the conditions of equilihrinm^ or 
the relation that subsists between the pmver and the weighty 
in the case of one fibred and se^)eral moveable pulleys^ each 
moveable pulley having its own cord passing under it and 
fastened to a separate hook; the portions of the smtaining 
cords being supposed to act ohliqmly fo each other. 

The solution of this problem manifestly depends upon the prin- 
ciples unfolded in the solution of problems 5 and 7 ; for with the 
exception of the oblique cords, it is akin to the one, and by reason 
of that obliquity it becomes assimilated to the other; it is therefore 
evident, that its solution must combine the principles peculiar to 
them botli. 
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Let A, £, F and n, 20, represent the system of pulleys described 
in the problem, of which a is fixed, 
and £, F and g moveable, ascending 
and descending as determined by 
the weight and power ; tlie move- 
able pulleys having separate cords 
passing under them, and finally 
attached to the hooks n, c and d ; 

?(/ is the wciglit or resistance con- 
nected to the lowest pulley g, and 
j? is the power applied at the ex- 
tremity of the cord passing over 
the pulley a. 

Let 2 g, 2/j and 2c denote the 
angles made by the cords suspend- 
ing the moveable pulleys, viz. the 
angles aeh, efc and fgd respectively ; then, according to our nota- 
tion, rt, /j and c represent the halves of those angles; and if 
w' and denote the ])arts of the weight supported at the pnlle}'s 
G, F.mid k; then, by combining the principles of problems 5 and 7, 
wc obtain the following class of analogies, viz. 

p w " : : rad. : 2 cos. g, 
w" w' * I rad. : 2 cos. /y, 
w II rad. : 2 cos. c; 



w 


combining the analogies, we get 
pw"w \ v)'v}'w 1 1 rad^ : 2^ cos. u c,os. h cos. c, 
which, by casting out the common factor w"w\ gives 
p \ w\ \ rad^ ; 2’ cos. a cos. b cos. c ; 
consequently, by taking radius equal to unity, and the number 
of separate cords in the system, wc have by substitution 
p : ?6’ 1 1 1 ; 2"co8. a cos. h cos. c. 

This analogy corresponds to the system exhibited in the diagram, 
viz, that in which there are but three separate cords; but by our 
notation, n represents generally the number of separate c-ords in 
any system, and since there must be as many angles as there 
are separate cords in the arrangement, the general analogy will 
become 

JO : to 1 1 1 : 2"(cos. a cos. A cos. c . . . cos. m); 


which, by equating the products of the extreme and mean terms, 
gives 

to = 2*jo (cos. a cos. A cos. c . . . cos. 7i). (12) 

This equation implies, that 

If a power sttMain a weight in cquilibrio^ by menus of a 
system of pulleys where each moveable pulley heus its own 
cord attached to a separate hook; the power is to the weighty 
as radius to the cmitinued product of the cosines of half 
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the angles made by the portions of the sustaining cords^ 
into that power of 2, whose exponent is denoted hy the 
number of moveable jmlleys^ or by the number of separate 
cords in the system. 

Hence we infer, that whatever majr be the intensity of the power 
at any term of the series, that intensity will be doubled at the next 
succeeding term, except in so much as it is reduced, by drawing it 
into the cosine of half the angle, made by the portions of the 
sustaining cord at that term. 

Example 1. In a system of pulleys arranged as in fig. 20; what 
weight will be sustained in equilibrio by a power of 84 pounds, 
supposing that there are 5 separate cords iu the system, and that 
rhe angles formed by the portions of e:u*h, beginning with that on 
which the powder acts, are respectively 88°, 82°, 70°, 70° and 04° ? 

In this example we have given, w=5; /> = 84; «=44°; A=41°; 
r=38'’; and e=32°; let these numbers be respectively 

substituted for their nqiresentativcs in equation (12), and w'e g(‘t 

• 7e=2^ X 84 X (cos. 44*^ cos. 41° cos, 38° cos. 35° cos. 32° ): 

here, however, tlie operation will be more easily performed by 
logaritlnns, on account of the number of factors to be inidt.iplied, 
and the nunibcr of decimal fractions that unavoidably enter the 
process. 

2° log. 1.5051.50 

84 log. 1.924279 

44° log. cos. 9 . 850934 

41° log. cos. 9-877780 

38° log. cos. 9-890532 

3.5° log. cos. 9. 91. ‘1305 

32° log. cos. 9-928^120 

natural number = 798 • 84 log. 2 - 902400 

Hence it appears, that in a system of pulleys, such as tin; example 
describes, a force of 84 lbs. will balance a weight or resistanc.*c of 
798 -84 lbs. which is at the rate of 9i lbs. to 1. 

. ExAMPr.E 2. In a system of pulleys arranged as in fig. 20; what 
power will be sufficient to balance a weight of 784 lbs. suspended 
from the centre of the low'est jjulley, the number of moveable 
pulleys being 4, and the angles formed by the parts of their sus- 
pending cords being respectively 135, 120, 90 and 00 degrees? 

Here w^e have given, wz=4; ?f;=784; .•* -“t>7°30'; /> = 00 ; ^=4.5°, 
.and //=30°; let these numbers be sub. tvtuted tor their repre- 
sentatives in equation (J2), and it becomes 

2 07°30' cos. 00° cos. 4.5° cos. -33°) = 784, 

or, dividing both sides of the tMiuation by 
2 *(cos. 67° 30' cos. 00° cos. 45° cos. -30°), 
we shall obtain 

/> = 784 X 0 - 0625(scc, 07° .‘My sec. 00° sec. 45° sec. 30°) ; 

R 
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hero and for the Fame reasoTi^ as stated in the preceding 

example, the oi)eration will be more easily performed by logarithms, 
in the following manner. 

0.0(1-25 log. 8-795880 

784 log. 2.894316 

67° 31/ log. see. 0.417160 

60° log. sec. 0.3010J30 

45° log. see. 0.1.50515 

30° log. see. 0.062469 

natural nnnil)or=418.2 log. 2.(j21370 

VVhenr ‘0 it appears, that in a system of pulleys like that 
des( rill'd in the examjde, a force of 418*211)8. will he required to 
sii.'^lain in o(}uilil)rio a weight of 784 lbs., being something less 
than 2ll)s. of rcsistaneo to one pound of powen- a])pliod. 

15. If all the angles of inclination should vanish, the parts of 
tlh! cords become parallel, in which case equation (12), reduces to 

wz=2’*j», 

the same as cfiuation (6), 

and 'if all the angles are equal to one another, equation (12), 
reduces to the following form, viz. 

7r=27)C0S”a. (13) 

'V\m e(|iialion laMpiires to l)e illustrated by the resolution of two 
or three num(M*ical exam])les, as follows. 

l AAiMPLE 1. In a system of j)ulleys arranged as in fig. 20, where 
(*a(h pulley hangs by a separate cord, the weight is suspended 
from the ('enln* of the lowest pulley, and the power applied to a 
cord passing o\er tlu' (Ixed pulley a; now, supposing the number 
c»f niciveable ])idlcy6 to be 4, and the angle formed by the portions 
of the cords at. each ecjual to 90°; what weight will be sustained 
in c(juilibrio by a force ecjuivalcnt to .32 lbs.? 

In this example there are given //= 45°; 7/ = 4, and /7 = 32lbs.: 
let these numbers b<’ substituted for and in etiiiation (13), 
an<l it becomes 

70=2^ X. 32 cos 4.5°, 

the operation j)erfornied logarithniically, is as follows 

2 log. 0,301030 

4.5° log. cos. 9 . 849485 add 

sum=0. 150515 
4 

2*cos\ 15° log. 0.602(Hi0 

32 log. lJM).;y^50 

natural number =■ 1 28 log. 2 . 1 072 \ 0 

From which it apppar««, that in a system of pulleys, sneh as is 
described in the question, a force equivalent to -32 lbs. is snificient 
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to counterbalance a weight of 128lbs. being in the proportion 
of 4 to 1. • 

Since the natural cosine of 45® is equal to tliis example 
may be very readily performed without logarithms, thus, 

but the fourtli power of 2 is 16, and the fourth power of 
is ; consequently, we have 

tc;= 16 X ^ X 32= 128, the same as before. 

Exampi.e 2. Suppose the weight to be 128ll)s., and the number 
of moveable pulleys with the inclinations of their sustaining cords, 
the same as in the last example ; what power will be re(|uired to 
sustain the system at rest ? 

Hero also, we have /£=45‘'; w=4, and ?«/=l28; let these num- 
bers be substituted for r/, n and w in ec|uatiun (13), and it becomes 
2 ‘cos* 45®;i=l28, 
by division wo obtain 
- 1-2^^ 

^^“2^cos‘ 4^^ 

but we have shown above that 2* =16, and cos. ‘15‘^=j; hence 
we get 

1^>8 

/^=~=32lbs. 

4 

Example 3. The power, weight and inclination of the sus- 
taining cords, being as above; what is the number of se[)arate 
cords ? 

By substitution, equation (13) becomes 
2” cos" 45® =4, 

but by the nature of logarithms, we have 
/I • (log. 2+ log. cos. 45®) =log. 4, 
which by division gives 

„ = =4. 

log. 2 + log. cos. 45® 

O/ the a^sfgregate strain mi the several points of the svj}- 
porting beam, together with the 2 )rcssure on the several 
jjai'ts of the system. 

46. With respect to the aggregate strain, or pull on the scweral 
points of the supporting beam, it is obviously as in the other cases, 
equivalent to the weight and the pow‘ r taken ronjnintly; but in 
the present arrangement, by reason o* lie obliquity of the cords, 
the result must be reduced in the ratio of the continued product 
of the cosines of half the angles, made by the portions of the sus- 
taining cords at each of the moveable pulleys ; that is, 

p= (2"+ 1 ) (cos. a cos. h cos. t\ cos. n)p. (o) 

Now, in the second example to equation (12), the weight is 
7Kllbs. the power 4l8-2lbs. and 7i=4, the angles of inclination 
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being respectively as there specified; consequently, we have by 
equation (o), the aggregate pressure oh the beam as below, viz. 
p=418.2 X 17 cos. 67° 30' cos. 60° cos. 45° cos. 30°=833lbs. 

And the respective pressure on each. point of support, is as 
follows, viz. 

The pressure on the 

point E is, cos. 67° 30' cos. 60° cos. 45° cos. 30°=392lbs., 

I) - r=2’*“'‘^/^ cos. 67° 30' cos. 60° cos. 45° cos. *30°= 196 — 

c - i»=2"”'*/>cos.67°30'eos.60°cos.45°cos.30°= 98 — 

n- i»=2""y>cos. 67°30'cos.60°cob.45°cos.30°= 49 — 

A - p= 2j» cos. 67° 30' cos. 60° cos. 45° cos. 30° = 98 — 

Then, by taking the sum of the several portions, we have ?= 833 lbs. 
for the aggregate, tlie same as before. 

In the second examine of equation (13), the weight is 128Ibs. 
and the reduced power is 8lbs.; hence the total strain on the 
(thiique beam, is 

p=12R+8=1361bs. 

but the general expression for the total pressure or strain on the 
beam in this case, is 

p=z(2"+l)pcos.**tf ; (p) 

consequently, by substituting the numerical values of //, p and a, 
we shall get 

r= (2^ + 1 ) X 32 X i = 130 lbs. the same as before. 

And moreover, for the respective portion of the strain trans- 
mitted to each point of suspension, we have as follows, viz. 

The pressure on the 

point £ is, p= 2“’^/; cos’* 45°=8X32x ^=64 pounds, 

u - p=2"" Y^cos" 45°=4X32X;J^=32 

c - P = 2’'~^/;cos'* 45°=2X32X .} = 1G , 

n - pzz'i"”'*/; cos" 45°= 1 X 32 X J = 8 

A - p= 2/; cos’* 45°=2X32X|=16 

Then, by taking the sum of these several) 7^. , - 

portiwchavcP . . . J = 136l)oun(lsf»r iho 

total pressure, the same as above. 

Conclusion. 

Such then is the theory (»f the pulley, and the several systems 
which we have investigated iiuolve the principles tliat apply to 
any other combinations whatever, and the general equations in tlieir 
present form, extend without exception or modification to every 
system in common use. Other arrangements and combinations of 
pullcyb might easily have been projiosed, but every particular 
respecting them, could be detennined from the llicory already 
exemplified, and conscipiently, since no new principle would be 
introduced by an extension of our enquiric?, wc have thus thought 
proper to bring them to a close. 
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INTRODUCTION. 

There are, properly speaking, three cases of the iiielined plane ; 
one in which the incumbent load is supported by a j)ower acting 
parallel to the plane; another in which the load is su])poi'ted by the 
j)ower acting parallel to the base of the plane ; and a third in whicrh 
the angle of traction as well as the angle of tlie plane’s inclination 
is loss than ninety degrees. Each of these cases we shall expound 
in the sec|uel. A body to be sustained in ecpiilibrinm upon the 
inclined plane must be .Tctcd on by three forces. Having defined 
these forces, and noticed two conditions which must be fulfilled in 
order that an equilibrium may obtain between these said forces, 
wo proceed to establish the general principle introduced in the 
first case, that 

When a tueight is sustained in equilibrium on an inclined 
qdane by a pmver acting in a direction parallel to the 
sloping face^ the magnitude of the pmver is to the weight 
of the body^ as the height of the plane is to its length. 

The several cases of analysis imjilied in this theorem lead to the 
resolution of four problems, which we have expressed by rules, and 
illnstrati?d by examples w'orked at length. 

Hut since it is necessary to find at times the angle of d<»clivity 
as well as the length or height of the plane, we |)roceed to show 
how this may be accomplished; and in the first example of tlic 
fourth problem we have given a ])ractical rule for determining the 
declivity, when the slojiing length and height of the plane are given. 
We have concluded this case by a geometrical construction which 
illustrates the relation that obtains between the power, the weight, 
and the reaction of the jdane, when the direction in which the 
powi'r acts is paralhd to the face of the ])Iane. This construction, 
which determines the magnitude of the force of pressure or the 
resistance of the plane, we have illu^'^ated by examples solved 
logarithmically. 

The next case unfolds the doctrine of equilibrium, when the 
power acts in a direction parallel to the base of the plane, in which 
as before, 

The magnitude of the sustaining power is to the weight 
of the inciunbent load^ as the height of the plane is to 
its base. 
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And here also, as in Ihe preerdiiig case, if any throe of these 
terms be given, the fourth is determined by one or other of the 
problems derived from the several cases of analysis implied in 
the e(|uation of oejuilihrium for this case, in which we have 
investigated the theorem which determines the inclination of the 
plane from having the magnitude of the sustaining i)ower and tlie 
weight of the incumbent body given. Considering that a graphical 
construction would assist in the illustration of this case, we have 
introduced the sixth figure and its accompanying details, from 
which we have drawn another rule for determining the magnitude 
of the force of pressure, or the resistance of the idanc when the 
magnitude of the sustaining power and the weight of the incumbent 
body are given, 'lliis rule is likewise illustrated by examples, 
which for their solution require simply a knowledge of the square 
root. 

We come now to the consideration of the general case, in which 
the angle of traction as well as the inclination of the plane may be 
any magnitude not exceeding ninety degrees. The demonstration 
of this case involves several elegant problems, which we have 
deprived of their analytical dress, and expressed in a practical rule 
by words sit length, accompanied by appro])riatc examples. 

We conqilete our investigation by a general example, showing 
how the value of each quantity may be found in terms of the rest, 
(as many of them as may be found necesstary,) directly from the 
])articular equation in which it occurs; or how, by a simple substi- 
tution, the value of any term may be obtained from one or another 
of the equations in which it does not originally appear, llie 
solution of this curious question divides itself into six cases, under 
the third of whi(;h we have verified our results by a geometrical 
construction exhibited in the seventh figure. In the sixth case it 
becmics necessary for its resolution to seek the aid of other prin- 
ciples than any of the preceding cases furnish ; but tlicse principles 
arc supplied from properties which the figure itself unfolds; and 
they lead to the same results to which our previous enquiries 
conducted us. 

Having thus established the theory of the inclined plane, con- 
sidered under all the circumstances of action in which the sustaining 
power can be applied, we have completed our undertaking by the 
addition of some select problems, the solution of which we have 
drawn out at full length for the purpose of enabling the reader to 
apply their appiY)priatc formulae to the solution of any particular 
cjuestion that may. occur in the course of his enquiries. 

These problems are resolved graphically, analytically, and nu- 
merically, by a process similar to that which we have pursued in all 
our previous enquiries upon this branch of mechanical science. 
We shall therefore content ourselves with believing that these 
miscellaneous problems give variety enough to the inclined plane 
to ciitltle our discussion of it to some credit for originality. We 
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may, however, notice partic'ularly, tlic method we have taken irf the 
geometrical construction of verifying our numerical calculations, 
and also the investigation of the {wohlcms assigned to a heavy body 
supported by two planes, when it is required to determine the 
relation between the weight of the body and the pressure on each 
plane, which unfolds son^e curious and interesting pai'ticulars 
analagous to properties that fell under our consideration in the 
Composition and llesolution of Forces. 

All stairs are inclined planes, so arc ladders, by which we ascend 
to the top of a house or a tree; but both these "are very steep 
pianos, the ascent on wliicli is by moans of steps or rounds. In a 
stair the stej)s are cut into horizontal and perpendicular sur- 
faces, to afford a linn footing; in a laddtT, the steps are round 
p‘u*ccs of tough wood, as ash or oak, to enable us by their cylin- 
dri('al iigure, to grasj) them more firmly with our hands, and 
dis(Migage our feet the more readily from the step as we <*liml> or 
coiue down. The shrouds of a ship are inclined planes, resembling 
ladders, and the ratlines are ihc steps by which the seamen mount 
aloft to their perilous duties in the yard-arm. In short, the spaces 
between edge and edge of the steps in a stair, between round and 
round in a ladder, and between ratline an(l ratline in a ship’s 
shrouds, are so many inclined planes, which we can step over, and 
pla(!e our bodies as the incumbent load u})on another plane which 
is horizontal. 

Railroads are generally level, but sometimes inclined, as when 
heavy loads are passing only in one direction ; and in some canals 
where locks could not be formed we meet with inclined planes, 
constructed for the purpose of facilitating the passiige of boats, 
moved on these planes by machinery, in which the capstan, the 
wheel and axle, or pulleys, are used as mechanical agents. 

'I'hcro is an elegance about the inclined plane, as about all the 
mechanical yiowcrs that fascinates by its utility. Witness the 
l)rewci’’s-men in London, discharging the contents of their large 
drays upon inclined planes, and then lowering the heavy butts 
into the cellars of the publicans. And see upon an inclined plane 
how a c!oiq)lc of men will remove from a cart a hogshead of sugar, 
or other merchandise, w'hic.h a dozen of labourers could not place 
perpendicularly n])on the ground. Indeed, these arc the precise 
situations in wlii(di no other mechanical ])Ower could so readily be 
applied. The beds of rivers present fine specimens of inclined 
planes ; and if any portion of these is c ibject to the action of the 
tides, wo can fancy the tw'o bodies of water to resemble a couple 
of w edges laiil over each other, so as to produce a dead level at 
the flood. Roads over hills present by their acclivities inclined 
planes, which are easy of asrfeiit, if they wind in a zig-zag form, 
but difficult if the line of direction goes over the summit as the 
crow flies, C’oachmen who liavc to descend steep roads, take 
the hill in time, and check the speed of their horses till tliey have 
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jrone over two thirds of the descent, when, with perfect safety, they 
increase the velocity to meet the opposing ground at the hottom, 
and keep the team to their collars till they have gained upon the 
next ascent, (lalileo could do no more. 

The observation we made respecting the lever, holds good in the 
inelined plane, for though it may not be mathematically correct to 
say, that the advantage gained by it, is as great as its length 
exceeds its ])erpendicular height;’* it is, nevertheless, scientifically 
true that when a plane is four times as long as it is high, a fourth 
part of the power necessary to lift a load perpendicularly to the 
summit of the plane, will roll it up the ascent; but then, the one- 
fourth power in rolling it, is four times as long in perfonning the 
work as the quadruple power would be in drawing it up the side 
of a wall, equal in height to the top of the plane. 

Hence the nearer an inclined plane slopes to the horizon, the 
less will be the strength necessary to roll a cask up its ascent, and 
the steeper the plane, the quicker will any body descend to its base. 
Majestic ships launched upon inclined planes, demonstrate the 
great utility of these planes. Here the plane is slightly inclincci, 
and. the power which would sustain the vessel in cquilibrio in 
the plane, (allowing the clFects of friction,) is e(]ual to the force 
with which she descends, which, allowing for the small elevation, is 
comparatively trifling. We are not at liberty, however, to confound 
the ])rinciplo8 of statics with dynamics, and unite the doctrine of 
eciuilibriuni with that of motion. 

All those devices known fis slips by which vessels are brought 
out of tile water for re])airs, in place of being floated into a dock 
that at low tide becomes dry, may be considereil as inclined 
planes — on these slips a vast carriage, constructed upon truck 
wlieels, and moveable as on a railroad, receives the vessel while 
afloat, and by means of a strong mechanical purchase, the carriage 
is drawn iq), carrying upon its bosom the ponderous loaxl. The 
chain of the mechanical power is attached solely to the can’iage 
upon which the vessel rests, so that her hull is npt exposed to any 
strain. It is even possible in one and the same tide to liaul up, 
inspect, and lower a large vessel of five hundred tons burden. 
The cradle, or carrijige, may be worked at the rate of two and 
a half feet per minute, by means of six men upon the purchase to 
every hundred tons. 



l;37 


OF THE INCLINED PLANE. 


Dvfiniiiom and conditions of vquilihrium. 

1. All pianos arc- either perjmuUmtnr^ horizontal^ or ohlique. 
The upright walls of a huilding present ns with the idea of planes 
that are said to be perpondieiilar to the horizon, and on all such 
planes, bodies will descend in the direction of gravity, with a force 
eiiuivalent to their whole weight, unless they arc prevented from 
descending by an opposite force of ecpial inten- j, 

sity; thus, for instance, the body m fig. 1, which ^ 

is supposed to be ])la(;cd in contact with the 
upright plane au, will descend in the direction 
of gravity, with a force or intensity equal to its 
own weight, if it he not prevented by the power 
]» of equal intensity, acting over the pulley 
E, or otherwise sustaining it in the direction 

FD. 

In this case, the direction of gravity coincides 
with the direction of force. 

The floor of a room, the surface of a billiard table, a bowling 
green, or a frozen lake?, conveys to us the t>, 

idea of a horizontal plane; which, if we r^-q 

indicate by the straight line ab fig. 2, we [ 3 . 1 

may pLace upon it the body m without any - j - 

fear of its further descent. 

Hi'rc it is manifest, that the nniss or body m presses on the 
j)1ane ah with a force equivalent to its own weight, and in Ihe. 
direction of gravity on; consequently, the direction oF gravity and 
the direction of pressure coincide, as in the case of the ])erpi*n- 
dicular plane, with regard to the direction of force; but in tin* 
present instance, the body is prevented from d('S(rending by 
reaction or resistance of the plane itself, without tlie intervention 
of any other force, and is therefore naturally in a sUite of rest 

The roof of a building, the side of a hill, or a sloping bank, 
may give us the idea of an oblique 
plane ; or if we elevate one end of the 
plane ab fig. 0, by putting a prop ac 
under it, while the other end u is suf- 
fered to rest on the horizontal level bc ; 
then, the plane in this position l)cing 
oblique to the horizon, is calleil the 
Inclined Plane. 

2. The Inclined Plane^ as a mechani- 
cal power, perforins its office by diminish- 
ing the weight of the incumbent load, 

s 
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which is moved wilh greater ease in consequence of the inclination. 
In this plane, tlie obliquity is measured by the angle aim', formed 
by the horizontal or base line nc, and the slope or length ail 
Here, the centre of gravity of the body rises with the plane, and in 
conse(|ueiice, its direction will become inclined to the direction 
of pnvssure in an angle doe, equal to the plane’s elevation. 

In this case however, it is manifest, that the plane ab does not 
supjxirt the whole weight of the body, part of it being transferred 
into the line on in the direction of gravity perpendicular to the 
hoi izon, and jiart of it into the line oe in the direction of pressure, 
pcrjH'iidicular to ah the plane on which the body rests; in which 
c.isi^ the body has a tendency to slide or roll down the plane, if 
not sustained by another force acting at its centre of gravity, with 
an intensity equal to the difference between the weight of the 
body, and the rea(*.tion of the plane, or the force soliciting the 
body in the direction of pressure. 

hVom this it appears, that in order to have a body sustained 
in e(]iulibrio on an inclined plane, it is necessary to consider it, as 
being ach'd on by tlu! Iliree following forces, viz. 

1'. The ptmer /i, ivhtvh^ nrlhtg at its centre of (*rainty^ 
resists its iendmey to slide or roll down the idane. 

‘J. The force of gravity, which urges the mass or body m 
in the direction on, perpendienlar to the horizon. 

8. The reaction, or the resistance of the plane in the direr- 
lionav^ opposite to the force of pressure, or perpendicular 
to the plane on which the body rests. 

Hefore we proceed to dcvelope the principles of the inclined 
fibine, it becomes necessary to premise the following conditions, 
wln(‘li must be fulfilled, in order that an equilibrium may obtain 
between the forces by wiiich the body is solicited. 

The first condition is, that 

'The ptnver p, which svjstains the body in erpiiUhrio, or 
that which pretwnts it from .sliding or rolling down the 
plane, must have its direction in a vertical plane passing 
through the centre of giuvily of the body. 

llie second condition is, that 
The reaction, or the resistance of the plane on vddeh the 
body rests, mast he wholly destroyed by the resultant of 
the other two forces. 

'^Fhese conditions being a<lmitted, the mechanical principles of the 
iuclinod plane, may be deduced in the following manner. 

Section First. 

U UKN THE nilllXTipN OF THE POWER IS PARALLEL TO THE PLANE. 

4. Let ABC fig. 4, represent a vertical seetioA of the inclined 
p lane, pa'^eiiig through a. the centre of gravity of I lie mass or 
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l)ody M, which is supposed to be sustained in oquilibrio, by means 
of a power p acting at tlie extremity of the cord yMo, ])assing over 
the fixed pulley ?«, touching the summit of the plane at a, and 
finally attached to cs, the centre of gravity of the incumbent mass or 
body M. 

From o, the centre of gravity 
of the bodji let fall the perj)en- Fig. 4. 

dicular (iw, cutting ab the face 
of the plane in the point n ; pro- 
duce c.n to meet the prolonga- 
tion of the height ac in the 
through R draw iin 
I ciA, and through u, 
of gravity of the body 
i\r 3 draw on parallel to ar and u 
meeting iin in the point n ; thmi 
is the figure acsdu a ])arallclo- 
grain, of which cai is the diago- 
nal. 

Now, if the diagonal rg in 
that direction, represent the re- 
action or resistance of the plane 
AH on the incumbent mass or 

body M, it is manifest, that the two other forces by which the l)ody 
is sustained in cquilibrio, will be respectively represented in magni- 
tude and direction, by t;A and go, the sides of the parallelogram, of 
which forces, the diagonal gr is the resultant. 

But it is a well known fact in the doctrine of mechanics, that 
lyiien one body acts upon ntwUier body by any kind of 
4 force wbateiH*r^ that farce exerted in a direction per^ 
pendindar to the awfare on which it acts. 

Conse<|uently, the force of pressure of the mass or body m on the 
plane ab, is exerted in the direction of the diagonal gr, which by con- 
struction is perpendicular to the face of the plane ; but the force of 

1 )ressure and the reaction of the plane ar<>, in the case of an equi- 
ibrium, equal to one another ; therefore, since tlie reaction of the 
plane, is represented in magnitude and direction by the diagonal rg, 
it follows, that the force of pressure is represented in magnitude and 
direction by gr, the diagonal of the parallelogram constructed on 
the lines ga and (io, which represent the magnitude and direction 
of the forces and ic, which with the * ’ i^tion of the plane sustain 
the body at rest 

Let 1C = the weight of the bodvs or its tendency to descend in the 
direction of gravity gd, 

7^=the magnitude of the power tending to sustain the body 
at rest upon the plane, or to urge it in the direction «a, 
r=the force of pressure on tlie plane in the point m, or the 
reaction of the plane in the direction rg. 


point R ; 
parallel t( 
the centre 
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Then the three forces /i, w and r, are respectively proportional 
to the three lines cm, gd and or, by which tney are represented ; 
that is, proportional to the two contiguous sides ga, gd and the 
diagonal gu of the parallelogram agdr; thus, 

p : to . • OA : GD, 

pi r ::ga iGRj 

w : r 1 1 GD : OR. 

Put on the angle arc or dor, the inclination of the plane to the 
horizon, or the inclination of the direction of gravity gd, 
to the direction of pressure gr, 

Z^=the angle agk, the inclination of the directiem of pressure 
GK, to the direction of the power ga, 

C2=the angle agd, the inclination of the direction of the 
power OA to the direction of gravity gd. 

Now, because the figure agdr is a parallelogram, the angle gud 
is equal to tlic angle agh, and the angles gdr and dga are supple- 
ments to each other; therefore, since an angle and its supplement 
have the same sine, and because the side dr is equal to ag, it is 
manifest, that the calculation may be wholly deduced from the 
triangle gdr, by considering that 

T/w sides of any plane triangle are to one another as the 
sines of their opposite angles. 

Consc(|ucntly, if instead of the lines ga, gd and gr, we substitute 
sin. d, sin. b and sin. c, the above analogies will become 
]} : wll sin . a : sin. /;, 

I r ll sin . a : sin. c, 
w : r ll sin. i : sin. c; 

or by making the products of the mean terms 'Cqual to the products* 
of the extremes, we shall obtain the following class of analogies, viz. 


?dsin.a= /isin./;. 

(«) 

rsin. d=/isin. r, 

(/>) 

rsin. A=fo sin. c, 

(f) 


nicse three equations involve the principles of equilibrium 
for the inclined })lanc, and the devclopcment of those principles, 
under various conditions, will become manifest from what follows. 

5. If both sides of the equation marked (a) be divided by sin. A, 
we shall obtain 

p = w sin. a coscc. b. (d) 

From which we infer, that if the Aveight w and the inclination 
of the plane are given, the power p varies as cosec. //, and must 
therefore be the least when cosec. b is the least ; that is, when the 
angle 6 is a right angle or 90 degrees, for it is well known 
from the principles got* Trigonometry, that the least value of 
the co.secant of an arc obtains, when the arc itself is equal to a 
quadrant. 
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^ Now, when the direction of the power, is inclined to the direc- 
tion of pressure in an angle of 90 degrees, it is obviously parallel 
to the plane on which the body rests, in which case sin.&= rad. or 
unity ; consequently, by substitution, equation («), becomes 

p=wsm.a. (e) 

But by Plane Trigonometry, we have 
AD : AC ! I rad. : sin. a, 

which, by equating the products of the extreme and mean terms 
becomes 

AB sin. AC rad., 

and this, by putting radius equal to unity, gives 

ABsin.«=Ac; (/) 

consequently, if both sides of this equation be divided by ah, wo 
shall obtain 

AC 

sin.a= — • 

AB ' 


Let this value of sin. a be substituted for it in equation (c), and 
it becomes 

W.AC 

«= > 

^ AB 


or multiplying both sides by ab, it is 

p.AB=:tV.AC. {/i) 

Put /=AB, the length of the declivity, or sloping face of the plane, 
/iz=AC, the rise or perpendicular height, 

/5=nc, the horizontal distance or biise. 

Then, if / and A be substituted for aji and At: in the equation 
marked (A), we shall obtain 

lp=:kw. (i) 

Prom this equation we infer, that when a weight is sustained in 
equilibrio on an inclined plane, by a power acting in a direction 
parallel to its slo])ing face 

T/ie magnUnde of the power^ is to the iveight of the hody^ 
as the height of the plane is to its length, 

TTence it is manifest, that of the length of the ])Iane, the height 
of the ])Iane, the power and the weigl't, any three being given, the 
fourth can easily be determined ; and ^be several cases of analysis 
implied in equation (/), arc as below, vi . 

1. Given A, / and /?, to find tr, 

2. Given A, / and tVy to find /y, 

• (k Given A, p and to find /, 

4. Given /, p and to fin^ A. 

And the mode of effecting these analysis, will become manifest 
from the resolution of tlie follow dug problems. 
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6. Proble^t 1. In the etpmtion lp=hu\ thci'e are givetiy A, I and 
p ; to find the value of w. 

Since tlie unknown or required quantity Wy is combined witli the 
height of the plane by the i)ro<!css of multiplication; it is cvideiH, 
that in onl(‘r to exj)ound its value, we must divide both sides of tlu* 
equation by its coefficient ; therefore, by division, we get 



And the practical rule afforded by this equation, is expressed in 
words at length as follows. 

11c;le. Multiply the magnitude of the sustaining powers 
by the lengthy or sUynng face of the plane ; theuy divide 
the product by the perpendicular height, for the magni- 
tude or lvalue of the weight required. 


Kxample 1. If a man can suspend a weight of loOlbs. acting i]i 
the direction of gravity; what weight w'ill he be able to sustain on a 
smooth ])lank <‘30 feet long, laid askqic from the top of a ])erpen- 
dic'.ular wall 20 feet in height, the line of traction, or the direc^tion 
in w'hich the man exerts his strength, being parallel to the face of 
the plank ? 


Here by the rule, we have 
150X30 




20 


^=225 lbs. 


Kxample 2. A powx»r equivalent to 738lbs. acting in a direction 
parallel to the face of a smooth inflexible inclined plane, is found 
sufficient to prevent the descent of a block of marble which is 
supportcil on the jilane; what is the weight of the block, supposing 
its perpendicular height to be 10 feet, and the length of its sloping 
face 48 feet ? 


Here by the rule, we have 
738X48 


«/; = - 


10 


-=2214lbs. 


Now, it has been found by experiment, that on an average, a 
cubic foot of sound white marble weighs 109 lbs.; therefore, if s 
represent the solidity of the block in cubic feet ; then we have 
2214 

^rzz- ^j-=13,V,, cubic feet. 


whi(ih is equivalent to a cubical block, of something more than 
2 feet 4^ inches in the side. 

7. Problem 2. In the equatimi Ip'zzhw, there are given, h, I and 
w ; to find the value of p. 

Here, the required quantity is combined by multiplication, with 
the length or sloping face of the plane; therefore, if both sides of 
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the o(jn{ition be divided by the coefficient of the unknown term, we 
shall have 


/tw 



And the practical rule w'hich this equation affords, is expressed 
in words at length, as follows. 

Rule. MuUipli/ the weight of the incumbent body hy the 
perpendicular height of the plane^ and divide the product 
by the length of its sloping face^ for the magnitude of the 
power sought. 

Example 1. Suppose the whole weight of a ship on the stocks 
is estimated at 400 tons; what power will be required to prevent 
lu!r from gliding off the laun(;h, when its head is elevated 3 feet, 
its whole length being 105 feet, and the direction of the power 
parallel to its jilane ? 

Here by the rule, we have 

100x3 ^ 

;,=-j^=lUtons, 

being equivalent to the effective power of about 170 men, exerting 
iheinselves at a dead pull. 

ICxAAiPLE * 2 , A weight equivalent to iiOOOOlbs. is sustained in 
equilibrio by a certain power, acting in a direction parallel to the 
sloping face, or length of a smooth inflexible inclined plane; what 
is the magnitude or intensity of the power, the height of the plane 
being 8 feet, and its length or sloping face 128 feet ? 

Here hy the rule, we have 


p=z 


20000 X 8 

i28 


= 1250 lbs.. 


or the sustiiining {lowcr, is to the weight sustained in the jiroportion 
*)f 1 to 10. 


8* IhiouLEM 3. In the equation //>=A?r, there arc given /i,/i and 
w ; to find the value of I, 

"riio unknown or required quantity is liere eombinoil hy multi- 
plication with the sustaining power; consequently, hy division, 
we have 

And the practical rule derived from this equation, may be expressed 
in words at length as follow's. 

IlrLE. Multiply the weight of the incumbent body hy the 
perpendicular height of the plane^ and divide the jrroduct 
by the magnitude of the siustaining pmvn' for the length of 
the sloping face of the plane required. 



144 


OF THE INCLINED PLANE. 


Example 1. If a power of 300 lbs. be found 'to sustain a weight 
of 9000 lbs. on the siirfaec of a smooth inflexible inclined plane, 
whose perpendicular height is 12 feet; what is the sloping length 
of the plane, the line of traction, or the direction in which the 
power acts being parallel thereto ? 

Here by the rule, we have 


/= 


9(500 X 12 


300 


=384 feet, 


which gives one foot of perpendicular elevatio for 32 feet of 
slo[)ing face. 

KxAMi»Lr. 2. On (he surface of a smooth inflexible inclined plane, 
whose perpendicular height is IS feet, a power equivalent to 9(50 lbs. 
is found to support a body whose weight is 15300 lbs. ; what is the 
length or sloping height of the plane ? 

Here by the rule, we have 
, 15300x18 


or very nearly 143i feet, whi<*h is equivalent to 7-97 feet of 
declivity to one foot of j)crpenilicular height 

9, Pkoulem 4. In the equation t])=:hw, there are g'/m/, /, p 
and w ; to find the 'value of A. 

The unknown or required term, is here connected by multij)!!- 
eatioii with the weight of the incumbent body; therefore, by 
division, we have 

hJp-. 

w 

And the practical rule which this equation affords, may be 
expressed in words at length as follows. 

lluLE. Multiply the length, or sloping face of the plane />?/ 
the inagnitude of the sustaining power, and divide the 
product try the weight of the incumbent body, for the per- 
pendicular height of the plane required. 

Example 1. A steam engine of 3 horses’ power, or (575 lbs.,* 
is found, when acting at full pressure, just sufficient to move a 
train of 16 waggons on the surface of a smooth inflexible inclined 


* In the quosticn, the engine is stated to be equivalent to the jiower of 
tlirce horses ; but the measure of a horse's ])Ower in its geii(»ral aeeeptation 
being merely an arbitrary a ml eonvciitional standard, derived from t].*e 
assumption of a certain weight lieing elevated to a given lieight in a given 
time, it ^aiinot be admitted in our present enquiry, for this reason, that no 
motion or velocity is implied, hut simply tlic commencement of motion. 
And we here conceive the oiFort of the engine to ])roduce motion in the 
train, as being equivalent to the direct energy of three strong horses, when 
exerted horizontally at a dead pull. 

Now, it has been ascertained by experiment, that the tractile power of a 
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plane of 600 feet in length ; what is the perpendicular height of 
the plane, supposing each waggon with its load to weigh 2^ tons, 
or 8060011)5.? 


Proceeding as the rule direct^ we get 


A 675 X 600 
89600 


=4-52 feeU 


being at the rate of one foot rise for 132*75 feet of declivity, a 
deviation from, the true level, of very little importance in a distance 
of 600 feet, giving an inclination of something less than 0° 26^ 


To find the angle of declivity. 

The angle of declivity is found by dividing the height of the 
plane by the length of its sloping face, for wc have shewn in the 
equation marked (^), that 

AC 

sin. n= — » 

AB 


which equation for the present example, gives 
sin. az=—^= *00753= nat. sin. 0° 26' very nearly. 


By the inference to equation (i), wc have shown, that when the 
direction of the power is parallel to the face of the plane, 

p : w ll h : If 

or by converting this analogy into an expression of ratio, we shall 
obtain 


p__li 

•>* 


(^) 


Hence it is manifest, that the angle of declivity can also be 
determined from the power and the weight alone, without having 
regard to the length and the perpendicular height of the plane ; 
for by equation {g)f it is 

h 


sin. «=-: 


(0 


and consequently, by equation (A), 


P 

8in.«= — 

Vf 


V) 

and this, by adopting the numbers of the question, gives 
675 




good horse, when moving at any velocity, is very accurately represented by 
the equation 

wlicre w denotiBs the maximum velocity unloaded, v any other velocity, and 
0 the load at the velocity v ; consequently, by taking ie=15, and vsso, 
wc obtain 

!6— 0)*=6751bs. 

T 
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which c()rres})on(is to tlic natural sine of 2G minutes, the same as 
was obtained from tlie length and iierpendicular height of the 
jilane. 

Kxampi.e 2. A power equivalent to a load of 2241bs., acting in 
a direction parallel to the sloping face of a smooth inflexible 
inclined plane, is found sufficient to sustain a load of 120 tons or 
20«S80()ll)s.; what is the perpendicular height of the plane, its 
sloping length being 1020 feet, what is the proportional elevation, 
and what is the angle of declivity? 

By the rule, the height of the plane is 
13.20 x224_, 

26a800 ” ■ 

consequently, the proportional rise, is 
^1^=1 200 feet, 

that is, an elevation of one foot in 1200 feet, 
and by equation (ff), we have 

-00080, 

‘ which corresponds to the natural sine of 2' 53", 
or, if we divide the power by the weight, it is 


10. This hitter method of assigning the angle of declivity, may 
often be usefully applied in the construction of inclined planes, 
when neitlier the length nor the height is given; thus for example. 

Example 3. A power of 12lhs. only, can be applied for the 
purpose of sustaining a load equivalent to 108ll)S, on the sloping 
surface of a smooth inflexible inclined plane; what must be tlie 
elevation of the jflane, that the power may just be sufficient to 
sustain the load ? 


It has been shewn in the ecpiation marked (/), that the sine of 
the angle of declivity, is eciuivalent to the quotient that arises when 
the sustaining power, is divided by the weight of the incumbent 
load ; consequently, by division, we have 




which corresponds to the natural sine of (i® 23'. 

Therefore, if an inclined phiiie be constructed in sucli a mannei, 
that its length is to its jierpcndicular height, as unity to the 
number .11111; tlien a power of 12 lbs. will be sufficient to sus- 
tain a load of 108lbs. 


11. ^eometriml and analytical demonstration of the relation 
subsisting between the jmver^ the tveight^ and the reaction of 
the jdancy when the power acts parallel to its face, 
nic subjoined diagram, will tend to illustrate the relation 
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that obtains between the power, the weight, and the reaction of 
the plane, for the ca^e which we have just considered, viz. when 
the direction in which the power acts is parallel to the face of 
the plane. 'Fhrough g, the 
centre of gravity* of the 
mass or body m, draw an 
perpendicular to ab the 
taee of the plane, which 
produce to meet the base 
Bc in the point r. 

Then, let cii represent 
the magnitude of pressure 
in the direction tsa, or the 0 -=^ 
reaction of the plane in the 
direction rg, and decom- 
pos(‘ the tbree gh, into its equivalent component forces gd and 
in the directions of the power and of gravity ; that is, in directions 
respectively parallel to the plane and perpendicular to the horizon ; 
then shall cm represent the magnitude of the power />, and (j//;, 
that of the mass m or weight tv, acting in the direction of gravity. 

Now, because (io, the direction of the power, is perpendicular to 
GR, the direction of pressure, and urv parallel to nci; it follows, 
that the triangle of eouilibrium, is similar to the triangle aiu;, 
the vertical section of the plane ; therefore, we have 
tvit : Giii: AC : bc, 
wG : Gu c ! AB : nc, 

or, by substituting the literal representatives of the respective 
terms, these analogies become 

p l V • m h l jSf 
tv : rill : 

from which, by equating the products of the extreme and mean 
terms, we obtain 

Ppzzhr (m) 

ftw=lr. (//) 

but by Plane IVigonometry, we have 
sill . a I /ill cos . a I />, 
racL I I ll cos . a I fl; 
from the first of these analogies, we get 
P=/iC0t 

and from the second, it is 
^=/co3.a. 

Let these values of p be respectively substituted for it in the 
equations (m) and (n), and they become 

r=p cot a. 



{o) 
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.The expressions which we have thus obtained for the value of 
the pressure, or the reaction of the plane, are also assignable from 
the general equations marked (b and c), by [putting sin. b equal to 
unity, and substituting cos. a for sin. c, to which in this ease it is 
manifestly equivalent But another, and an independent expres- 
sion for the value of r, can easily be found in terms of the power 
and the weight alone, without having regard to the dimensions and 
inclination of the plane; for since the triangle of equilibrium, 
or its equal drg is right angled, we have 

r=V«^— J»®» (?) 

which expression, when modified for logarithmic computation, 

becomes ^ 

r=^(w+p)(w—p). 

And the practical rule derived firom this expression may be 
enunciated in the following manner. 

Rule. Multiply the sum of the weight and power by theif 
difference^ and extract the square root of the product^ for 
' the magnitude of the force of pressure or the resistance 
of the plane. 

Example 1. A power equivalent to 281bs. acting in a direction 
parallel to the sloping face of an inclined plane, is found to balance 
or maintain at rest a load of 2240 lbs.; with what force does the load 
press upon the plane ? 

By the rule we have 

r=V(2240 + 28)(2240-28)=2239.821bs. 

In examples of this kind, however, especially when the numbers 
are large, the operation is somewhat more easily performed by 
logarithms, in the following manner. 

m;+jo= 2240+28=2268 log. 3.355643 

w-;;=2240 ~28=2212 log. 3.344785 

sum of the logs. G . 700428 

of 

Example 2. A load of 224 tons is sustained at rest upon the 
surface of a smooth inflexible inclined plane by a power equivalent 
to 2 tons acting parallel to the sloping face ; what is the magnitude 
of the force counteracted by the plane? 

Here, by operating according to the rule, w^e have 
(224 + 2) X (224-2) = 501 72 ; 
consequently, by extracting the square root, we get 
r= ^501^=223.09 tons. 
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The logarithmic performance is as follows. 

w+/i=224+2=226 log. 2.354108 

w-/>=224-2=222 log. 2.846353 

sum of the logs. 4. 700461 

Section Second. 

WHEN THE DIRECTION OF THE POWER IS PARALLEL TO THE BASE 
OF THE PLANE. 

12. Returning to the general expressions fcur the conditions of 
equilibrium, and dividing both sides of equation {b) by sin. 
we get 

r=p cosea a sin. c. (r) 

Therefore, if the magnitude of the power jo, and a the inclination 
of the plane are given, the pressure on the pAne varies as sin. r, 
and must therefore be a maximum when sin. c is a maximum ; that 
is, when c is a right angle or 90 degrees, for then sin. c is equal to 
the radius, which is manifestly the greatest sine that can be drawn 
in the circle, as is well known from the principles of Trigonometry. 

Now', when the angle which the direction of the power makes 
with the direction of gravity is a right an^le, the direction of the 
power is parallel to the base of the plane; in which case, the angle 
made by the direction of the power with the direction of pressure 
is equal to the complement of inc plane’s inclination; that is, 

8in.i=cos.a; 

consequently, by substitution, equation (a) becomes 

p=zw tan, a; (*■)• 

but by Plane Trigonometry, we have 
fl : /ill rad. : tan. a, 

or, by equating the products of the extreme and mean terms, we 
shall have 

i3taiEa=/i; (f) 

let both sides of tliis equation be divided by ft, and we shall obUun 

tan.a=-^-, (m) 

/”• 

and if this value of tan. a be substituted instead of it in equation (.v), 
we shall have 


/itv 



or multiplying both sides by ft, tlie denominator of the fraction, 
we obtain 

ftp = Aw. (v) 
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From this equation we infer, that when a weight is sustained in 
equilibrio on an inclined plane, by a power acting in a direction 
parallel to its base, 

The magnitude of the sustaining pawer^ is to the weight 
of the imniwibent load^ as the height of the plane is to 
its base. 


Hence, it is manifest that of the height of the plane, the base 
of the plane, the sustaining power and the incumbent load ; any 
three being given, the fourth can easily be found ; and the several 
cases of analysis implied in equation (v), are as follows. 


• 1. Given /^, h and pj to find w, 

2. Given j3, A and Wy to find py 

3. Given /?, p and tcf, to find A, 

4. Given /iy,p and Wy to find /3. 

And the mode of effecting these analyses, will become manifest 
from the resolutioi^of the following problems. 

la Problem 1. In the eqnatmt ^p=zhwy there are given, ft, A 
. and 2fy to find the value of w. 

Here, the unknown or required quantity, is combined with the 
perpendicular height of the plane by the process of multiplication ; 
consequently, by division, we have 



And the practical rule which this equation aifords, is expressed 
in words at length in the following manner. 

Rule. Multiply the base of the plane by the magnitude of 
the sustaining jtoweTy and divide the product by the per^ 

• pendicular height of the plane, for the magnitude of the 
incumbent load. 


Example 1. If a man can suspend 200 lbs. by the side of a per- 
pendicular wall 200 feet high; what weight will he be able to 
sustain on a smooth inflexible plank, laid aslope from the summit 
of the wall, to a point 45 feet distant from its bottom, supposing 
the direction in which he exerts liis power to lie parallel to the 
ground. 

Here by the rule we have 


w 


45x200 

20 


=450 lbs. 


If 4'30lbs., the magnitude of the incumbent load, be divided 
by 200lbs. the magnitude of the sustaining power, we shall have 
2'i-lbs. for the quotient; which implies, that the power and tlie 
load in this case, arc to one another as the numbers 1 and 2^; and 
moreover, the number 2;^ also indicates the cotangent of the plane’s 
elevation. 
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Example 2. A power equivalent to 1 1 2 lbs. acting in a direction 
parallel to the base of a smooth inflexible inclined plane, is found 
suflieient to sustain a body in a state of rest; what is fhe weight of 
the body, the perpendicular height of the plane being 8 feet, and 
its base being 174 feet ? 

Here, by operating according to the rule, we have 
174x112=19488, 
and by division, we obtain 

«,= 12^=6496 lbs. 

which gives the ratio of the power to the weight as 1 to 58, 

14. Pkohlem 2. In the equation there are givenj% h 

^ and 7^9 to find the value of p. 

’^riie unknown term in this case, being combined by multipli- 
cation with the b«ase of the ])lane, if we divide both sides of the 
equation by the coefficient of the required power, wc shall have 

hw 

And the practical rule derived from this equation, may be 
expressed in words as follows. 

Kule. Mnltiphf the perpendicular height of the plane hy 
the weight of the incumhent hody^ and divide the product 
by the base of the plane for the magnitude or intensity 
of the sustaining poiver. 

Example 1. What power being attached to the extremity of a 
rope, passing over a fixed pulley in the king post of a roof, will be 
able to sustain in equilibrio, a load of 708 lbs. upon the rafter, the 
s])an of the roof being 48 fcet> its rise 14 feet, and that part of 
the rope between tlie pulley and the load parallel to the joint ? 

Here, by operating according to the rule, we have 
14x768=10752, 

and dividing by 24 feet, half the span, we get 
y; = = 448 pounds. 

Example 2. Suppose the perpendicular height of a smooth 
inclined plane to^be 10 feet, and its base 110 feet; what power 
wdll be sufficient to sustain a load of 50000 lbs., the direction of the 
power being parallel to the base of the plane? 

Here by the rule we have 

p = — =45 U ,5flbs. 

15. Problem 3. In the equation (^p^hw^ there are given^ fi, p 
and Wf to find the value of h. 

I^et both sides of the equation be divided by t£f, the coefficient 
of the required term, and we shall have 
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And the practical rule afforded by this equation, may be 
expressed in words at length, as follows. 

lluLE. Multiply the magnitude of the sustaining power^ by 
the base of the plane^ and divide the product by the 
weight of the mcumhent body^ for the perpendicular 
height of the plane required. 

Example 1. A solid block of ntfirble, weighing tons or 
7840 lbs. is supported on a slide dr inclined plane, whose lower 
extremity rests upon the ground, at the distance of 36 feet from 
bottom of an upright wall, on the top of which, the upper extre- 
mity of the slide rests. Now, supposing the block to be sustained 
in e^uilibrio by means of a power equivalent to 450lbs. acting in 
a direction parallel to the ground; what is the perpendicular height 
of the wall on which the plane rests? 

Operating according to the rule, we get 
450 x 36 = 16200, 

«and dividing by 7840, the weight of the body, it is 
^ 16200 ^ 

*=Wo=**““*'*- 


Example 2. A power of 150 lbs. is employed to elevate a cask 
of gun-powder to the top of a fort, from the opposite side of a ditch 
42 feet wide ; what is the height of the for^ supposing the cask to 
weigh 2701bs. the power acting in a direction parallel to the 
horizon ? 


Here, by proceeding according to the rule, we get 
42x150=6300, 

and dividing by the weight of the cask, it gives 
. 6300 . 


16. Problem 4. In the equation ^e=.hw^ there are given^ h^p 
and Wj to find the value of /3. 

The unknown or required term in this case, is found connected 
by multiplication with the magnitude of the sustaining power; 
therefore, if both sides of the equation be divided by that coeffi- 
cient, we shall have 

, hw 

/5= 

P 

And the practical rule afforded by this equation, may be 
expressed in words at length in the following manner. 

Rule- Multiply the magfdtude of the incumbent body by 
the perpendicular hei^t of the plane^ and divide the pro^ 
duct by the magnitude of the sustaining potoer^ for the 
base of the plane required. 

Example 1. At what distance from the bottom of an upright 
wall 12 feet in height, must the lower end of an inclined plane or 
slide be placed, in order that a power equivalent to 3681bs. acting 
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in a direction paniihd t(» the horizon, may bo able to sustain a load 
of 5 tons, or 11*200 lbs, icbtiiig on the slide i' ^ 

Here, by the rule, we have 
1-2 X 11*200=134400, 


consc(jucntly, dividing by the sustaining power, we get 


d= 


134400 


iOS 


=3(54-78feet. 


ExAMiM.r. *2. Suppose tl)at a ])ower, cf|iiivalent to 2*25 lbs. acting 
in a direction parallel to tlie horizon, is found to sustain a load 
of OOOOOlhs. on an inclined plane, wliose perpendicular height 
is 125 feet; what is the length of the horizontal level, or base of 
the plane ? 

Operating according to the rule, wc have 
1 2.5 X 90000 = 1 1 250000 ; 
thcrefvjre, dividing by the sustaining power, it is 

/5= -— y^|^^^^=5000 feet, or *947 of a mile. 


PiionLE.^i 5. To find the angle of derlirif// of the plane. 

17. The angle of declivity of the plane, is found iro!!! t!ie 
division of the perpendicular height by the hnigth of the horizon:.!! 
base; for we have shown in equation (/<), that 

, h 
tan. f/=-i > 
n 


but by the inference to c(iuation {?’), it appears, that when the 
power acts in a direction parallel to the base of tlie plane, 

j) : wll h I fl : 

therefore, by converting this analogy into an C([uatioii of ratio, 
we get 


Hence, it is manifest, that the angle of declivity of tlie plane, 
can be determined from the niagnitiulc of the sustaining j)ower, 
and the w^eight of the incumbent bod\% without having regard 
to the <iiincnsions of the plane; fur In the equality of ratios, wo 
have from equations (n and w). 


tan. a=— • 
w 


(^) 


And the practical rule afforded by this equation, may be 
expressed in words, as follows. 

lifT.E. Divide, the magnitude of the sustaining power^ hij 
the weight of the innunhent hodt/^ and the (juotient will 
give the tangent of the jdanv^s indinnlion. 

u 
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Example 1. It is rrqiiinnl to construct an inclined plane such, 
that a ])o\vor, iiileiisity is equivalent to a pressure of S4ll>s. 

actin*? in a dliTclioii parallel to the base, shall be suHlcieut to 
sustain a load of JUi^lbs. upon the sloping surface ? 

Here, by the rule, we have 
84 

tan. «=-^=0. 10526, 

which corresponds to the natural tangent of G''0'32''. 

'riicreforc, if the base and the perpendicular lunght of the j)1anc 
he made to one anotlier in the ratio of 1 to 0.10526, the conditions 
of tlie (jiiestion will be found to succeed. 

Exami»lk 2. A load of 78 tons is required to be held in equilihrio 
on the surface of a smooth inidined plane, hy nu'ans of a j)ow<M’ 
of :31) tons, acting parallel to its biise; what is the inclination of 
tlie plane ? 

Proceeding according to the rule, wc h:ive 

tan. tf =3— =0.5, 

/o 

which corresponds to the natural tangent of 26® 36' 54 ". 

18. PnouLEM 6. 7o show the rehttion that ohtalas between the 
pnwei\ the weight and the pressure^ or the reaction of the platu\ 
in that vase^ where the dirveiion of the power is parallel /ri 
the hase^ or when, the base and perpendicular heiirht of the 
plane are respertivelt/ parallel to the base and perpendirntar 
of the triangle of equilibrium. 

Throiigli o, tlie centre of gra- Hg, 6. 

vity of the mass or body m, draw 
*\n perpendicular to au the face 
of the plants; jiroducc on to meet 
the prolongation (»f ac, the per- 
{leudicular height of tlie jilaiic in 
tlie jioint K. 

Again, through rs draw «d 
parallcd to nr, and vav parallel to 
AC the height of the plane or 
jiorpendiciilar to nr its has(», and 
throiigli n draw K7 c parallel to 
Dci or iw;; then is u\i the resultant 
of the two forces p and w», which 
are respectively reiiresented in 
inagnithde and direction by the straight lines cn and ow. 

Conseipientlv, the diagonal or represents the force of pressure 
in magnitude and direction, and lui is the reaction or resistance of 
the plane; hence it is manifest, that oiru, the triangle of cqui- 




OF TiIE IXCLISED PI.ANE. 


I > :> 

lil)riiiin, is similar to ach, the upright soction (»f llic* [>laiK*; 
fbrc, we have 

?ri^ : (ju n AC I AB, 
tea : (ill :i uc ; ab; 

or by substituting the literal representatives of the respective tonus, 
tlu»se analogies l)(H!oine> 

p ; r ; : A : /, 

w : r :: ^ ; 

wliich, by cijuating the products of the extreme and mean terms, 
become 

Ipzzhr, (v) 

/w=ftr; (:) 

but by l^lane Trigonometry, we liave 
sin. a : /ill rad. : /, 
cos. a : 1 1 rad. I /. 

'riierefoiv. Iiy putting radius (*(pial to unity, and eipiating tih* 
products oi tin' extreme and iin'an terms, 

I sin. (/ = A, 

I e(»S. 

from tin' iirst vif lln'so e(]uations, by n'ciproealing sin. (/, we shall 
obtain, 

^=A <*ose<*. r/, 

and from tho second, by reciprocating cos, //, it is 

/ = /^ SixH\ (U 

Let these two viduos of /, be respectively 'ud)s'iti’.t(‘d for it, in 
the euuaMous (// and ;■), and we shall obtain 

rzzyM'os. (/, (a) 

'r = ie cosect. a, (n) 

'Fhese expressions for the valine of r, are din*ived at oiu'e from 
the equations (h ainl r), and iliose ecpiatioiis ilow directly from 
r.?/;R, the triangle* of equilibrium; where c, the angle contained 
between the direction of the power, and thc^ direction of gravity is 
a right angle; and h, the angle (contained betwei'ii tin* diri'ction of 
the power and tin* direction of pressure, is equal to tin? comple- 
ment of the plaiKi’s elevation. 

Hut an independent expression for the value of r, can easily he 
olitained in terms of tlie sustaining power and the w'ciglit of the 
incumbent body; for by the property .»f the right angled triangle, 
W(? have 

GR*=G«e-+R?C‘; 

therefore, by substituting the literal values and extracting the 
s({uare root, w'c obtain 

(c) 

And the practical nil© derived from this eiiuation, may be 
expressed in words at l(*ngth, as follows. 
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Rui.e. To tlt(* sf/uare of the magnitude of the mstaining 
pmrer^ add the stiwire of the weight of the inaunhent 
bodi/<i and the stpun'e root of the st^m tvill give the mag^ 
nifuile of the force of pressure^ or the resistance of the 
plane. 

ExA'Min.E !. A power equivalent to 12Blbs. acting in a direction 
parall(*l to the base of an inclined plane, is found to balance a load 
of !>G4Glhs. upon its sloping surface; what resistance docs the 
I)lan(; op])osc to tlic loacl thus sustained, or in other words, what 
j)ressure does the load exert upon the jdane ? 

Operating as the rule directs, w’C have 

;r=l28 X128 = 16384 

=z 1)046 X 9646 = 93045316 
w/-+;>2=t);3()(>l700 

which, by extracting the square root, gives . 

T = I 7(To = 9646 . 85 lbs. 
being 0*85 lbs. more than the actual weight of the body. 

This increase in the magnitude of the force of pressure, above 
the weight of llic incuuil)eut body, arises from the tendency of the 
sustaining power to urg<^ the body down on the plane, in conse- 
quence of its oblique direc'tion ; but if the direction of the power 
had been elevated above the plane, as denoted by the dotted line 
OK, the force of pressure, instead of being increased by the action 
of the jjow'or, would have been diminished; for in that case, the 
tendency of the power, is to lift the body from the plane, and con- 
sequently, to abstract from the ])ressure, or from the magnitude 
of the force which urges the body in the direction of tlie dia- 
gonal Gii ; 

Hence it follows^ that whether the line of direction of the 
sustaming power, he elevated above, or depressed below 
the surface of the plane; if the a)tgles of traction^' he 
the same, an equal power will halance. an equal weight, 
hut the force of pressure on the plane, is less in the case 
of an elevated direction, than in the case of a depressed 
one- 

Example 2. A power equivalent to a pressure of 3 tons, acting 
in a direction parallel to tiie b.ise of an inclined plain*, is capable 
4)f suslaining a load of 4 tons on its sloping siirfn(*e; what is the 
force of pressure on the plane, or what resistance does it oppose to 
the incumbent body i 


• The (tv^fc of trnction, is tiu* nnglc! wliicli the direction of tlic power 
umkes witii the sloping surface of the pane. 
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Here, by the rule, wc have 
?r“z=4x4=lR 
7r=;3x3=_9 
W“+7r=‘25 

which, hy extracting the square root, gives 
r= v/SaizS tons, 

exeecding by a whole ton, the w^eight of the incumbent body. 
Seciton Thiud. 

WHEN THE DIRECTION OF THE POWER MAKES ANY ANGLE WITH THE 
FACE OF THE PLANE. 

20. We now come to the consideration of the general case, 
where the angle of traction, as well as the inclination of the plane 
mav be of any magnitude, not exceeding 90° 

The relation that subsists generally, between the mjignitude of 
the sustaining force, the weight of the incumbent body, and the 
reaction of the plane, or the force of pressure, has already been 
announced in the equations marked (^z, A and r) ; but to acieom- 
modate those expressions to the dimensions of Ihc^ plane, we must 
substitute for sin. zz, its value as exhibited in e([uation (,g), viz. the 
quantity and for cos. zz, the quantityj-^;, in which case, the equa- 
tions above alluded to become 

7/;'AC=A«*7isin. A, 
r-Ac=/>{Accos. A+ncsin. A}, i 
r*AB=?c{Ac cot. A+bc} ; j 
or, by substituting the literal values of ab, ac and bc, we get 
hw^lpmn, hj (n) 

/tr=p[/i cos, A+/3 sin. A}, (e) 

iri=w{h cot. A+/3). (f) 

These three equations involve the several ])avticulars rc'specting 
the sUtc of equilibrium on the inclined plane, and tlic method of 
apidying them, will become manifest from the resolution of the 
following problems. 

21. Problem 1. In the equation hwzzlp aiu. A, there are g/'/YV/, 
A, /, p and A, to find the value of zc, or the weight of the 
inemnhent hody. 

Here, wc have the unknown or required term, conm'ctcd hy the 
process of multiplication with the jM*rj)endicular height of the 
plane; therefore, if both sides of the qaation be di\idcd by. the 
jierpendicular height, we shall obtain 

• In the trimiglc orjuilibriuni own, we hiive lljc angle 
rug=180° — (iiGit'-j-Tt'Ro); lliat is, 

r=180° — (fl+A); consequently, sin czisiii. « cos. A -f- cos. a sin. ft, 

tliorefore, by substituting tliis value of sin. r in efjnatious (ft und c), we 
obtain 

r.AC“/?f AC cos. ft-b no sin. ft}, 
r.Arczw{AC cot. ft-f IJC}. 
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Ip sin. ?i 

“'= V- 


And the practical rule which this equation affords, may he 
expressed in words at length, in the following manner. 

lluLE. Maltijily together^ the mag^iUiide of the suspeiidmg 
pawer^ the sbunug length of the plime^ and the sine of 
the nngtey which the direction of the power makes with 
the direction of jyressure; then^ divide the product by the 
papendicular height of the plaue^ and the quotient will 
give the weight of the incumbent body. 


Exai\ipij5 1. The perpendicular height of an inclined plane 
is 18 feet, and its length, or slojnng height, 32 feet; what weight 
will be sustained in equilibrio by a power equivalent to 224 lbs., 
acting in a direction inclined to that of pressure, in an angle 
of 7<i^ 45'? 

lIcMV then, the natural sine of 7(>° 45' is *97338; therefore by 
proceedin.i: according to the rule, we have 

224 X 32 X . \)lim-mi7 . 1 8784, 

which being divided by 18, the perpendicular height of the plan4s 
gives 


r»977. 18784 
'//; = ^ 


387. 92 lbs. 


hiXAMPLK 2. The perp('ndicnlar height of an inclined plane i ’ 
120 feet, and its sloping length 240 feet; what weight will be 
balanced on its surface, by a power of 328lbs. acting in a din‘c tioii 
inclined to the direction of pressure, in an angle of 1 12*^ 50'? 

Here llie natural sine of 112° 56' is *92096; therefoni, by the 
rule, we have 

328 X 240 X .92096 = 72497.9712 ; 

(Consequently, dividing by the perpendicular height of the jdane, 
we have 


w 


72497*5)712 
~ 12(7 


= 604* 1 5 lbs. 


22. Piiojn.EM 2. In the equation hwzizlp sin. 5, there are given 
hy /, w and by to find the value of py or the magnitude of the 
sustaining power. 

In this cfise, the unknown or required term, is combined by 
multiplication, with the product of the length of the plane, into the 
sine of the angle which the direction of the power makes with 
the direction of pressure ; consequently, if both sides of the equa- 
tion be divided by that product, we shall have 

hw 

^“/sin. b 

From which expression, the following practical rule is easily 
derived. 
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Kule. Multiply tha perpefulictdar hcif^ht of the planc^ hy 
the weight of the ineumhcnt body ; then^ divide the pro- 
duct^ by the sloping length of the plune^ drawn into the 
sine of the angle which the direction of the pmuer makes 
with the direction of pressure^ and the quotient will give 
the magnitude of the sustaining jwwer. 

Exai\ii*le 1. The perpendicular height of an inclined plane 
is 2^ feet, and its sloping length 168 feet; wliat power will be 
required to balance a weight of 6888lbs., supposing the direction 
of the power, to make with the direction of pressure, an angle 
of 68” 50'; that is, when the direction of the power is depressed 
below the plane, in an angle of 26° 10'? Here the natural sine of 
68° 50' is .89752; 

therefore, by proceeding according to the rule, we have 
28X6888 zz 192864 
168X .89752=150.78.886, 


then, dividing the first of these products by the second, we get 


_1928(>4 _ 


1279 lbs. 


Example 2. The ])crpendicular height of an iiudincd ])Iano is 
100 yards, and its sloping length 790 yards; what j)owt*r will 1)0 
required to sustain a weiglit of 42 tons in equilibrio, the direction 
of the j)ower making with the direction r)f pressun*, an angh? of 
125' 80'; that is, when the direction of the power is elevated 
above the jilane in an angle of 85° 80'? 

Hero then, the natural sine of 125° 80', is .81112; therefore, 
according to the rule, we have 

100X42=4200, 

790 X. 81412=648. 15 hS 


then, dividing the first of these products by the second, we get 
4200 


In like manner may the other quantities, which are concerned 
in the composition of the equation marked {dd) ho determined: 
but since tlicir determination is of very little) practical utility, at 
any rate, of very rare occurrence, we prefer leaving it for exercise 
to the reader, and pass on to the resole" \‘n of the next problem. 

2;l. Problem 8. In the equation hr^ p {h. cos, h+p sin, />}, thef'e 
are given^t /3, A, p and A, to find the value of r, the magnitude 
of the force of press?ere, or the reaction of the plane. 

The unknown term in this instance, is combined with the per- 
pendicular height of the plane by the process of multiplic.ation ; 
conscqiKMitly, if both sides of the equation be divided by the height 
of the j)lanp, we shall obtain, 
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COS. /i+/3 sin. h ] 


And the the jirat tical rule which this e({uation affords, may be 
expressed in words at length, sis follows. 

lliJi.E. Mahtphj the perpendindnr height and base of the 
planv^ respect! reh/ hi/ the cosine and sine of the angle 
which the direction of the power makes with the direction 
of pressure; add the products; then^ multiply the sum 
hy the magnitude of the. sustaining poirer^ and divide hy 
the perpendicular height of the ptane^ for the magnitude 
af the force, of pressure, sought. 

Kxample 1. 'i'lio p(ir])endicular height of an inclined plane 
is 56 feet, its hase hi) feet, and the angle contained between the 
direction of tlio power, and tlio iliroctioii of pressure is 7*2° 
that is, the direction of the power is depressed helow the plane in 
an angle of 17° Jl.V; what is the magnitude of the force of pressure, 
or the reaction of the plane, the magnitude of the sustaining power 
being eijuivalent to 84 Ions ? 

Here, t!ic natural sine of 72° 25', is .05328, and the natural 
cosine, is . 00200 ; tlierefore, by proceeding according to the rule, 
we have 


5(5 X .30200 = 16.01704, 

GOx .05328= 65.77(53 2, 

sum of the prod acts = 82. 0033(5; consequently, we got 

82.(5033(5x84 , 

r= — =124.04 tons. 

5(j 


Example 2. The base of an inclined plane is 124 feet, its per- 
jiendicular height 52 feet, and tlic angle contained between the 
dir(*ction of tlie power and the direction of pressure is 100° 20'; 
that is, the direction of the power is elevated above the ])lane, in 
an angle of 10‘* 20'; what force will countcrhahince the reaction of 
tlie ])lniie, the magnitude of the sustaining power being equivalent 
lo a pressure of 312lbs.? 

Here, the natural sine and cosine of 100° 20', are respectividy 
.04361 .and .3'310(>; therefore, by proceeding as the rule directs, 
w'C have 


52 X -04361 =40-06772, 

124 X -33106= 41-05144, 

sum of the prodiicl.s=00- 1 1916 ; consequently, we get 
90-11016X312 

y= =540.7151bs. 

52 


24. Problem 4. In the equation Irzzw (h rot. h+fi)^ there are 
given^ /3, /i, w and to find the value of the. magnitude of 
the force of jiressurcy or the reaction of the plane. 
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The req\iired term in this case, is (‘ombined with I the sloping 
length of the plane; therefore, if both sides of the equation be 
divided by that length, we shall have 


r=“(// cot b + i ^). 


And the practical rule which this equation aifords, may be 
expressed in w'ords at length, in the following manner. 


JlirLE. Mnittpit/ the perpemtiruhtr height of the pUmc^ hp 
the cotangent of the angle which the direction of the 
power makes with the direction of pressure ; to the pro- 
duct add the horizontal base of the plane ; then^ multiply 
the sum by the iveight of the incumbent hodip and diride 
by the sloping length of the plane for the magnitude of 
the force of pre^ssure* 

Example 1. The perpendicular height of an inclined j)Iane is 
30 feet, its horl/ontal base is 40 feet, and its sloping length ,50 
feet; what force will countc?rbaL*ince the reaction of the ])lane, 
supjiosing the weight of the incumbent body to he 120 tons, and 
the angle which tlie direction of the j)ower makes with tin? 
direction of pressure 74° 12'; that is, having a depression of 
1.5« 48'? 


Here, the natural cotangent of 74^^ 12', is *28297; therefore, by 
operating according to the rule, we have 

3()x. 28297 = 8.4891, 
the base of the plane =40. 

l8.489r; 

consequentlv, by multiplication and division, we get 
48^891x120 

= 1 16*37384 tons. 

.50 


Example 2. The weight of the incumbent body, and the dimen- 
sions of the plane being the same as in the last cxaiu])le : what 
force will coimterbalance the reaction of the ])laiH% when tin* 
direction of the power makes with the direction of tlie pressure an 
angle of lorj° 48'; that is, Jiaving an elevation of 1;V' 48'? 

The natural cotangent of 105° 48', is -.28297; therefore, by 
operating as the rule direi^ts, we ha\e 


;)() X - * 28297 = - 8 . 489 1 , 
the base of the plane = ^0 


M*.51l9; 

therefore, by multijdication and flivision, we get 

31..5119X 120 ^ 

— = 7.5*()28o() tons. 


50 


romparing the results of these two examples with each oilier, 
it appears, that by merely ('hanging the direction of the sustaining 
power, from an angle of 15° 4tf of depression below the plane, to 

X 
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an anisic of liV^ (‘linatimi ahovo it; lliern arises a diirmnuv in 
tiio force of jircssiirc, or tlie reaction of tin* plane, of 
J U) . .‘{7:]84 — 75 • G2 n 5(> = 40 • 7 15-28 tons, 

l»cin^ Homotliin^ more than one third of the original weiglit of the 
incurnlaMit l) 0 (ly. 

‘25. l^ioHLKM. To shew in what manner the value of earh 
qnanflhj may he found in terms of the rest^ directly from 
the parUvular equation in which it occurs, 

I'Ik* cornputation of the various examples, having been per- 
formed ;ic(!ording to the rule deriv(‘(l from the formula a])j}ro- 
to the ilettirrnination of each term; we presume, that it 
will not he considered supcTlhioiis in this jdace, to show, in what; 
iTianner the? value of each (|iiantity, ii'.iy he found in tenns of the 
rest, dire<*tly from tin? i)articular cvpiaticm in which it o(?curs; or 
how, by a simple substitution, the value of any term, may be 
ohtaine(i from om; or other of the eipi.itions in which it does not 
originally apj)ear. I'or which purposi', we shall take the follow- 
ing gennuai 

l‘!xAMiM.r% Sup])os{‘ that the horizontal ba^e of a'smootJi inclined 
plane is Ifi fiM't, its ]U'r])endicular hei'dit 12 feet, and its sloping 
huigth 20 f(»ct: ;pid !‘'t the niagnitiule or intensity of tin* sustainin.; 
jiowi'r he equivalent to 72lhs., the inclination of its direiMion to tie* 
direi'tion of pn‘ssure 57' ‘Ki", or 1 \ I*' 2' 24"; the weight of the 
inc'iimhenl body being N2lbs., and the pressures on the plain* 
c(»rr(»s])on(ling to tin* acute and obtuse values of the povviT's direc- 
tion, 115-45 and G--5-75lbs.; find the value of each quantity in 
tenns of tlie rest, or in terms of as many of them as may he found 
nee<»i;.sary. 

Here tlnni, the numerical values of the several quantities com- 
posing the e(iiialious in the case of an equilibrium, are 
/i=l‘2; /z=20 ; 12 ; /#=II5.45 or (»;1.75, and 

hT or HI” 2' 24"; therefore, we have 


1. To find the raluc of w in terms of //, /, p and h. 

Let the niunerical values of the several given quanlitii*s, he 
substituted for them res|)cct.ively in equation (d) and it hecoineA 

I2»c=‘20 ;< 72 x sin. 57' 


hut sin. (18'^ 57' J3G"= .9:3; eonsequcntly, by substitution and divi- 
sion, w'e get 


w 


2{) <72 X .m 
■ 12 


= n2ii)s. 


If the length and base of the plane ha<l been given, instead of 
the h'ligth and perpendicular height, all other lliings remaining; 
then, by the property of the right aiighvl triangle, we should 
have 
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wliirli, by siibstitiitiini "ivos, 
iv^ /" — p'‘= Ip sin. A ; 

tlierefiiiv, by restoring the iHiiiierical values, we get 
12 M*=i>OX 7-2x0?), 
and by division, we have 
20x72x.9?3 

?r=- - = 112lbs., 

agreeing with the result obtained by the former process. 

2. To find ihe value of r, iu icrim of //, /, p and b, 

lleforring to tlic three equations marked (», k and r ), it so<m 
appears, that none of them in their ])resent form, iiivolvc's the given 
and required <juantities ; but the equation (i:) ean easily be 
nioditied, so as to afford the ro<|uired result; for by the proj>erty of 
the right angled triangle, we have 

/5=^A’-./r ; 

eonsetpieuUy, by substitution, we g(»t 
//;~y>{sin. /r‘±// cos. A|, 

ill whii'h e(|ualion, by substituting the numerical \ a lues ol’ tlu' 
several quantities, w'C shall obtain 

12/* = 72 (16 sin. 68° 57' ?wr± 12 eos. 68° 57' : 

but sin. 68° 57' :)6"z= .9;), and cos. 68° 57' ;K>"= .?):>962; 

therefore, by substitution ami division, we get 

72 ( 1 6 X . 9;5± 12 X . :3.‘>9{>2 , _ , . „ 

/’= — =r 1 1 j.4.i or bo. /51I)S. 

If the length and bn^^e of the ]»1auo had been givim, instead (;f 
I’u' length and perpt'udieular lieiglit, the value •»f /• ’voe.ld tl of |«i* 
iound by the eijuatiou marked (r); for by the property of llie 
right angled triangle, wo have 

= ; 

consequently, by substituting, and resti>ring the mnnerieal vahies, 
w e get 

20r “ I J2 1 1 6± 12 X cot. (;8 ' 57' :>{"] , 
but cot. 68° 57' :16"+ ; therefore, \ve‘ hav(* 

112{16±12x :)8466 

r= ;-r =115 -do or b-b /o, 

20 

corresponding to the resuh obtained above. 

26. The foregoing conclusions vcril.oJ by a geometrical con- 
struction, as follows. 

Let ABC, represent a vertical section of the inclimvl plane, 
passing through the centre of gravity of the mass or body ;m, and 
whose sides ab, ac and bc, are respectively equal to 2i), 12 and 
16 feet 

Through g, the centre of gravity of the body, draw cn pcrpcii- 
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dicular to ad, tlie sloping face of the plane, and at the point o, 
make the anfj[]e wm or i:ow, equal to the given angle 68” 57' J36", 
or 111° 24": from the point o on tlie line gd or ge, set off gd or 

GE, equal or proportional to the number 72, the measure of the 
sustaining force; then, through the points d and £ draw du and ef 
in the direction of gravity, or parallel to ac, the perpendicular 
heighi: of the plane, and meeting on produced in the points r 
and F. Again, through g, the centre of gravity of the body m, 
draw (./e parallel to ac, and through 
tlie points r and f, draw iwe, and -^'^§’•7. 

ivc, respectively parallel to gd and 
GE, meeting otv in the same point w\ 
then is uw the weight of the incum- 
Ixuit. body M, and gr and gf the 
force of pressure, or the reaction of 
the plane, corresponding to the angles 
D(ui and E(iU. 

Hiereforo, if g/c, gii and gf be 
taken in the compasses, and applied 
to the same scale on which the mag- g 
nitude of the power (sn or ge w^as 
measured, they w ill be found to indi- 
cate respectively as follows, viz. 

G?rz=112, 

GR =115.45, 

GF = 6»3.75; 

(jorresponding to the numbers previously obtained by the process 
of calculation. 



8. To Jind the value of y;, in terms of //, /, w and b. 

T-.et the numerical values of the several given quantities, be 
substituted instead of them in the equation marked (d), and it 
becomes 


20 X .93xy> = 12x 112; 
consequently, by division, we obtain 

1-^*^ -oil 


If the length and base of the plane had been given, instead of 
the length and perpendicular height; then, all other things remain- 
ing, we should have 

^ 20 X . 93 Xy?= 1 12^^20* -16^, 
for by the property of the right angled triangle, it is 

therefore, by division, w^e obtain 


P= 


1344 

18.6 


= 72 lbs. 


corresponding to the result by the former process. 
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4. To find the value of r, in terms of //, /, w and h. 


Rcfciriiig to the original equations (d, e and f), we find that 
none of them is composed of the given and required quantities, but 
at tlie same time, it is manifest, that the equation (f), can easily 
be modified so as to express the value of the required term ; for 
by the property of the right angled triangle, wc have 

consequently, by substitution, equation {Jf)j becomes 
trzztv (^ A cot. A); 

wherefore, by restoring the numerical values of the several terms, 
and calculating both for the acute and obtuse value of the angle A, 
we obtain 


2()r= 112 (16± 12 cot. 68° 57' flG"), 
but cot 68° 57' 36" =.38466; therefore, by substitution Jind divi- 
sion, we get 


112(16±12x .38466 
’'20 ' 


: 1 1 5 . 45 or 63 . 75 lbs. 


5. To find the value of h in terms of A, tp, I and p. 

Ily substituting the numerical values of the given (luantities in 
eciuation (/A/), wc get. 

20 X 72 X sin. A= 12 x 1 12 ; 
therefore, by division, wc obtain 


sin. A = 


1344 

1440 


= .93, 


wdiich corresponds to the natural sine of 68° 57' 36", or to the 
natural sine of its supplement 1 1 1° 2' 24". 

6. To find the value of r, in terms of w and. A- 
The resolution of the case now proposed, is obviously more dif- 
ficult than any of the preceding cases, 
for none of the original equations 
involve directly the given and re- 
quired quantities; it therefore becomes 
necessary to seek the aid of other 
principles, and to supply the deficient 
data from properties which the figure 
itself unfolds. 

Referring therefore, to the pre- 
ceding diagram it is manifest,^ that 
in the triangle of equilibrium Gfi;R or 
ciicF, there are given the two sides ^ 

GWj tv\i or Gfc;, w¥ and the angle qvlw 
or (5Fw; therefore, by Plane Trigo- 
nometry, we have 

Giv : sin. qvlw 1 1 : sin. iioh*, 

or taking the literal representatives, w^e have 
icr : sin. A 11 : sin. a ; 
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consequently the jingle ciWRi=180°— (a+A); hence we luivc 
sin. h : 7v :: sin. • »*j 

or by equating the products of the extreme and mean tcu ms, we 
shall obtain 

r sin. i=w sin. («+A), 

which, by division becomes 

fa sin. (a+/j) 

r= : — ) -• 

sin. o 

72 X . 08 

Ihit sin. a= — — =.60000, corresponding to 36° 52' 12": 

11a 


theroforo, by sulistituting, and restoring the numerical values of /j 
and Wf the above expression for the value of r becomes. 


Ijl2sii^l05°49'4^ 

sirL6^57'S6^' 


but sin. 10.j°40'48"=.9620cS, and sin. 68° .57' 36'= 
(piently, we have 


r=- 


I12x .96208 


.93 


= 115. 45 lbs. 


.93; 


conse- 


"riie result now determined corresponds to the acute value ( I’ ihf 
angle d, but for the obtuse value it is 

_mx sin. 147° 54' 36" 


but sill. 147°54'36"= and sin. Ur2'L>4"= .0:5; 

fonso(|ueiitly, we have 


II2x ..j;U25 


/;> 


lbs. 


27. Such, tlien, is the theory of the inclined plane, considered 
under jill the cireimistances of action in which the sustaining ])ow\'r 
can be applied; and the several eases, to which our eiujuiries bine 
been more especially directiid, arc 

1. When the direetiun of the power is parallel io the plane. 

2. When the direclion of the power is parallel to the base of 
the plane. 

When the direclion of the power makes any angle tvUh the 
plane^ either ascending or ilescending. 

And the equations which involve the conditions of equilibrium 
for each of these cases, a^^^ respectively as follows, viz. 

1 . hw^l]}, 

2 . htuzzf^p^ 

3. hw^lpAn.b, 

Where it must be kept in mind, that the symbol h in the last 
equation, universally denotes the angle of inclination between the 
direction of the sustaining power and the direction of pressure. 



OF THE INCLINED PLANE. 


1(17 


Section Foi-uth. 

MISCELLANEOUS PROIJI.E.MS UI»()N THE INCLINED PLANE, INCLUDING 
THE CASE OF A llEWY DODV SCPPOKTKD 15V TWO PLANES. 

^^l^ious iinporfant aiul interesting ^iractical examples may be 
pioj)osed to illustiiito tlie application ot the tlu»ory which w'c liave 
now laid ilow n ; hut we presume, that from what has calready heeu 
done, the intelligent and careful reader will find no <liffieulty in 
aj>plying the ajjjiropriato formula, to tlie solution of any particular 
c|uestion tfiat may occur to him in the course of his einpiirics. 

'riie following seh*et problems with their solutions are all that 
<*iin be <*onvoniontly given in this phure, witln>ut exceeding the 
ilinits wliicli we have assigned to this article; we shall therefore 
<'nde<:vv»iir to sum them up iii the shortest and most com})rehensive 
maimer ])ossiblo, as follows. 

I'K PiioDiacM 1. Upon an inclined plnnc^ ndmse per/tendirn/ar 
is h fcelj and elevation a dr^recs^ a weii^ht of w Ihs. is 
snstained in eijaiUhrh In/ a power of p llts. ar/in/( over a fixed 
pulleif^ at the distance of d feet from, the top of the plane; 
it is ret/aired to find the distance of w from the top of the 
plane^ when the vqniUbriim takes place f 

AMkmi the jiow'er acts in a direction parallel to the plane, or 
paralhd to the bas (3 of the plane, or in any other direction inclined 
to the ])laiie, ii])>vards or dowinvards in a constant angle ; it is inani- 
{est, (hat if an c(iuilihrium hetwooii the w^edght and the sustaining 
]>ower obtain at any one point of the plane, it will also olitain at 
any other point, liut W'hcii the pow'cr p acts upon a fix(»d pulley, 
as in the present instance, it is evident that the angle ixm varies at 
cv(ny point of the plane, and conseipumlly, (here can he but one 
point w'here the ccjuillhrium will hold, and tlie situation of that 
])articular point is determined by the following 

('oNSTuucTiov. • Dra w the straight 
line nc at jileasnre, Jind at the point c 
ere(*t the perpendicular a(’, making ac 
ecjiial to h the given height of the 
plane; at the point a, make tlie angle 
KA(’ equal to the complement of r/, tlie 
given ehnation; then is ahc a vertical 
section of the inclined jilanc. 

Produce ac to f, making ce and 
respectively equal or jiroportional to the 
power p and the weight ic; join nr, and 
through the point e draw eh parallel to 
UF, meeting j;c tin* base of llie plane in 
the point ii ; from c as a centre, with 
the distance ch, describe tlie arc iik 
iiiectiiig Ail the face of tlie plane in the 


Fig, 8. 
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point K, and join ck. Produce ca the height of the plane to the 
jHiint D, making ad equal to the distance of the fixed point from 
the top of the plane; then from the point d let fall the perpendicular 
D?i, cutting AH the face of the plane in the point g; then is o the 
position of the point, at which the given jiower will balance the 
given weight. Through g draw gr perpendicular to ab, and j)ro- 
duce im to meet nc the base of the plane in the point m, 

"I'licMi, in the right angled triangles wiDC and w/cw, the angle rm n 
is ecjual to the angle w/dc; and in the triangles a«c and akg, the 
angle (UJa is equal to the angle cra; therefore, the triangles c kij 
and dgr are similar to one another; hence we have 

KC : J5C \ \ I)G : DU, 

but by the construction we have 

KC : Hc \ : iv\ 

conse(|Ucntly, by eijuality of ratios, it is 

p I wllDG : DU. 

Ilonce we infer, that wlicn the weiglit is apjdied at the p(»int cj, 
found as abov<‘, the relation betvv(»en the siiles of llie triangh* D*ii{, 
is su(*h, as to produce an ecpiililmum b(‘tween the powtu* /; and the 
weight w. 

Now’, by the princijdes of nane 'J'riponometry, the value of lu', 
the base of the plane is 

/?=// col. a: 

consequently, the value of kc is 

//;> cot. a 

Kc--^ ; 

IV 

tluTcforo, in the triangle ukc, wc have given I he sides nc, kc, and 
the angle Kiu', to find the other angles ukc and ncK ; w hendbre, 
by Plane 'rrigonoinetry, we get 

KC : nc 1 1 sin. kbc : sin. bkc, 

which, by substituting the literal values, becomes 

//D cot. G . ^ . . . . , 

; it cot. a . . sin. a : sin. b ; 

w 

conseipiently, by making the product of the mean tenns ('qual lo 
the jiroduct of the extremes, wc obtain 

w sin.//=/>siiL /r, 

which corresponds with cipiation (a), hence, by division, we get 

sill, h z= -- sin. a ; (g ) 

V 

wliorefore, the value of the angle b is known. 
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Now, because of the similarity of the triangles kuc jind oun, the 
angle dgr is equal to the angle ckii, and gdii to kcb; therefore, 
because the angle agr is a right angle, we have 

sin. DGA : sin. gda r I da : ag, • 

which,* by substituting the literal values, becomes 

8in.(i— 90) : sin.(1B0 — g+A) -I rZ : ag ; 

therefore, by equating the products of the extreme and mean terms, 
wc shall obtain 


AG sin. (i— 90)=rfsin. (180— «+ A); 
but sin. (/>— 90) =cos. h taken positively, 
and sin.(180— tf+/y) = sin.(«+/^); 
consequently, by substitution and division, wc get 
_rfsin. («+/>) 

AG — » * 

COS. h 


(») 


And the prfictical rule which this equation affords, may be 
expressed in words at length as follows. 

Rule. To the an^le which the direction of the power makea 
with the direction of pressure^ add the angle of the planes 
deration ; then, nndtiplj/ the sine of the snm bj/ the 
iance of the fixed point from the summit of the plancy 
and divide the product hy the cosine of the angle^ which 
the direction of the power makes with the direction of 
pressure^ then the t/uofient will express the distance of the 
point where the weight acts from the summit or top 
of the plane. 

Example 1. Upon an inclined plane, whose perpendicular height 
is 45 feet, and elevation 16 degrees, a weight of 84 lbs. is sustiiined 
by a power of *l'2lbs. acting over a fixed pulley at the distance of 
26 feet above the summit of the plane ; at what distance from the 
top of the plane on the slant side is the weight applied in the case 
of an equilibrium ? 


Find the value of 6, the angle contained between th<; direction 
of the power and the direction of pressure, as indicated in equation 
(gg); that is 

. , 84 X sin. 16® 

sin. A = — 72355, 

32 


which corresponds to the natural sine of 46° 21'; consequently, 
we have 

the angle i=180°-46°21'=133» 39', 
and by the rule to equation (ii), wc have 
ia3° 39'+ 16°= 149“ 39'; 

but sin. 149° 39'= .50528^ and cos. 133° 39'= .69025, 
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therefore, by substitution, vre have 


‘26 X.. '>0528 . 1 


29. We have already shown the general mode of constnietion in 
the preceding figure, but in order to verify the result which we 
have just obtained, it will be found convenient in this place to 
repeat the process. 

Draw the straight line iuj at pleasure, and at the point c any- 
how assumed in the line «c, 
erect the perpendicular ac; then 
from a scale of ccjiial parts, set 
off CA equal to 45 feet, the given 
perpendicular height of the plane; 
at the point a in the line ac., 
make the angle jiac e(|ual to 
74°, the coui])lom(Mit of the 
plane’s el'.;vatioii; then is auc a 
vertical section of the inclined 
piano. 

l^roducc AC both ways to n 
and F, making ad equal to 26 
feet, iind CE, tF respectively 
equal, or proportional to the 
nuniliens iyj and wliieh num- 
bers, denote flie magnitude of 

the sustaining j)ower, and tin* weight of the incumbent body. 



.loin liF, and through the point e draw i:ii parallel to nr, meeting 
nc the base of the ])lane in the point ii ; from c as a centre with 
the distance ch, (h'seribe the arc iiic cutting ab the face of the 
plane in the point k ; join ck, and from d let tall the perpendicular 
D//, cutting ab the face of the plane in the i)oint a; then shall ag 
be the required distance, which being taken in the compasses and 
t*ipplicd to the proper scale will indicate 19 feet, the same as was 
found by the process of calculation. 

Kka-mcle 2. On an inclined plane whose slant height or length 
is 58 iWt, and elevation 20° 09', a weight of 50 tons, is sustained 
in C(juiIibrio by a j)ower of 22 tons acting at a fixed point 19 feet 
distant from thti summit of the plane; at what point on the siirlace 
of the jjlane is the weight applied? 

Here by the equation (g), we have 


. , 53 X sin. 20° 00 

sni. 6 = 


z= .96062 


which corresponds to the natural sine of 52'; consequently, we 
shall have 
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the angle />= 18()°— 73 ® 5-2'= I (Hi® K, 
and by the rule to equation ( 11 ), we get 
1()(5« 8'+:>a® 30'= 120- 3K, 
but sin, 120° 3^= .77014 and cos. 10(i° 8'= .27787, 
. therefore, by substitution, we have 


AG = - 


Ox .77014 
.27787 


= 24.9 feet 


30. The truth of the above result may be verified l)y the fol- 
lowing geometrical construction. 

Draw the straight line bc of any convenient lengtii at ideasure, 
10 represent the horizontal 

base of the plane, and at i®. 

the point b in the line nc, d 

make the angle ahc equal 
to 2;l° 30', the given angle 
of elevation; from a scale 
of equal parts of any di- 
mensions whatever, set off 
BA equal to .58 feet, the 
given length or sloj)ing 
height of the plane; from 
the point a, let fall the 
perj)endioular ac, meeting 
the base bc in the point c; 
then is abc a vertical sec- 
tion of the inclined plane. 

Produce ac both ways to n and f, making ad equal to 9 feet, 
and CE and cr respectively equal, or ])roportional to the numbers 
22 and which numbers denote the magnitude of the sustaining 
])ow'er, and the weight of the incumbent body. 

Join BF, and through the point e draw eh parallel to bf, meeting 
BC the base of the plane in the point ii ; from c as a centre witli 
the distance cii, describe the arc iik cutting ab the faci^ of the 
])lanc in the point k ; join ck, and from d l(»t fall the per})endicular 
VH meeting ck produced in n; produce im to meet ab the face of 
the ])lanc in the point g ; then shall ao be the distance from the 
summit of the plane, of the point at which the weight is applied. 

If AG, be taken in the compasses, and applied to the same scale 
from wldch th(! lines ab and ad wer ' taken, it will be found to 
measure 2.5 feet very nearly, agreeing uidi the result obtained by 
calculation. 



OF TOO planes supporting THE SAME LOAD. 

31. Problem 2. A heaxry body is suj)j)orted by two planes of 
given elevations^ it is required to determine the relation 
between the weight of the hody^ and the pressure on each 
plane. 
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Before we proceed to the solution or investigation of this prob- 
lem, it becomes neccssiTry to remark, that, in order that a body 
solicited by no oilier force but gravit)^, may be supported in equi- 
librio between two inclined planes, it is requisite, that there shall 
be in the vertical line passing through its centre of gravity, at least 
one point, from which a perpendicular may be let fall on both tlie 
planers, and furthermore, it is absolutely necessary for the con- 
dition of an equilibrium, that those perpendiculars shall meet the 
])lane in the jioints of contact. 

Let represent a vertical section of the body passing through 
7 i and w/, the two jMiints at which it comes in contact with the 
jilanes on and An; tlicn it is manifest, that the forces by which 
the body is sustained in ccpiilibrio, are 

J. Its own weight urging it in the direction of gravity, 

2. 'rhe reaction of the plane on, and 

3. The reaction of the plane ab. 


And it is evident, that before an equilibrium can obtain, the 
weight of the body, or tlie force wliich solicits it in the direction of 
gravity, must be wholly destroyed or counteracted by the joint 
reaction of the planes on which it is sustained. 

At the points // and erect the perpendiculars wf and vif 
intersecting each other in the 

point F ; then, from f the H- 

point of intersection draw fk 

jierpendieular to tlui horizon j 

and passing through o, the A 

centre of gravity of the incum- » J | 

bent mass. Let the vortical few ^|| l 

line Fii, or any portion of it, ||||^ ^ ' 

represent the wi.'ight of the I |« | 

body, and resolve the force fii | 1 1 l|ljK I I I I 

into its e(|uivalent compo- ||^| M | | | |jj| 

nents fii, iiit repectivoly pa- ||||||illlllilii!i!!i;|illl!^ |!|| ||||| ■■ill 

rallel to the perpendiculars Jc 

FH and ¥m ; complete the 

parallelogram fiiiu, then shall its sides fii and ri respectively, 
represent the force of pressure on the planes db and ab. 

'l^hroiigh the jioinl. draw ?io piu*allel to ec, the horizontal base 
of the planes ; then sliall the sides of the triangle //«b, bo respec- 
tively perpenaieular to the sides of the triangle fkh, and conse- 
quently, these two triangles are similar to one another; hence, wc 
have 


FH : FR II HB : wo, 

FR : FI 1 1 wo : OB, 

which, by multiplying the corresponding terms, and casting out the 
coinmoii factors, gives 

FH : FI 1 1 WB : OB ; 
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but the sides wb aud ob, are to one another respectively as the 
sines of their opposite angles ; therefore, we have 
FH : FI : : sin. hob : sin. onu, 

but by reason of the parallels ec and 7/0, the angles tiob, orm are 
equal respectively to tne angles abc and dbe, the elevations of the 
planes ; tnerefore, by substitution, we get 

Fii : FI : : sin. abc : sin. dbe ; 
from which it appears, that 

JJT a heavj/ body be smtamed in equilibrio between two 
inclined planes^ the pressures on those planes are recipro- 
cally proportional to the sines of their elevation above tlce 
horizon. 

Let fc;=FR, the wdiole weight of the incumbent body, 
r=ri, the pressure on the plane ab, 
the pressure on die plane db, 
rt=Anc, the elevation of the plane ab, 
p=DHE, the elevation of the plane nn; 

then, we shall have 180°— «+^=zabd, the angle contained between 
the two inclined planes, ab and db. Consequently, by substituting 
the literal values of the several quantities in the preceding analogy, 
and eejuating the products of the extreme and mean terms, we 
obtain 

y sin. azr/sin. (p. (i) 

32. This equation, expresses the relation thtat subsists between 
the pressures on the planes and their respective elevations ; but to 
determine the relation that subsists between the weight of the 
body, and the respective pressures, we have the following ana- 
logies, viz. • • 

r' \w\ \ sin. a : sin. (180°— 
r \w\\ sin. f : sin, ( I80°— a+^), 
or by adding the corr esponding terms, and substituting sin. 
for sin. (180°— we shall have 

r+r : w : : sin. ri+sin. (p : sin. (a+<p)\ 
from which it appears, that 

If a heavy body he sustained in equilibrio between two 
inclined planes^ the sum of the vressures on the planes^ is 
to the tvhole iveight of the body as the sum of the sines 
of elevation^ is to the sim of inphnUtion of the j^lanes. 

By equating the product of the extreihe and mean terms, the 
above analogy gives the following equation, viz. 

(r+r') sin, (a+^)=te(sin. a+sin. p). (k) 

Or, because the angle mm^ is equal to the sum of the angles of 
elevation, we have by equation («), of the Composition of Forces, 
w = -^ 1 * 2 + r'2± 2rr'cos. (a+ p). (l) 
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And from either of these equations, any one of the quantities, 
may be determined in terms of the resl^ after the manner exhibited 
in the following problems. 

33. Problem 1. In the equation (r+r^) sin. (a^(p)::zw 
(sin. a+sin. (p)^ there are given^ r, r' a and p, to find the value 
of w. 


Let both sides of the equation be divided by (sin. a-f-sin. f),* 
and we shall have 

»=tt^lSi!?±£L. („) 

sin.«+8m. p ' ' 

34. Problem 2. In tlieequalion{r-\-T\sin.{aJ^(p)r=iw(mi.a^sin.<p) 
there are given^ r, w, a and to find the value of 

Hero, if we transpose the term rsiu. and divide by the 

coefficient of r'j we shall have 

r = — r. IN) 

sin. a+p) ' 

The expression for the value of the pressure r, determined in 
a similar manner, is 

w^(sin.«+sin.f)_ 
sin. (a-i-p) * 


35. Problem 3. In the equation (r+r ).WL(a+ jj) ) 

there are given, r, r', w and a, to find the value of <p. 

Let the expression sin. («+^) be expanded according to the 
principles of Trigonometry, and our equation becomes 

(sin. a cos. ?>+cos. a sin. p ) =Mr(sin. r/+sin. p), 
from which, by collecting the terms, we get 
{(/•+/) cos.«— V'} siii.p+(r-f-r ) sin.« cos. sin. a, 

or dividing both sides of the equation by sin. a, wc have 
{(r+r') cos.a— w;} cosec. « sin. p+(r+»’0 cos.p='i//; 
but cos.ri cosec. a = cot a; therefore, by substitution, we obtain 
{ cot «— w cosec. a} sin. 9+(r+^') cos. <p=zw; 
let all the terms of the equation be divided by (r+r'), and wc g(‘t 


cos. p+(cot 

but cos. p = Vi — shi.*p; consequently, by substitution, we have 


V I— siu.-p+{cot.n— (^;~)c08ec.a)sin.?>=(j;^,)* (p) 

From whi(*h equation, by substituting the numerical values of 
the several given quiintitics, the value of sin. p can easily be found. 

The expression for the value of the angle a, derived in a similar 
manner, is as follows, viz. 


Vl“siii."a+(cotp-(^:^)co8ec.p)Bin.a=(^;^)- (q) 
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As the foim of these equations is a little complicated, it may 
perhaps be useful to illustrate the method of reduction by the 
resolution of the following numerical example. 

Example. A body whose weight is ecpial to 74 tons, being 
sustained in equilibrio between the two inclined planes aii and nis, 
is found to transmit pressures on those planes equivalent to 44 aucl 
08 tons respectively; what is the elevation of the plane dij, that of 
All being 64 degrees ? 

Here w^e have given i/;=74; r=44; /=68, and «=64°; let these 
numbers be resjiectively substituted for their representatives in 
equation (p), and it becomes 

q7 

VT — sin.‘->+(cot. 64— cosec. 64) sin. 

but cot. 64°= -48773, and cosec. 64°=l- 1126; consequently, by 

substitution, we get 

-^1— sin.*f — -24738 sin. ^= -660705. 

Transposing the term -24738 sin. and squaring both sides of 
the equation, we get 

1 — sin.*f>= •06l2sin."^5+ *32689 sin. -43654; 
therefore, by collecting the terms, we obtain 
1 .0612 sin.*p+ -32689 sin. p= -.56346, 
and dividing all the terms by 1 -0612, we get 
sin.V+ *30804 sin. p= -58157. 

An adfected quadratic equation, which, being reduced, gives 
sin.f = -59075, which corresponds to the natural sine of 35** 33' 40". 


36. It is however manifest, that the same thing may be obtained 
directly, and much more simply from the triangles of eipiilibrium 
lu n and rfi; for we have elsewhere shown, that when a body is at 
rest upon the surfac?e of an inclined plane, the iingle of elevation 
of the plane is e(jual to the angle conbiined between the direction 
of pressure and the direction of gravity, and the same property 
holds in the case of two inclined planes ; consequently, we have 


r' : rll sin . a : sin. 

This corresponds to the original analogy, but since it excludes 
the weight of the incumbent body, it does not illustrate the use 
of the equations marked (p and q), in which the wciglit is an 
indispensable datum. 

"J'hc value of the angle or the elevation of the plane on, deter- 
mined in this manner, is as follows. 

rsii: ff 


sin. 


therefore, by substituting the numerical values of the several 
quantities, we shall have 

44 X. 89879 

sm. p= 7.^ = .58157, 

uo 


which correspontis to the natural sine of 35® Sty 40". 
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35. The following very curious and interesting property flows 
immediately from the equation marked (hh)^ and the same property 
has already been alluded to in the Composition of Forces^ equation 
(e)^ thus. 

If the angles a and the inclinations of the planes, are each 
equal to 60 degrees, then equation (kk) becomes 

(r+r') sm.2a=2ti;sin.a, 
hut by the Arithmetic of Sines, we have 
sin. 2a=2 sin. a cos. a ; 
therefore, by substitution, we obtain 
(r+>*') cos. 

but since a =60% cos. «=^; consequently, we get 
r+r'=2w. 

From which we infer, that 

If the angles of elevation of the planes he each 60 degrees^ 
the sum of the pressures on the jdanes will be equal to 
twice the weight of Ihe hody^ 

Various other particulars of a kindred nature to the above might 
have been added in this place ; but since they are in general more 
interestingly curious than really useful, we liave thought it better 
to omit them. 



5. OF THE SCREW. 


INTRODUCTION. 


Thk srvcw can hardly be called a simple machine, Iiccause it is 
never used without a lever or winch to move it home, and then it 
becomes an engine of amazing power and utility 9 in jiressing 
together substances that have little t‘ohesion, or in raising to short 
heights pondennis bodies. The smith, the carpenter, the printer, 
ami the packer all use screws in their ri'spective occupations. 
Rales of wool, cotton, liay, &c. may he comjin^ssed by means of a 
screw into packages, the specific gravity of which 
shall be much heavier than an equal volume of 
water. Such packages will then sink in thq 
ocean like a cannon-shot Moreover, many of 
our domestic operations are performed by means 
of presses or screws; as the making of sugar, 
oil and wine : ^ 


Fig.\. 


Cwcubiim et prwlo domitam Calemu 

nie screw possesses one great and decided 
advantage over the inclined plane, from which its 
principle of action may be said to he derived. 

'riic great attrition or friction whic'h takes place 
in the screw, is useful by retaining it in any state to which it has 
once been brought, and continuing the effect after the power is 
removed. It is thus the cabinet-maker’s crainj), the smith’s vice, 
and all these instruments, made by opticians, in which screws act, 
can with certainty and advantage be employed. 

Screws are made in various ways: some have sharp threads, 
some square, and others round thrcad.s. 'l"he first create most 
friction; and the others, by creatin."/ less, are employed in the 
construction of self-acting hinges, anci /ther mechanical inventions 
that raise weights with ease. And liicsc threads are differently 
formed, according to the materials of whicli they are made, or the 
use for which they are intended. The threads of wooden screws 
are generally angular, (as in figures 1 and 2) that they may thereby 
r(‘st u])on a broad base and have their strength increased to the 
utmost Small screws, of whatever material they are made, are 
generally angular also, not only for the same reason as the wooden 


Vig. 2 . 
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ones, but beeause tin* an^^ular lluvjul is the most easily made. 
The metal screws wliieli are used Ibr large presses, vices, cramps, 
&c. have gem^rally a sfpiarc thread, (as in figures 0 and 4,) a form 
which gives great steadiness of motion. A thread of which the 
sides are paraded, and the top and bottom a little rounded, is 
p(!rhaj)s the most perfect of all forms. 

In the common screw, to wdiich the preceding observations are 
exclijsivcdy a])plicable, the threads are one continued spiral from 
oii(‘ cud t(» the other; but where there are two or more separate 
s})ir;ils running up together, as iii the worm of a jac^k, or the 
principal screw of a eornmoii printing press, the descent of the screw 
in a, revol'.iti(»n will he ]>roportionably increased; and, (h(*retbre, 
wlijitever be the uinuher of spirals, they must, in calculating the 
|'iovv(‘r, he measured and reckoned as onii thread. 

We may contemplate the screw witJi iht* 
s(pMre threiid as a sort of winrling w(‘clge 
which has the sair.e ladation to tlie straight 
wedge that a road winding up a hill or tower 
has to a straight rf)a(l (d‘ the? same length and 
ac(Jivity. 'Fliis tliougiit is fiiily developed in 
the siihseipient definiti(»ns of the screw. 

’^ro cuiimerat<^ all the uses of the seriwv 
would be impossii>le; but we cainmt pass over 
its vast imporlaii(*(» in measuring <n* subdi- 
viding small spaces: when t!ms apiplied it is 
cmIKmI a fHfrr.i/tfi frr, wliir h lua;/ he made to 
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]>!ate, a portion of a 
r {be .. t.evv h'ss than the lifly- 
^ ii’c'lu This cnai>l«‘s the mathematical iusfrii- 

! *h' to mark ili\isi(»ns on their work with 

;i ria uriti y Cii'/iio (‘xtra<jniinai y. If we si!p])ose such 
piilljuu: icrv.anl a j)laL<^ of inelal, or ]ndling round 
tin? edge of a ciir lc, (ucr w hich a siiarp pointeil steed inarl<cr can 
li(i let down pcrpe:iu!'*',dar!y, always in the same place, the nrnd^(»r 
if let down onci* ho* cv(\y tnni of a screw having one hundrecl turns 
of its thread in thc» space of an imd), will make just as many line's 
on the plattJ as the screnv makes turns, hut if made to mark at 
every hundredth or a tiiou>andth of a turn of the screw', whiedi it 
will do with eepial accuracy, it may draw an hundred iiioiisand 
distinct lines in one ineli.'^ 

4'he use of the screw to raise* water in ihc manner invented by 
Archimedes, is a very re in-arkahle application of this engine, an<l 
appears' to iiave been the ('arlie\st pump which mariners emiployeel 
to bah^ water from the holds of their ships. Any sjiar e)r mast 
would form a cvliuder, round which a tube might he \ve)uiid in a 


Ann»t% Physics, vol. i. p. 17*.). 
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epiral form ; so as to raise the fluid from the hold of the vessel. 
But the same niac'hiiie will raise sand or any body that can pass 
within the tul)e. For if a screw thus formed be jdaced obliquely, 
so as to make witli tlie vortical, an angle equal to that which the 
spiral makt . with the lines parallel to the axis, there will be in 
each turn of the sj)iral a ])art {larallcl to the horizon, where, if a 
body were i)la<'ed, it would be at rest. If, then, the screw be 
turned, the body will ascend, because the j>nrt of the screw bcliind 
it becomes more indined than tlie part lad'on' it, that (ho body 
is urged forward and (*o)ise«|uently ascends. If the screw used in 
this manner, be turned with great ra])uliu, the body may ae(|uire 
a centrifugal force so great as to overcome its gravity, in which 
case it will descend.* 

. 'I’he coining engine which cemsists of a screw carrying pon- 
derous arms acts by a kind of pcM*c*ussion : the impulsion accumu- 
lated by the swing produces a stroke similar to the oonceiitratof of 
force; hut the violence' of the blow is softcMK'd, and the shock 
})artly consumed by the* ]irolongcd friction of the slanting grooves 
of the screw, ])y which the stamper a^lvaiices to the die. 

'Fhe ])rinciple of the (‘oiiditions of t'lpiilihnum for the screw is 
jirocisely the same as that already deinonstrate*! for the inclined 
plane, when the ])»)W(W is su[)posed to act in a direc'tion parallel to 
the base. And in the eoinposition of lh(» general e(|uati()n wliich 
involves these conditions, there arc? five diflerent (|uantit,i(*s engaged, 
one of wlueh is constant, and four variahhs consc([uenlIy the entire 
solution required the reduction of lour rr(uatioiis, which we have 
analyzed in as many problems. '^Fhe practical rule aH’ordt d by 
each ])rol)lem has been expressed in \iorii<, and further illustrated 
])y a cou])le of examples worked out at leiKih. 

Finally we have wound up this liicon'iii by circnmscrlhiiiir its 
four eases, so as to exhihii all tlc' var’clics ( t questions lli.'.t can 
he proposed res])ectiiig the screw, on the sujqiosition of its being 
an instrument combining the principles of (he lever ami those of tin 
inclined plane: and tins is the ob\ioiis cliar ict eristic of tlj(‘ simph* 
screw and its kindred nut. To cHect tliis we have siihstitulc'd 
numerical values for the given quantities in rarli c*asc of the 
original equation shewing that, any tliree of t!io. t* quantities l)eing 
given, tlie remaining one (tun always he found fn»ni the gtmeral 
equation alone, whic.h thcircforc involves every ci rein nstimee respect- 
ing the e(piilii)rium wdien the sitr'v.' is the instrument through 
w hose means the c([uilii)riuiii has been producc^l. 

The cndlesss crew comes next under our consideration. It is so 
(‘ullcd because it is cait on an axle which may bo turned perpetually 
without advancing or receding, while us a ])inioii it works in the 


* Playfair’s Outlines of Natural Pliilusuphy, vol. i. j». !)l. Tliird Edition. 
Also Dertiouilli Hydro. Sec. U §. 2G. Hcnnert sur la vis d’Archimede, 
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circumference of a .wheel which it moves round, and thus accom- 
plishes at once what would otherwise require the intervention of two 
or three wheels, and though it operates slowly, it has not probably 
more friction than any of the less simple combinations which might 
be employed to ('fleet the same object. It possesses the advantage 
too of moving a wheel with much more steadiness than a pinion, 
when the workmanship of both is of equal quality, lliis circum- 
stance is not so much regarded by mechanists as it ought to be, 
and therefore the endless screw is frequently unemployed in situa- 
tions where it would be very advantageous. 

Having established the equilibrated expression for the perpetual 
screw, we jiroceed to the complete analysis of the equation which 
involves six quantities to be determined, all of which may in their turn 
be considered variable, consequently six separate equations are re- 
quired to exhibit the solution in its full extent Each of these pro- 
blems affords a jiractical rule, which we have expressed in common 
languages and illustrated by a couple of examples, whose solutions are 
drawn out at length, and to accomodate the whole theory of the per- 
petual scr('w, considered in combination with tlie j)rinciples of the 
wheel and the axle to the ])lan pursued in the simjde screw, we have 
substituted the several given quantities for their repre^sentatives 
in the general equation, by which means a new equation is obtained, 
involving only one unkuow'ti letter combined with tbo numerical 
value of all the others. "Jlic six (‘qiiations derived from this 
process, concentrate the rules in a very neat manner; and give 
systematic uniformity to investigations, upon which we have spared 
no pains to render practically useful. 

'11)0 diflx'rential screw, invented by Hunter the surgeon, was 
first described in the 7lstvoLof the Philosophical Transactions, 
and all w'ritt'rs upon mechanics have introduced it into their lucu- 
brations. It is vastly superior as an inven- ^ 
tion to the screw of Archimedes. This 
apparatus as we have defined and explained, 
consists of two screws, one of which moves 
within the other, and luis one thread fewer 
an inch than the exterior screw in which it 
moves. Moreover the exterior screw is 
a hollow cylinder, the interior of which is 
a nut adapted to receive the fixed screw, 
while the exterior surface is an exterior 
screw working through a fixed nut. 

In the diagram before us u is the fixed 
screw which works in the hollow of s, 
whose exterior thread moves in the fixed 
nut N. We shall not anticipate any part . 
of our illustration in the text, if we I 
notice here that if the threads of two screws s and b were equal, 
their motions would not move the board d ; but if s had ‘20 threads 
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in an inch while n had 21, in one revolution € would be moved 
downwards through the 20th of an inch, and it would draw up the 
screw of an inch. 'Fbus the differential screw pro- 

duces an effect much superior to the common screw, for the latter 
must have 420 threads in an inch before it could produce an effect 
equal to the former, which would weaken it to such a degree, 
that it w ould be unable to resist any considerable force. 

The equation of equilibrium which we have established for the 
differential screw', implies that w'hen a power sustains a w'eight 
in cqiiilihrio, the powder is to the resistance as tlie difference 
between the distances of the threads of the two screws, to the cir- 
cumference of the circle described by the power. Four problems 
llowing from the equilibrated expression for the differential screw, 
exhibit every portion of its analysis, and the examples under each 
problem sufficiently illustrate the mode of their application. We 
conclude this su]}ject by shewing in what manner the tlicory may 
be abridged, so that if any three of the (|uantities in the equili- 
brated equation arc given together with the (‘onstant number, the 
value of the fourth quantity can easily be assigned. In conclusion 
wo have set before the reader in three equations of cciuilihrium, 
the whole theory of the simple the endless and the differential 
screw. 

In the lever wc hiive seen how a person of very little strength 
may by means of a simple machine overcome vast and ponderous 
resistances ; in the wdieel and axle, when converted into a turning- 
lathe, wo have proof of the w'orknian’s foot answering the purpose 
of a second pair of hands; the pulley has added to our knowledge 
in mechanics, by unfolding a now ])ower which enables a man, 
wdthout quitting his stand, to cdiange the direction of a weight that 
would otherwise have rc(iuired many men to remove ; and in the 
inclined plane, as a primary mechanical agent, w'c have wdtnessed the 
means of transmitting power and executing work wlioro the rude 
attempts of unassisted physical force would in vain have sought to 
triumph. But none of these instruments resembles the Armf», 
which is not merely an additional hand that seieiiec confers on tins 
workman who uses this appliance, for with a vfee he is omnipotent 
over the material he may be fashioning with ease, patieiuie, and 
skill; but it is a power ( 'cA:arc5yx«coi' ) superior to an hundred 
hands — 

6 yap avTE ftiji ov irarpt '•fuiyuty 

The cord, itself incapable of generating power, when wound 
round tan axle, may yet become the means of accumulrating force in 
a wondrous degree, as when a heavy w'cight is lifted and then 
allow'ed to fall upon the bead of a ])ile, which is thus driven far 
into the hard ground ; or, employed in the Couemtrator of Force, 
the cord firmly elucidates the acquisition and the transfer of 
impulsive energy; and combined with the wheel and axle in the 
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turning lathe aiicUits sliding rest, the cord enables us to aeeoni- 
plish tlie linest specimens of human art in wood, metal, ivory, or in 
clay, wdiether we consider the excellence of the workmanship oi 
the unlimiteil application to which we put the products of a 
turning-lathe. Moreover it is this same application of the lever 
and the cord which extends to the construction of a large part of 
our inachiiiery, — printing-y)resscs by steam, <?alico-printing from 
cylinders, (nnbossing calico and leatlior with w'hich to cover books 
or furniture, engraving copper-) dales by j)ressure; — in all of which 
wo use rollers which must be turned round by other circular appli- 
aii('(*b; and without attem))ting to enumerate the various )n*occsses 
in the useful and the fine arts in wdiich the lever, the wlieel and 
axle, and the pull<?y are concerned, we may affirm that there are 
many thousand w^ays in which the. combinations of tliosc three 
mecdianical ))owers are daily and hourly ein])loyed in enabling ns to 
exert to the greatest advantjige the fi>rccs w'e employ. 

With how much reason may Vvc aifirm of the sen'w, that its 
marvellous excellence may he best ap)jropriated in the universality 
of its ap})licatum as an additional hand to man, a great and powerful 
engine in numberless occupations in llic eviu-y day coiu'erns of the 
busy world, an instrument, when combined with the engraver's 
art. and the delicate mechanisms produced l)y wall hmak(»rs and 
engineers, stesidier far in adjusting mechanism than the nicest eyi* 
which over measured artificial (listaiices, eaj>ahle of aiding us in 
))aths of art yet unknown, and in operations loo delicate for human 
touch. 
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Dijiniiiom^ Illustratiom, and Conditions of Egnilibrinm. 


1, '^riie next mechanical power to which our attention has to be 
ilirected for the purpose of establishing the conditions of e<jui- 
lihriiiin, is 

Tm: ScijKw, an instrument of very fre(|iiont occurrence, and of 
very extensive applit*ation in the inech.niical arts, its vast power 
rciid('ring it more convenient than most other machines for tiu? 
generation of intense pressure, while the exlreine (‘(piahility and 
sTiiootlniess c»f its operation, added to the itnimnisc* difference 
between tlie \elocity of the threads and that of the handle or power, 
ailapls it in an eminent d(*gree to tlie admeasurement and suhdi- 
\ision of minute spaces, ‘-and in readin^n; o//‘from them.” 

The screw clUlsi^ts of a spiral threail or ridg(‘ of uniloriTi thick- 
ness, winding oldlipiely round a cylinder, and every where making 
the same angle with straight lines drawn upon its surface in a 
direction parallel to the axis; so that, if the surface of the cylinder 
wt're unfolded with this spiral thread upon it, there would be con- 
stituted a rec^tangular parallelogram, on which the devc*loi)ment of 
the sj)iral thread would trace out an inclined jdane, 

IVhose height wonUi be to its hase^ as the distance heftrecn 
two eonfi^noiis threads in the direct itni of the r/.r/.y, to the 
circumference of the u/findcr on which the thread is raised. 

Ihmce it appears, lliat tlie screw is simply a modification of the 
imdined plane, and under this point of view shall we cunsuh'r it in 
tlie following pages. 


‘J. Lot ^\BCD be a right cylinder surrounded by the spiral thread 
iniiKi.M &c., making «‘very where 


the 


same angle 


with the straight 


Fig. 5. 


lines AC and bij, which arc drawn 
])arallel to the axis of the cylinder. 

Draw BF and m: perpendicular 
to III), and coiieeivc the cylinder to 
roll forwaril between tlie parallels 
BF and i)E, until it h:is made a com- 
])lete revolution about its axis; tlieii M- 
will Bi) coincide with fe, and bf 
and i>E w ill each of them be equal 
to the circumference of the cylinder, 
of which BO is the height or axis ; 
ccmserpientlv, the plane bdf.f is the dcvclopcmcnt of the cylindric 



surface. 
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Through tho points i, l, n, p, r and t, draw the linos lo, l/t, n/ 
&c. rcsjieetivoly parallel to bf or de, and join do, lAr, id &c. ; then, 
because the spiral thread dhiklm &c. makes every where the same 
angle with the straight lines ac and »d, which arc draAVii parallel 
to the axis of the cylinder, it is manifest, that while the cylinder 
rolls forward from no to ef, the several convolutions of the spiral 
line will trace out the oblique lines dg, lA:, l/ &c., while the corre- 
sponding circumferences trace out the lines de, ig, \.k &c., as far 
as the number of times that the spiral thread surrounds tlie 
cylinder. 

Now, because tlic lines ec;, gA:, kl &c. arc equal to di, il, ln &c., 
the distiinces bctw'ecn the convolving portions of the spiral thread, 
it is obvious, that the evolution of the (ylindric surface generates 
a series of inclined planes, each satisfying the conditions of the 
preceding proportion ; and because the inclination of every part of 
the spiral line with respect to the base of the cylinder, is the same 
as the inclination of the several planes ; it follows, that the power 
which is necessary to sustain a weight or resistance on any portion 
as DHi of the spiral line, will also susUiin it on dge its corresponding 
plane. 

Now, as the cylinder tums round on its axis, each point of the 
spiral thread dih acts upon the resistance, with a force analagons 
to that which sustains a body on an inclined plane w^hen the power 
acts in a direction parallel to its base; but we have shown, in 
treating of the inclined plane in the foregoing article, that 

If a hodif he held hi eqmUhrio on an inclined plnncy hy 
means of a power acting in a direction parallel to the 
base of the plane^ the power is to the weight or resistance 
of the body^ as the height of the plane is to the length of 
its base. 

(k In the present instance, eg the height of the plane is equal 
to DI, the distance between two contiguous portions of the spiral 
line, while de, the base of the plane, is ecpial to the circumference 
of the cylinder abcd on which the thread is raised; hence we 
infer, that 

If a body is sustained on the spiral thread dhi, by means 
of a pmoer acting in a direction parallel to the base of 
the cylinder^ or in a direction perpendicular to the axisy 
the power is to the vmght or resistance of the body^ as 
the distance between two contiguous portions of the sjnral 
line is to the cirmtntference of the cylinder. 

Tills would manifestly be the case, supposing tho force to act 
close to tho surface of the cylinder, but when it acts at any other 
distance from the axis, its magnitude varies directly sis the radius 
of the cylinder, and inversely as the distance at which it acts. 
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Put y>=thc magnitude of the power which sustains the body at rest, 
w' = the weight of the body, 

t=G£, the height of the plane, or distance between two con- 
tiguous portions of the spiral, 

/3=de, the base of the plane, or circumference of the cylinaer 
on which the thread is raised, 
r=the radius of the cylinder, 

and R=zthe radius of the circle described by the power, or the 
distance from the axis of the cylinder at which the power 
is applied. 

Then, by the principles of the inclined plane, we have 
: m; : : 5 : /3, 

or by making the product of the mean terms equal to the product 
of the extremes, we get 

This equation h«as been obtained on the supposition that the 
power is ai)plied close to tlie circumference/ of the cylinder, or, 
which is the same thing, at the extremity of the rsidius r; but in 
order to adapt it to the case of the power acting at any otluw 
distance, we must substitute for p considered generally, its value 
2 tr, obtained in the following manner. 

The value of p as referred to the base of the plane de in the 
present instance, is obviously 

/3=2fl'r, 

where the circumference of a circle, whoso diann'tor 

is unity, and r the radius of the cylinder, or tlu‘ cireltj of whose 
circumference p is the assumed representative; but because the 
circumferences of circles are to one another as their radii, we 
have 

r : R 1 1 2irr : 2crR ; 

consequently, by substitution, we get 

* 0IC=2^^R/>, 

and finally, by introducing the numerical value of <r, it is 

cV;=fi. 28 .‘ 12 R/;. (//) 

^rhis eqimtion being independent of r the radius of the cylinder, 
it is manifest, that at whatever distanr*e fi'om the axis the weight 
or resistance may be a])plied, the sau j power w'ill maintain it at 
rest on the spiral line, provided that the distance between any tw^o 
contiguous portions rem.ains unaltered. 

The preceding equation, then, involves the conditions of equi- 
librium precisely as they are unfolded in the operations of the 
screw, to which instrument our present enquiries are more espe- 
cially directed, and to w’hich we shall now endeavour to apply 
them. 


2a 



or- Till-: s< Ri:\v. 




Skction Fjkst. 

OF THE SIMPLE SCREW. 

4. lM>r which jrurpose, let ns revert to our definition of the screw, 
where, in addition to the spiral thread winding about the convex 
surface of the cylinder in the manner already dc'seribed, wc? may 
conceive a corresponding groove to be cut on the concave surface 
of a hollow cylinder of the same diameter as the former, into \yhicli 
groove the protuberant spiral on the convex cylinder is admitted, 
and being turned by a power acting at the extremity of a lover 
as represented in the subjoined diagram, the operation of the screw 
becomes manifest. 

Let cn represent the convex c‘ylindcr whereon the spiral thread 
is raised which constitutes the jFig*. 6. 

screw, and defo the block or nu!, 
wherein is the hollow cylinder 
of the same diameter, having a 
corresponding groove on its con- 
cave surface, in which the spiral 
thread operates to produce the 
mechanical effect. 

The part of the figure uefg is 
a section of the nut, showing the 
manner in which the spiral thrcfid 
and groove come in contact with 
one another, and ac is tlie lever, 
at whose extremity the power is 
supposed to be apj)li(*(l, which acting in a direction perpendicular 
to the axis of the cylinder, opposes the resistance and maintains 
the equilibrium. 

Now, in order to (Explain the mode of action of th§ screw fitted 
as in the annexed diagram, we shall suppose the nut or block def*; 
to bo fixed, while the cylinder cn revolves about its axis, impelled 
by a power acting at the extremity of the lever ac, in a direction 
parallel to the base of the cylinder; then it is evident, from the 
nature of the contact exhibited in the section defg, that w'hen the 
power acting at a, the extremity of the lever ac, has made a com- 
plete revolution, the cylinder will have been elevated or depressed 
through a space equal to the distance between two contiguous 
portions of the spiral line, or threads of the screw, according to the 
direction in wdiich the cylinder is made to revolve ; consequently, in 
the case of an equilibrium. 

The power is to the resistance^ as the distance between 
two vontignom threads of the screw is to the circum- 
ference of the circle described by the power. 
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"riiis is the principle of equilibritiin in the screw, and is, as we have 
already shown, the very -same as that for the inclined plane when 
the power is supposed to act in a direction })arallel to its Iwise; 
the same principle is also implied in equation (a)^ which we proceed 
forthwith to exemplify. 

In the composition of the general equation, which involves the 
conditions of equilibrium for the screw, it is obvious, that there are 
five different quantities engaged, one of which is constant and four 
variable ; conse<|uently, the complete solution of the question 
reejuires the reduc^tion of four cquatio||s, and the manner of per- 
forming those reductions wall become manifest from the analysis of 
the following problems. 

5. Prorlem 1. In the c:i/;=6.2832r/>, titere are given^ 

c\ u and p ; to Jind the value of w. 

Here it is evident, that the required quantity, combined with one 
given quantity after the manner of multiplication, occupies one 
side of the general c(|uation ; but it is a principle in the theory 
of equations, that by whatever process the composition is effected, 
a procu'ss of a nature directly the reverse must he employed 
to accomplish the analysis; now, the composition indicates a pro- 
cess of multiplication; hence, the analysis must be efli?ctcd by 
division. 

''riicrefore, let both sides of the given equation bo divided by c, 
the coefficient of the required quantity, and we shall obtain 

w= (A) 

From whicli it appears, that if ii and p are given, the value of w 
varies inversely as tf, and is therefore the grciatest when I is the 
least, or infinite when ^ is nothing. 

llie pratitical rule afforded by equation {h) may be exi)rcssed as 
follows. 

Rule. Rlultiply the magnitwlc of the powtr by the distance 
from the axis of the cylinder at which it arts^ and again 
by the constant number (i . 2832 ; then divide the product 
by the distajice between two contiguous threads of the 
screw, and the quotient will gii c the magnitude of the 
tveight or resistance, which can be sustained in (*quilibrio 
by the action of the givm powet 

Examvle 1. What weight will a power equivalent to 44 lbs. 
acting at the extremity of a lever 20 iiuthes long, susbiiii in equi- 
librio, by means of a screw, in which the pitch,* or distance 
between the threads is of an inch ? 


* The distance between two contiguous threads 4)f the screw is sonictinies 
called tlic pitch, in order to adapt it to the teeth of wheels. 
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Here wc have given ^=^=0-125; u=20, and y>=44; con- 
sequently, by c({uation (A), or the rule derived from it, we liave 
6.2832x20x44 

w- =442a3.728lbs. 

0.12u 

Example 2. What pressure will be produced by means of a 
power, equivalent to 15611)8. acting at the extremity of a lever 
3 feet long, the pitch of the screw, or distance between two conti- 
guous threads being an inch ? 

By the rule we have 

6.2832 X 36 x 156 
= ;r-^ = 70572 . 9 lbs. 

O.o 


6. Prodlem 2. In the equation ^i£;=6.2832 r^i, there are given^ 

w and R ; to find the value of p. 

In this case, the required quantity is found in combination with 
the constant number 6.2832, and also with n, one of the given 
quantities ; consequently, the analysis will be effected, if both sides 
of the equation be divided by the product 6.28(32, thus 

hv . . 

^^~ 6 .!)h; 32 r ‘ 

Whence it appears, that if the lever and the weight are given, 
the value of the power p varies directly as the pitch of the screw. 

Hie practical rule attbrded by equation (c), may be expressed as 
follows. 

llcLE. Multiply the given weight by the pitch or distance 
between tivo contiguous threads of the screw^ and divide 
the product by 6.28*32 times the length of the lever^ for 
the magnihide of the power required. 

Example 1. What power acting at the distance of 24 inclu‘s 
from the axis of the cylinder, will be sufficient to sustain a wcigljt 
of 6000 lbs. supposing the pitch, or distance between two conti- 
guous threads of the screw to be of an inch ? 

Here we have given, rJzrf or z=0.75; r= 24, andto=6000; con- 
sequently, by equation (c), or the rule derived from it, we have 
_0.75x6000_„^ 

~ 24 X 6 . 2832 “ ® 

Example 2. What power acting at the extremity of a lever 
72 inches long, will produce a pressure of 226 19^ lbs., supposing 
the threads of the screw to be an inch asunder? 

Here, l»y the rule, we have 
22619-5 

^ ” 72 X 6 . 2832“ 

7. Problem 3. In the equation cw::zQ*^^2Bp^ there are given 
I, w and p ; to find the value of r. 

Here the required quantity is found in combination with the 
constant coefficient 6.2832, and also with one of the given 
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quantities ; consequently, the analysis will be performed by divid- 
ing both sides of the given equation by the product 6.!2832 in 
the following manner. 




(*0 


From this equation it appears, that if the resistance and the 
I)itch of the screw are given, the length of the lever varies inversely 
as the power; but if the power and the resistance or weight are 
given, the length of the lever varies directly as the pitch of the 
s(!rew. n 

'fhe practical rule afforded by equation (rf), may be expressed as 
follows. 


Rule. Multiply the ^iveii weighty hy the pitchy fjr distance 
between two contiguous threads of the screw^ and divide 
the product hy 6.2832 times the magnitude of the power; 
for the length of the lever^ or distance from the axis of 
the cylinder at which the power acts. 

Example 1. If a man acts upon the screw of a printing press, 
with a force equivalent to 150 lbs.; what must be the lengtli of the 
lever to produce a pressure of 4436 lbs. supposing the pitcii, or 
distance between two contiguous threads of the screw, to be half 
an inch ? 

Here w'e have given, Sz=J=0*5; ;>=:150, and w=4436; hence, 
by equation (d), or the rule derived from it, we have 


R = 


05 X 4436 
6.28;32X150 


=2.34 inches. 


Example 2. The screw of a vice has its pitch, or distance 
between the threads equal to one quarter of an inch ; what must 
be the length of the handle or lover, so that a man acting with a 
force equivalent to 98 lbs. may produce a pressure of 869811)8. 

By the rule, we have 


K 


0.25 x 8698 
"*6.2832 x 98 


=3* 5 inches. 


8. Problem 4. In the equation Stp=6.2832Rj!;, there are given 
p^ w and R ; to find the value of I . 

In this instance, the required quB?mty is simply comliined with 
the representative of the weigiit; hence, if both sides of the 
equation be divided by ic, we shall e 

(,) 

w ' ^ 

From this equation it is manifest, that if the power, and the 
distance at which it acts be given, the pitch of the screw, or the 
distance between the threads, varies inversely as the weight; but 
if the weight and the power be given, the variation of the pitch is 
directly as the length of the lever on which the power acts, and if 
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the wciglit and the l(;ngth of the lever be given, the variation of the 
pitch is directly as the power. 

ThG practical rule aflbrded by equation (£?), may be expressed as 
follows. 


Hulk. Mnllvphj together the pmver^ the length of the levttr 
on whieh the power ncts^ and the comtant number 
()• ‘28-32; then divide the product hy the given weight, 
pressure or resistance, and the quotient will give the 
pitch, or distance between two contiguous threads of the 
screia. 


Kx.\mi»le 1. A power equivalent to 324 lbs. acting at the extre- 
^ inity of a lever 5 feet in length, is found to balance a resistance of 
*212 tons, or 474880 lbs.; what is the pitch, or distance between 
the threads of the screw ? 

Here we have given, p=tl24; w=474880, and k = 6(); consc- 
({uently, by equation (e), or the rule derived from it, we have 
, 6.28.32x00 x 324 , 

‘=“ 4748^^0 = 0 - 2 o +, 


or something more than one quarter of an inch. 

Examule 2. A pressure of 900 tons, or 20 16000 tbs. is produced 
by a ]>ower equivalent to 864lbs. acting at the extremity of a lever 
72 inches long; what is tlic pitch, or distance between the threads 
of the screw ? 


Here by the rule, we have 
6-2^32 X 72 x864_ 

^10000 


or very nearly two-tenths of an inch. 

9. From these examples it appears, how imineusety the ])OW(U’ 
of tile screw is Jiugmcnted by decreasing the distance between the 
threads; for since the proportion between tlie ])()\vcr and the 
resistance, or the mechanical jefficacy of the screw, depends on the 
relation between the pitcdi and the circumference of the circle 
described by the power, it is manifest that the energy of tlie instru- 
ment may be increased or decreased at pleasure, by altering for 
that purpose, either the length of the lever on which the power 
acts, or the distiiiice between two contiguous threads of the screw: 
but in practice, it is necessary that the thread or spiral line of the 
screw should attain a certsiin strength, in order to withstand the 
pressure to which it is exposed ; for if it be made very small and 
fine, it will be torn off by the vast resistance in passing through 
the nut; it is therefore probable, that the pitches or distances 
between the threads, as derived from the preceding examples, are 
far too small for resisting the pressures specified in the questions ; 
but an inconsistency in this resjiect, has nothing to do with the 
accuracy or inaccuracy of theoretical principle, and it is evident, 
that (setting aside the «consideration of friction), the foregoing 
theory is rigorously correct 
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It is ibo provinro of the practical engineer, to adjust the thick- 
ness of the thread and the length of the lever to the^magnitude of 
the strain to be withstood, the analyst can do nothing more than 
establish the maxims for such adjustments, but the establishment 
of these maxims must be deferred, till we come to treat on the 
strength of materials. 

10. If, instead of instituting a separate equation for each case of 
the analysis, as we have done in the equations marked (ft), (r), (</) 
and (r),*we had substituted the given quantities for each casein the 
original eciuation marked (//), the theory wotdd have been greatly 
circninscribcd; for it is evident, that that equation alone, involves 
every circumstance respecting the equilibrium, when the screw is the 
instrument through whose means tho.cquilibrium has been produced. 

11. In order to illustrate this observation, let us iissume S=‘i 
inches, u=84 inches, /i=:28lb8. and ^c=r 7^189. 0402 lbs.; then it 
is manifest, that any three of these qucintities being given, the 
remaining one can always be found from the general equation (</), 
in the following manner. 

1. Given 5, R andp; to find the value of w. 

Lot the numerical vjilues of these letters be substituted for them 
in equation (a), and it becomes 

= 6 • 2832 X 84 X 28, 

dividing both sides of the equation by 2, wc get 
w=6-2832 x 84x 14= 7389.043211)8. 


2. Given R and w ; to find the value of p. 

Substitute the numerical values of these letters instead of them 
in eciualioii («), and it becomes 

6.2832 X 84 xp=2 x 7389.0432, 

divide both sides of this equation by the product 6.2832 x 84, and 
we get 

7389.0432 


3. Given p and w ; to find the value of r. 

Substitute the numbers corresj)onding to these letters in the 

general equation, and it becomes 

6.2K32 X 28 x r=2 x 7389-0432, 

let hotli sides of this equation be divided by 6.28J32 x 28, and it is 
7389.0432 ^ - , 

“=08$ixT4=®‘ 

4. Given p, r and w ; to find the value of o. 

Substitute the numerical values of the given letters, as in the 

preceding cases, and equation (a) becomes 

7389 . 04325=6.2832 x 84 x 28, 
divide both sides of the equation by 7389.0432, and it is 


7i}89-0432 
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These four cases, exhibit all the varieties of questions that can 
be proposed respecting the screw in the manner we have consi- 
dered It; that is, on the supposition of its being an instrument 
combining tlie principles of the lever and the inclined plane, which 
is the obvious characteristic of the simple screw and its kindred 
nut; but there is another arrangement of the screw of very fre- 

S uent occurrence in practice, and which is much more powerful 
lan the one we have considered, we mean the endless or jierpetmd 
screw ; which, instead of urging forward or pressing backward a 
nut as represented in the preceding diagi'am, is turned by a handle 
or winch, and has its spiral thread acting on the teeth of a wheel, 
round the axlc.of which the rope is wound that, elevates the weight 


Section Second. 

OF THE ENDLESS OR PERPETUAL SCREW. 

12. A combination of this kind is represented in the annexed 
figure, where it is evident that the mechanical efficacy of the screw', 
must be augmented in proportion to the number of teeth in the 
wheel on which it acts. 

In addition to the notation which we employed in establishing 
the theory of the simple screw, 

Let d=BD, the radius of the axle on which Fig. 7. 

the rope is coiled, 

D=BE, the radius of the wheel on 
which the screw acts, 
w=thc weight or resistance to be kept 
in equilibrio, 

and RzzAc, the radius of the circle de- 
scribed by the power, the same as 
in the case of the simple screw. 

Then by equation (b) we have seen, 
that the effect of the power p in maintain- 
ing the equilibrium on the screw, is ex- 
pressed by 

_ 6.2832r/? 

a » 

and llie same equation expresses the magnitude of the pow^r, 
which operates on the circumference of the wheel, as transmitted 
from the handle of the winch by means of the screws ; hut by the 
l)roperty of the wheel and axle elsewhere announced, we have 
- (>.28;32drd 

j/w=- 5 
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consequently, the equilibrated expression for the perpetual screw, 
or, as it is sometimes called, the endless screw, when combined 
with the wheel and axle, becomes 

d2w=6.2832DRjti. (f) 

This equation implies, that 

When a power sustains a weight in eguilibrio by means 
of a screiv in combination with the wheel and axle; the 
power is to the weighty as the pitchy or distance between 
the threads of the screiv drawn into the radius of the axle^ 
is to the circumference described by the power drawn into 
the radius of the whecL ^ 

The complete analysis of this equation is more extensive than 
that of equation (</), for the simple screw ; because, here there are 
six quantities to be determined, ail of wliich may, in their turn, be 
considered variable, and conse(]uently, six separate equations will 
be required to exhibit the solution in its full extent; and the 
method of obtaining these ecpiations will become manifest from the 
resolution of the following problems. 

13. Prorlem 5. In the equation d^w±:(>.2R32DR/> there are 
given, d, d, r and p, to find tlw value of w. 

Let w be disengaged from the quantities with whicL it is com- 
bined, by division, and we sluiil obtain 

d.2K32i)ii7> , . 

w= — r.,- (A') 


'rherefore the practical rule whicli this equation alfords is as 
follows. 


Rule. Multiply all together, the radius of the wheel, the 
radius of the circle desaibed by the power, the magnitude 
of the power, and the constant number 6.28^32; then 
divide the product by the radius of the axle drawn into 
the distance between the threads of the screiv, and the 
quotient will give the magnitude of the weight sought. 

Example 1 . What w'eight will be sustained in equilibrio by a 
power equivalent to iSBlbs. acting on a winch of 2 feet radius, the 
radius of the axle on which the rope is coiled being H inches, that 
of the wheel 12 inches, and the pitch or distance between the 
threads of the screw half an inch ? 

Here we have given, rfz=6; d=1l r ; /7=56, and k= 24; let 
these numerical values of the several letters be substituted in c(] na- 
tion and it becomes 

„ 6.2832Xl2x24xrj6 

6x'i ’ 

which, by performing the multiplication and dividing by 3, gives 
w=33778.48321b8. 

2 B 
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The eifect of the screw alone, as determined from the equation 
marked (b)^ is 

w=6.‘2832 X 24 X 56 x2= 16889. 24 16 lbs., 

and this beinpr applied at the circumference of the wheel, operates 
as a power to sustain the weight in equilibrio; but the radius of the 
wheel in the present instance is double the radius of the axle; 
heiK^e, tlie eifect of the wheel and axle is to double the energy 
of the screw. 

Examj»lk 2. In elevating a block of marble to the summit of a 
l)uilding, by means of an endless screw combined with the wheel 
and axle, it rel)uired a force of 286 lbs. ajiplied to the handle of the 
screw to maintain the block in a state of quiescence; what was 
its weight, the radius of the wheel being 24 inches, that of the axle 
8 inches, that of the winch or handle of the screw 80 inches, and 
the distance between the threads of the screw one inch ? 


In this example there are given, f/=8; d = 24; ^=1; ^iz=286, 
and u=80; consequently, by equation (g), or the rule derived from 
it, we have • 

6.28*32x24x80x286 

8x1 

which, by actually performing the multiplication and dividing by 8, 
gives 

, w= 161729. 568lbs. or 72.2 tons very nearly. 

14. Pnoiu.EM 6. In ihc equation f/iJw G , there are ^iren 

rf, D, u amt w ; to find the tmlue of p. 


I^et both sides of the given equation be divided by 6.2882i>r{, 
and we shall obtain 


r/f w 

^”6.‘2s;52Dtt‘ 


(A) 


And the practical rule derived from this equation is as follows. 

Rule. Mult! pip iof^ether the radius of the ajcte^ the distann; 
between the threads of the scrctv and the magnitude of the 
given weight; then divide the product bp the radius of the. 
wheel drawn into the circumference of the circle described 
bp the pimer^ and the quotient will give the magnitude 
of the power required. 

Example 1. What power will be sufficient to balance a weight 
of 56 tons, by means of an endless screw in combination with the 
wheel and axle, the radius of the axle being 12 inches, that of the 
wheel 56 inches, the radius of the circle described by the power 
28 inches, and the distance between the threads of the screw 
f of an inch ? 
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Here we have given, r/= 12; i)=:56; 5=^; R=28,and w=56ton8; 
consequently, by equation (A), or the rule derived from it, we have 

12 X f X 56 
^^”6.2832 x 66 x 28’ 

which, by actually performing the process, gives 
y/=:0. 05115 tons, or ll^lbs. very nearly. 

Example 2. A mass of granite, weighing 258cwt. is just balanced 
by a power acting on an endless screw in combination with the 
wheel and axle; what is the magnitude of the power, the radius 
of the axle being 4 iiu^hcs, that of the wheel 18 inches, the radius 
of the wincdi or handle of the screw 20 inches, aiul the pitch, or 
distance hetween the threads, half an inch ? 

In this example there are given, f/=4; 1)=I8 ; = r=20 , 

and w=258cwt.; consecpiently, by the rule derived from equa- 
lioii (//), we liave 

_ 4 X X 258 

” (5.28:12 X 18x20’ 


which, by performing the pro(;ess, gives 
y;iz0.228cwt. or 25.5*30 lbs very nearly. 

J5. Piiom.E^r 7. In the etjnnlwn £/i%=0.2802i)i7>, then* are 
^iren </, o, w and p ; tajind the value of u. 

Let both sides of the equation be divided by 6.28?32i)/>, and we 
shall obtain 


dhv 

0.28;32i)y>’ 


{'•) 


'I'hc practical rule afforded by this eejuation is as follows. 

lluLE. Mnlttplif together the radius of (he axle^ the distanve 
hetween the threads of the sereuj^ and the ina^nitude of 
the }^iven weif^ht ; then divide the produvt hi/ the radius 
of the wheels drawn into 0 . 28;32 time^s the given power^ 
and the quotient will give the radius of the winch 
required. 

Example 1. Required the radius of the w'inch, in a combination 
of the endless screw with the wheel and axle, such, that a power 
of 5 lbs. may balance a weight of 3368 ])ounds; the radius of the 
axle being 2 inches, that of the wh ^el 14 inches, and the pitch, or 
distance between the threads of the row, ^ of an inch ? 

Here we have given, f/=2; d = 14; J=^; 7>=5, and w=3368lbs.; 
consequently, by equation (i), or the rule derived from it, we 
shall have 


“”6-2802x14x5’ 


which, by performing the process, gives 
11=3.82 inches, very nearly. 
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Example 2. In a combination of the endless screw with tlie 
wheel and axle, what must be the radius of the winch, so that a 
man pressing with a force equivalent to 150 lbs. shall sustain a load 
of 789Glbs., the radius of the axle being 9-^ inches, .that of the 
wheel 20 inches, and the distance between the threads of the screw 
^ of an inch? 

Here by the rule, we have 
__ 9^- X J X 7896 

"“6-2832 x'aOx iso' 


and by performing the process, we get 
r=2-98 inches very nearly. 

16. Problem 8. In the eqmiimi cBw=6-2832Du;y, there are 
given^ dj S, p, r a?id w, to find the value of D. 

Let both sides of the equation be divided by 6-2832 r^>, and we 
shall obtain 


d(Jw 

6.2832R/; 


w 


And the practical rule afforded by this equation, is as follows. 

Rule. Midtipbj 1op;etlui\ the radius of the axle, the dis- 
tance between the threuih of the scretv, and the magni- 
tude of the given weight ; then divide the product hy the 
radim of the ivinrh, drawn into 6*28»32 thnes the given 
power, and the quotient will give the radius of the wheel 
required. 

Example 1. A power equivalent to 10 lbs. acting on an endless 
screw combined with tlic wheel and axle, is tbund to balance a 
load of 863981b.; what would be the radius of the wheel, when 
that of the axle is 4 inches, the ra<lius of the circle described by 
the power 12 inches, and the pitch, or distance between the threads 
of the screw ^ an inch 

In this example there are given, r/=4; c=i; ii=12; y>=l0, 
and w=36398lbs.; consequently, by equation (Ar), or the rule 
derived from it, we have 

_ 4x^x36398 
"“6.2832x12x10’ 


let the process here indicated, be actually performed, and we get 
0=96*54 inches, 

or something more than 8 feet and half an inch. 

Example 2. A power of 156 lbs. being applied to the handle of 
an endless screw, combined with the wheel and axle, is found to 
equipoise a load of 67200 lbs. or 30 tons; what is the radius of 
the wheel, when the radius of the axle is 3 inches, that of the 
winch «S6 inches, and Ihe distance between the threads of the screw 
one inch ? 
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Here by the rule to equation {k)t wo have 
_ 3x1x67200 

"■"6-2882X 36x166 ’ 
or performing the process, wc obtain 
67200 .... , 
"=TT76^i504=®^ 

17. Problem 9. In the equation rf^w=rO*28:12DB/y, there are 
given^ c, D, 2^9 R w ; to find the value of tL 
Let both sides of this equation be divided by cV, tlie factors 
witli which the required term is combined, and we shall obtain 

6.2832nB/> 

»= ?::: (*/ 


cw 


The practical rule which this equation affords, is as follows. 

Rule. AtuUiply all together^ the ratlins of the wheel, the 
ratlins of the circle described by the 2 >oiver, the magnitude 
of the power^ and the cmistant number 6.28;32; then^ 
divide tlee ]iroduct by the weighty drawn into the distance 
between the threads of the scretUy and the quotient will 
give the radius of the axle required, 

Example 1. A power equivalent to 28lbs., acting on an endless 
screw, in combination with the wheel and axle, is found to balance 
a weight of 12f)841bs.; what is the radius of the axle, that of the 
wh^l being 18 inches, of the winch 12 inches, and the distance 
between the threads of the screw one inch and a lialf ? 

Here we have given, c7=lA; d=I8; k= 12; and 

w=12(i84lbs.; consequently, by equation (/), or the rule derived 
from it, we have 

H.2a‘32x 18x12x28 
* U‘x 12684 

or by performing the process, we shall have 


f/= 


.‘}P^-p28 
1385 *5 


= 1 • 997 or very nearly 2 inches. 


Example 2. If a weight of BOOOlbs. is held in equilibrio, by a 
force equivalent to 6 lbs. acting on an endless screw in combination 
with the wheel and axle : what is the radius of the axle, supposing 
that of the wheel to be 24 inches, the radius of the \yincii 16 
inches, and the pitch, or distance be> jvwn die threads of the screw 
2 inches ? 

Here by the rule to equation (/), we have ^ 
,6.2832 X 24X16 X6 
“7 2X8000 ’ 

let the process here indicated be actually performed, and we get 
d= — — =09047 inches. 
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18. Problem 10. In the , equation i/^w=6.2832dr^, there are 
giveUy £/, D, R, p and w ; to find the value of B, 

Let both sides of the equation be divided by rfw, the factors 
which constitute the coefficient of the required term, and we shall 
obtain 

rfw ' ' 

And the practical rule which this equation affords is as follows. 

Rule. Multiply together^ the radius of the wheels the 
radius of the circle described bq the power^ the mag- 
nitnde of the power ^ and the constant, a/ nmAcr 0.2882 ; 
then^ divide the product by the weight drawn into the 
radius of the axle^ and the quotient will give the distance 
between tlw threads of the .seme. 

Example 1. If a weight of 2240lbs. is held in equilibrio, by a 
power of 9 lbs. acting on an endless screw in combination with the 
wheel and axle ; what is the pitch, or distance between the threads 
of the screw, the radius of the axle being 2 inches, thsit of the 
wheel 8 inches, and the radius of the circle described by the power 
(i inches ? 

Here we have given, rf= 2; d=8; r=( 5; />=9, and wz=2240lbs.; 
consequently, by equation (m), or the rule derived from it, we 
have 

^_6.2a82X8X6x9 
2X2240 ’ 

which, by performing the process, gives 
21-2058 

c= — =0-(>058 inches. 


Example 2. A power equivalent to 200 lbs. acting on an endless 
screw, ill (fornbiiiation with the wheel and axle, is found to equi- 
j)oise a weight of GOOD lbs.; what is the pitch, or distance between 
the thrca<ls of the screw, the radius of the axle being 8 inches, 
that of the wheel 10 inches, and the radius of the circle described 
by the power 1 4 inches ? 

Here by the rule to equation (?n), w^c have 
G . 2832 X 10 X 14 X 200 
" 8xG00b 

or by performing the process, we shall have 
10 9956 

5= — ^-^-^1=3.6652 inches, for the distance 


between the threads of the screw. 

19. In the developement of the foregoing theory relative to the 
endless, or perpetual screw, considered in combination with the 
I)rmciplcs of the wheel and axle, we have given a separate analysis 
for each quantity tliat enters into the composition of the original 
equation, and from the resulting formula to each analysis, we have 
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deduced a rule in words at length, by which the examples under 
the several problems are resolved. 

We have adopted this plan with the view of accommodating the 
subject to the capacities of such of our readers, as are wholly 
unacquainted with the reduction of algebraic equations; but the 
theory may be established in a more concise and equally compre- 
hensive manner, by substituting the several given quantities for 
their representatives in the original equation, by which means, a 
new equation will be obtained, involving only one unknown letter, 
combined with the numericfil values of all the others; and from 
this equation, the value of the required term may be found by 
performing such a process as the composition of the derivative 
formula indicates. 

We pursued this course in establishing the theory of the sim- 

( )le screw, and for the sake of uniformity, we proceed in a simi- 
ar manner, to unfold the doctrine of the endless screw, considered 
in connexion with the wheel and axle; for which purpose we shall 
take the following 

‘20. Example. Let us suppose that f/= 4 inches, n = 10 inches, 
2=2 inches, R=ir> inches, />=28lbs., and w=35l8*0})2lhs.; then 
it is manifest from the nature of cciuations, that of these six 
quantities, any five being given, the sixth can easily be found. 

1. To find the value of w', in terms of the rest. 

Let the given numerical values of the several (juantitics, be 
substituted in equation (f)^ and it becomes 

8nv = G.2832x JO X 1(5x28, 
or, dividing both sides of the eqihition by 8, we get 
w = 0.2,S‘32 X i3(>0=8518.592lbs. 


2. To find the value of jh other quantities being given. 
Substitute the numerical values of the given quantities instead 
of them, in equation (fj^ and it becomes 

0-2832 X 10 X 16x^>=4x2x3i)18-592, 
or dividing by 10x10, we obtain 
(i.2k32/i=17.5.02!)(5, 

and finally, dividing by 6.2832, we shall have 




175-9296 

6-28-32 


28lbs. 


3. To find the value of k, the otuer quantities being given. 

Let the given numerical values, be ustituted for the respective 
letters in equation (f)^ and it becomes 

6-2832 X 10 x 28x11=4 x 2 x 3518-592, • 

or, dividing by 10 x 2^ we obtain 
6-2^3211=100-5312, 


and finally, dividing by 6-2832, we shall have 
100-6312 _ . , 
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4. To find the value of d, the other qxmntities being given. 

Substitute the given numerical vdues for their representatives 
in equation (f)^ and it becomes 

*6. 28;)2 X 16 X 28 X dz=4 X 2 X 3518.692, 


or, dividing by 16 x 28, we obtain 
6.2832 d=62.832, 

and finally, dividing by 6.2^2, we get 


62.a32 

6.28^32 


= 10 inches. 


5. To find the value of rf, the other quantities being given. 

T^(*t the given numerical values of the several quantities be sub- 
stituted in equation (f)^ and it becomes 

2 X 3518.592 x rf=6.2832 x 10 x 16 x 28, 
or, dividing by 3518-592, we obtain 
2 ^= 8 , 

and finally, dividing by % we have 
inches. 

6. To find the value of c, the other quantities being given. 

Substitute the given nuincrical values of the quantities, for their 
representatives in equation (f), and it becomes 

4 X 3518..592 x «=6.2a32 x 10 x 16 x 28, 
or, dividing by 3518-592, we obtain 
4=8, 

and finally, dividing by 4, we get 

^=~ = 2 inches for the pitch, or distance 
between the threads of the screw. 


21, Such then is the theory of the screw considered as a mecha- 
nical instrument, whether it be used in combination with the 
wheel and axle, for the purpose of elevating or sustaining vast 
loads, or simply in connexion with its nut for producing intense 
pressure ; and from the equation of equilibrium in either case, it is 
manifest, that the less is the value of c, or the distance between 
the threads of the screw, the greater is the efficacy of the engine ; 
but it has already been observed, that beyond a certain limit, the 
distance between tlie contiguous threads cannot be decreased, tor 
then, the instrument would become too slender and delicate for 
withstanding the resistance to which it may happen to be exposed, 
and consequently, in a practical point of view, it would be ren- 
dered entirely useless. 

If, on the other hand, a proper distance between the threads of 
tlie screw be maintained, so as to give sufficient strengtli to the 
machine, and it be required to produce a very high effect, it is 
obvious, that the leverage of the power .must be increased for that 



OF THE SCREW. 


201 


purpose, but if it be ineroased beyoiul a certain extent, the power 
will have to travel throujxb an inconveniently larger space, and 
besides, the machine itself will be rendered very unmanageable, 
by reason of the great length of loxcrage that may be requisite for 
attaining a sufficient power. 

In order therefore, to produce a competmit degree of mechanical 
energy, while at the same time, the parts of the instrument are 
preserved of a substantial and commodious form, wo must have 
recourse to some other contrivaiice, such as that represented in 
the annexed diagiam, which, on account of the minuteness and 
delicacy of its o})eration, we have thought jiropcr to desigiiato the 
iitjf 'erential aerew. 

SEcrjTON Tiitrd. 

OF THE DIFFERENTIAL SCREW. 

22. Let N be a fixed nut or interior screw, through which the 
screw s is made to pass, hy means of the lever ac, at the extre- 
mity of which the power is applied, and where it operates to pro- 
duce an equilibrium or motion in the machine. 

The screw s, is a hollow cjrlinder hav- b. 

ing a s])iral groove cut on its concave 
surface, and fitted to receive tlie screw n, ^ 
the thread of which is finer than that of 
the screw s, operating in the nut at n. 

Now, if tlie cylinder n, on wdiich the 
thread of a screw is raised, be supjiosed 
fixed into the hoard d in such a manner, 
that it is prevented from turning on i^y 
axis, hut suffered to rise and fall in tlio 
direction of its length ; then it is manifest, 
that when the jxnver acting at a, l.lio 
extremity of the hwer ac, has made one 
complete revolution, tlu* screw s has mov- 
ed downwards througli a sjiace ecpial to 
tlie distance between two contiguous 
threads, while the screw n has inoAod in 
the contrary direction, tlinmgh a space 
also equal to the distance between two of its contiguous threads; 
but because the threads of the scre’v n, are finer and closer than 
those of the screw s, the ofl'ect of t* compound motion, during 
one revolution of the power, will v onsly he, to depress tin 
board n, through a space equal to tiie difference between the 
distances of the threads of tlie two screws s and n. 

Puty/ = the number of threads in one inch of the moveable 
screw s, and 

7 * 4 - 1 z=the number of threads in an equal spaci' of tlie screw’ n; 
then ^ and -] the respec'tWe distances between two contiguous 
threads of the screws s and r coiisecjuontlv, 

2d 
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is the space tJiroii^h which the board d is moved, during a com- 
plete revolution of tlie power. 

IIeiK*(j it appears, tliat the mechanical efficacy of this machine, 
is the same as that of the simple screw, when the distance between 
th(^ tlireads is represented by the quantity or which is th(i 

same tiling, when 

If therefore, instead of S in equation (f/), we substitute its eipii - 
valcnt ^is obtained above, the equilibrated expression for the 
differential screw becomes 

W 

This equation implies, that 

When a power sustains a weight in cquilihrio^ or balances 
a certain resistance^ by means of the differential svrea\ 
constructed as represented in the diagram ; the pmver is 
to the resistance^ as the difference behveen the distances 
of the threads of the two screws, to the circumference of 
the circle described by the power. 

This enunciation expressed in symbolical language, is as follows ; 
viz. 

p : : 6.2832r, 

where the term denotes the difference of the distances 

between the threads of the screws, and 6 . 2832u the circumference 
of the circle described by the power. 

The following problems will suffice to exhibit the analysis of 
equation ( 7 ^), and the examples under each problem, will amply 
illustrate the mode of tlicir application. 

23. Problem 11. In the equation there are 
given 71, R and p, to find the value of w. 

Let both sides of equation (/?), be multiplied by the denomi- 
nator 7 i( 7 £-fl), and the power of the screw will be expressed as 
follows ; that is, 

w = 6 • 2832r/h<(7I H- 1 ). («) 

And the practic<al rule deduced from tliis equation, may be 
expressed in words in the following manner. 

Rule. To the number of threads in one inch of the revolv- 
ing scretv add unity ; then, multiply together, the sum, 
the number of tlireads in om inch of the revolving screw, ^ 
the moffnitude of the power^ and the circumference of 
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the circle described by thcpmver; fhen^ the jrroduct aris- 
iiig from the continued multiplication^ will express the 
mechanical efficacy of the screw^ or the intemity of pres^ 
sure ivhich it can generate. 

Example 1. A power equivalent to 4 lbs. acting on a lever of 10 
inches in length, is found to balance a certain weight, or produce a 
certain pressure on a body placed under the board d, as in the 
diagram; what is the weight of the body so balanced, or the 
intensity of the pressure ])roduced, there being 8 threads in one 
inch of the moveable screw ? 

Here, by the rule to equation (o), we have 
8(8+l) = 8x9z=72, and 

the circumference of the circle > oooo i/* mn roio 

(lescribed by the power J ’ 

consequently, we obtain ?c= 100.5312 x4x 72=28052. 985(5lbs. 
for the weight of the body, or the measure of the pressure pro- 
duced. 

A simple screw having the distance between the threads -/.rth 
part of an inch, would produce the same effect theori'tically, but 
practically it would not, for the extreme fineness of the threads 
would render the instrument unfit to resist the pressure which the 
power produces. 

Example 2. What pressure will be created in the differential 
screw, by a power of 84 lbs. acting at the extremity of a leviT 
4 inches long, there being 30 threads in one inch in length of the 
moveable screw? 

Here, by the rule to equation (o), we have 
30(30+l)=30x31 = 930, and 

the circumference of the circle J or. loovi. 

d(jscrd)cd by the power ) 

consequently, wo obtain w; =25. 1328 x 84 x 930 = 1903374 -.*1^3011)8. 
or 8701- tons very nearly, for the measure of the pressure required. 

24- PaoiJLEM 12. In the -;^ 7 )= 0.2832 iir, there arc 

giveuy w, li a7id w ; to find the value of p. 

Divide both sides of the equation liy 0.28‘32 r, the circumference 
of the circle described by the power, and we shall have 


w 

-PT) 




'Ilie practii'al rule afforded liy this equation, may be expressed 
as follows. 


Rule. To the number of threads in one inch of the ttcvoIv- 
ing screw add unity^ aiid multiply together^ the swn^ 
the number of threads in one inch of the^ revolving screw, 
and the circumference of the circle described by the 
power ; then^ divide the weight of the body, or the pres^ 
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sure to he produced^ by the coidinned product of the three 
factors^ and the quotient will express the magnitude of 
the required potcc)\ 

l‘lxAAri»MC 1. Vv})at power aetiiig at the extremity of a lever 
(5 indies Vi'ill ccjuiiioise a weight of 8()4lbs. <attadiod to the 
hoard at J), there being G threads in one ineh of the revolving 
screw ? 

In this example there are given, w=6; ii = 6, and ?c; = 8()4; 
consequently, by equation (p), or the rule derived from it, we have 
d((5+l)=zOX7=42, and 

tlic circumfcrencey th«- drclej =„.OH;32Xf>=37.699L>; 
described by tlie power ) ’ 

8f>4 

consequently, we obtain 

nearly S.J ounces, for the power required. 

IvvAriPLK 2. A pressure equivalent to 4 180 lbs. is [irodueed by 
means of ji power lU'ting at the extremity of ci lev(T 1 2 inches long ; 
wjiat is tlio magnitude of the power, supposing that there are 
12 threads in one inch in length of the moveable screw? 

Hero we have given, ?i = 12: u = 12, and ?/;=4480; consequently, 
by eipuitiun (p)^ or the rule derived from it, we have 
1 2( 1 2 + 1 ) z= 1 2 X 1 8 = 1 5(5, and 

tho circuinforenro of the «>rclel ^ 1->=75.:J984; 

described by the [lower J 

44 SO 

coiisccjueiitly, we obtain - 1 — =:0.88lbs. or 

(>/„ ounces, very nearly, for the nuignitiide of the power requireii. 

25. Pkohlem 13. In the equation “^,"ff,zz(5.2ti‘)2i7>, 
give?i^ //, J) and ?/», to find the value of ii. 

Let both sides of the equation be divided by (5.2832//, and we 
shall obtain 

_ /e V 

And ihe practu^al rule afforded by this o(|uation may he exiiressi'd 
as follows. 

Hole. To the number of threads in o?ie inch of the rvrotr^ 
ing screw add unity^ and multiply together the sum, the 
number of threads in one inch of the revolving screw, the 
magnitude of the power, and the constant number (5. 28^52; 
then divide the weight of the body, or the pressure to he 
jirodiiced by the product of the factors, and the quotient 
will give the radius of the circle described by the power. 

F.xa:\ipli: 1. A power of 21bs. acting at the extremity of a lever 
fixed into the head of a screw, as represented in the diagram, 
is found to balance a Aveight of 0000 lbs. attached to the board 
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at n: what is the It'n^th of tlio lever, supposing there are 15 tlireads 
111 one inch in length of tlie moveable screw ? 

Ill this example there are given, w= 15 ; jf;=2, and Tf;=000()lhs.; 
consciiuentlv, bveiiuation («), or the rule derived from it, we have 
15(15+1) = 15X 1(5=240, 
and 0-2832x2= 12.50(54; 


consequently, we obtain by division 

of ihe circle described by the power. 

Examci.e 2. A pressure equivalent to a weight of 125020 lbs. is 
jmiduced liy ^ Jiower of 8lbs. acting at the extremity of a lever 
fixed into the head of tlie screw, in tlie manner represented in llie 
diagram ; what is the length of the lever, sujiposing the lumiher 
of threads in one inch in length of the movealde screw to bo 23 ? 

Here we have given, w=23; j»=8, and ?e= 125020 lbs.; conse- 
quently, by equation (y), or the rule derived from it, we have 
23(23 + 1 ) =23 X 24 = 552, 
and 6.2a32 x 8=50.2650; 
coiiseciucntly, by division we obtain 

it= 528 inches, for the radius 

50.2050x552 ’ 


of the circle described by the power. 

•j'o. Paoin.K.u 14. l/i Me —IJpiy =0.2832 a/;, Mc/r arc 

ijvVYV/, a, /> aad w ; to find the value of //. 

Ueciprocatc tln^ terms of tlie equation, and we get 
/i " 4- /i ^ I 

w ^0.28.32«// 

multiply both sides of the equation by ?/;, and it becomes 
eomjilete the scjuare, and we have 

, I 1 

“ +”+"-6.‘283-2i^+^’ 
extract the square root, and it is 
4i«; . , 


«+i vv 6.‘’aS2ii/>' 
transpose, and we t. nally obtain 

n=\{s/ 


6.2832k;; 


+ 1 - 1 }. 


(r) 


And the jiraetical rule derived from this equation may be 
expressed in words at length in the following manner. 

Rule. Divide four times the giimi weight or resisfunvc hy 
the magnitude of the power drawn into the draimferaice 
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of the circle which it describes^ and add one to the quo^ 
tient ; then^ from the square root of the sum subtract 
unity^ and half the remainder will give the number of 
threads in one inch in length of the moveable screw. 

Example 1. A power equivalent to 7 lbs. acting at the extremity 
of a lever B inches long, is found to balance a weight of 2428lbs. ; 
how many threads are there in one inch of the revolving screw I 
Here we have given, r=8; j»=7, and w=2428lbs.; conse- 
quently, by equation (r), or the rule derived from it, we have 

4x2428zz9718, 
and 6.2832 x fix 7=351 .8592; 
therefore, we have 
y 071ft 


consequently, by subtraction and division, we get 

w=^(5.349— 1)=2. 1745 threads to an incli in 
length of the revolving screw. 

.Example 2. A pressure equivalent to 21 tons, or 47040 lbs. is 
produced by a power of 4lbs. acting at the extremity of a lever 
1 8 inches long fixed iii the head of a screw, as represented in the 
diagram ; how many threads are there in one inch in length of the 
revolving screw, or that which is turned by the lever ? 

In this example there arc given, r= 18; y;=4, and i£;= 47040 lbs.; 
consequently, by equation (r), or the rule derived from it, we have 
4x47040=188160, 
and 6.2832 X 18 x 4=452-3904; 
therefore, we have 




188160 


+ l=^/416. 92=20. 42; 


452.3904 

consequently, by subtraction and division, we get 

M=i(20.42— 1)=9.71 threads to an inch in 
length of the revolving screw, and 9-71-1-1 = 10-71 threads in one 
inch of the screw b. 


Having thus determined the value of each quantity, which 
enters into the composition of the original equation, in terms of the 
rest, and illustrated the application of the resulting formula by 
appropriate examples under each problem, we proceed in the next 
plac;e, to show in what manner the theory may be abbreviated, by 
substituting the given quantities in the equilibrated eejuation, and 
disengaging the required term, by such an operation as the arrange- 
ment of the quantities so substituted may indicate. 

27. Example. Let us in this case putM=6; /?=4; r=8, and. 
117 = 8444.6208; then it is manifest, from the nature of the subject 
under consideration, that, if any three of thcisc quantities arc given, 
together with the constant number, the value of the fourth (|uantity 
can easily be assigned, llie pi-oeess for each is briefly as follows. 
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1. To find the value of ?r, the other quantities being given. 

Substitute the numerical values of the given quantities instead 
of tliem ill equation and it becomes 

^^=6.2832x8x4, 

or, multiplying both sides by 6(6 + 1), we get 
«^z=6.2832 X 32 x 42=8444-6208lbs. 

2. To find the value of the other qiiafitities being given. 

Let the given numerical values of the quantities be substituted 
for the respective letters in equation (zz), and it becomes 

Q 8444.6208 

6.2832x8xp=-g^g--^j- 

or dividing by 8, we obtain 
6.2832j[zzz25.1328, 

and finally, dividing by 6-2832, we shall have 
25-1328 

7z=z- -~-~=z41bs. 

^ 6-2832 

3. To determine the value of the other q^ntities being given. 

Let the numerical values of the given quantities be substituted 
for their representatives in equation (zi), and it becomes 

^ . 8444-6208 

6.2832x4x«=-jjj^j- 

or dividing by 4, we obtain 
6.2832R=r50-2656, 

and finally, dividing by 6-28^32, we shall have 
50-2656 ,, . , 

4. To find the value of w, the other quantities being given. 
Substitute the numerical values of the given quantities for their 
rc[)resentatives in equation (zz), and it becomes 

8444.6208 , 

— ^ ”7-^3=6-2832 x 8 x 4, 
zz(/z+l) 

or, by reciprocating the members of the equation, we have 
zz-+zi __ 1 

^44.6208“^! . 0624' 

mid multiplying both sides of the e^’iiation by 8444 •6268^ we got 

84446208 

^1.0624’ 

or, by actually dividing, it is 

complete the square, and we have 
z/«+H+i=42i, 

extract the square root, and it is 

— 6 - 2 , 
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transpose, and we finally obtain 

w=6, the number of threads in one 
inch in length of the revolving screw. 

28 . Having thus unfolded tlie theory of the screw, and exemplified 
its application by numerous examples, under the tliree following 
forms, viz. 

1. llie simple screw, or the inclined plane combined with the 
lever, 

2. The endless scrc^v, combined with the wheel and axle, 

.‘1. The differential or double screw, invented by Mr. Hunter, and 
a])plied by him to the admeasurement and subdivision of very minute 
spaces; it therefore only remains, to ])lace before the eye of the 
reader the theory in a contrac'ted form, or, which is the same tiling, 
the e(]iiations of equilibrium from whence the whole doctrine has 
been drawn ; they are as follows. 

1. Tor the simple screw, (o) 

2. For the endless screw, f/cw = 6 . 28 *‘} 2 Dii;;. (/) 

71 ) 

. 3 . For the differential screw, -7 — -r-. =6*28-S2 k7;. (//) 

And these three equations involve every particular tliat can be 
projiosed respecting the screw, both in its simplest and inosmfcn,- 
plicated ap])licatioiis, but it must be kept in mind, that in the 
foregoing theory no notice Inis been taken of the effects of friction, 
which in the screw is very great, and if taken into the account 
would render the subject extremely intricate. It must therefore 
be understood, that our results have been obtained on the suppo- 
sition, that the operation of the screw is not aflec^ted by friction, 
nor infliieneed by the form of the spiral thread which communicates 
the action; indecfl the theory throughout is wholly indoiiondent 
of this latter coiisidcralion, tlie form of the spiral having nothing 
to do with the mechanical effect 
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In our definition of the wedpre we have made remarks which this 
introduction ought not to anticipate. We shall, therefore, in this 
notice direct the attention of our reaclers to a few leading facts, 
which may serve as the preliminaries of the siihseiiuent mathe- 
matical discussion. And first we have to obser\e that in order to 
determine the conditions of equilibrium in the tlu'ory of the wedge, 
we aire yompclled to abandon all idea m £ the p'crcussive force 
employed in Ihe practical apidication of this implement, and to con- 
sider the power wliich is engaged to overcome the resistance, precisely 
as if it were a passive force. With this limitation the theory of the 
wedge is susceptible of a very rigid demonstration. It is well 
knowm, how'over, that in practice, the potential force w'c employ is 
the blow of a haiiiraer, tlie action of which is j)crcussion, while 
the resistance to be overcome is a pressive force, whether it be the 
tenacity of wood or the adhesive mass of a granite rock. We 
can understand the vast difference which exists l)et.wccn the modi- 
fications of pressive and percussive forces, and the impossibility of 
establishing the conditions of equilibrium of a machine in which 
the weiglit or resistance is a force of one, and the j)owcr applied 
to overcome it a force of another species. In other words, one of 
tlu^ bodies is moveable and the the other at rest. Anil owing to 
tljis circumstance, we presume, exists the differimce t.f» he fVnind in 
the rules given by some iiieeluinical writcTs for determining the 
power of the wedge. 

Playfair tliinks the best w«ay of conshlering tlii' suhjci't is to 
resolve all tlie forces that act upon rhe wcdi'e into parts parallel 
to two axes, at right .niiglcs to ^ another, and one of them 
parallel to the base of the wedge :ho side to uhicli the power 
is apj)lied. In the case of equilihriinn the oj)pc)sil.e I'on-C's, in the 
direction of Ihese axes must he e<[ual between thinfiscdves. Though 
it he perfectly true that in practice, pressure is never nred in moviiig 
the wedge home to rend a tree or a rock, yet we consider it as 
necessary to determine the relation wliich subsists between the 
resistances on the side of the w'edgc, and their counteracting 
power on the hack, as tc investigate the theory of the inclined 
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plane, which is nothing more than a rectangular wodgo in which 
one of the planes containing the right angle coincides with the 
horizon, to \vhi(*h the other is perpendicular. We have, however, 
treated each of these mechanical powers as a separate machine. 

In looking at a man splitting a tree with wecjgea, it must occur 
to the most inexperienced in mathematical knowledge, that the 
blow of the hammer or mallet moves through the whole extent of 
the wedge, while the resistance yielfls to its breadth. Hence the 
common rule, which is not however perfectly correct, that the 
power will bo to the resistance, if one of the bodies is moveable, 
as the back of the wedge to its length. And the more acute the 
angle, the greater the jiower of the instrument, or the smaller the 
force reijuired to overcome a given resistance. In other words, 
the harder the substance to he divided, the greater will be the 
angle of the wedge. It is on this princiiile that chisels for cutting 
soft woods are thinner or sharper than those used for the harder 
species ; and these again «are shar|)er and thinner than chisels em- 
ployed for cutting metals. Though the common wedge be generally 
used for cleaving and severing cohesive masses, it may sometimes 
he em})loyed very adva||agcously in raising great weights to a small 
height. 

'rherc is no instrument more common or more useful than the 
wedge, which we see employed hy shipcarpenters, quarriers &e., 
who heaving great resisbinccs to overcome, use heavy hammers to 
aecoiiiplish their purfiose of driving it homo. And the only 
instance perhaps in which the wedge is used for the purposes of 
equilibrium, is in the construction of arches which are built of 
truncated wedges. To form an idea of these, we have only to 
describe two concentric circles, and divide the circumference of the 
outer into any number of equal parts, from each of which to the 
centre as we draw lines, we shall form so many isosceles wedges, 
from which if wc cut off the portions between the inner circle and 
the centre, we shall torm a circidar arch with truncated wredges. 

'I'lio theory of equililirium of the wedge which we here ]>resent, 
braiK'lics into two sections: one, under the conditions of figure 
and force, whi(!h we have assigned to the machine : the other to 
particular cases that flow immediately from the general theory; 
and wc have concluded our artiedo with a series of equilihrative 
iM^uatioiis, tlic illustration of which wo have left for exercise to 
the reader. 

Helving in tlic first section expounded the theorem that estab- 
lished the general equation (c) of equilibrium for the wedge in 
the form of a triangular prism, we have drawn out in jvords a rule 
for ascertaining the magnitude of the power, and this rule we have 
illustrated hy appropriate examples, which wc have resolved gra- 
phically and numerically. 

When, however, instead of the segments of the vertical angle 
the sides of the wedge themselves are given, the general equation 
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assumes a different form, and becomes an eligible formula for 
investigating the case of oblique action, thsit is to say, when all 
the forces arc supposed to act obliquely on the sides to which they 
are respectively applied. The equation in this case we have 
divested of its algebraic trappings and expressed by a general rule 
in words. To this rule we have subjoined a couple of examples, 
which we have resolved geometrically and numerically, thus fur- 
nishing all the illustration which the reader can desire. 

These two theorems with their rules and examples complete 
the first section of our subject: the second proceeds with the 
conditions of equilibrium in the particular oases that flow from the 
general theory ; and the first theorem that wo investigate, involves 
the conditions of equilibrium in terms of the forces, their angles of 
direction <and the angles of tiio wedge. 

'Fo exemplify tlic application of the formula when composed of 
these data, we liave thrown the equation into a general rule, illus- 
trated by two examples that have been resolved graphically and 
numerically. In the second theorem of tliis section, the equation 
expresses the conditions of equilibrium in terms of the forces, their 
angles of direction and the sides of the wedge ; and the rule which 
applies generally in the case of an isoseeles prism, as deduced from 
this equation, is illustrated, like the fonner, with two examples 
accompanied by their graphical and numerical solutions. 

The graphical solutions we may be allowed to consider as 
desiderata m mechanical science, as they enable the pradtical 
mechanic to verify his calculations; nor is there any sound or 
stable mode of proceeding but this, if w'O would desire to place at 
the reader’s disposal all the materials upon which our own know- 
ledge of the subject is built. 
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SEcrnoN First.- 

I)t'/inilious and Conditions of Kquilibriunu 

1. Till-: Wedge is a solid pioee of wood or metal, generally made 
ill fonn of a triangular prism, of which the two ends or bases are 
c(|!i;d and similar plane triangles, and the three sides rectangular 
parallelograms; and it is called rectangular^ isasceles^t or scalene^ 
according as its equal and similar bases arc composed of right 
angled, ir-osceles, or scalene triangles. 

As a mechanical power, the wedge performs its office, sometimes 
in raising heavy bodies, but more frequently in dividing or cleaving 
them; hence, all those instruments which are used in separating 
the parts of bodies, such as axes, adzes, knives, swords, coulters, 
chisels, planes, saws, files, nails, sjiades, &c. are only different 
modifications that iall under the general denomination of the wedge; 
but these iiistruinoiits are made in so many shapes, and operated 
on by forces applied in such a variety of ways, that of all the 
mechanical powers, the action of the wedge is the most difficult 
of being brought under a strict mathematical calculation ; indeed, 
in a genera) j)oint of view this is probably impossible, but in the 
[larticular case of a triangular prism according to our definition, 
whose sides are perfectly hard, inflexible and smooth, if the resist- 
ances on the l)ack and sides of the wedge can be considered as 
pressivo forces acting in assignable directions, the conditions of 
e(|uilibrium, or the relation that subsists between the resistances 
on the sides of the wedge, and their counteracting power on the 
back, may be determined in the following manner. 

2. Let ABC represent a transverse section, perpendicular to the 
axis of the triangular prism of which 
tlic wedge is composed, and suppose the 
sides All, AC and bc to be perfectly 
smooth, hard, and inflexible. 

'riien, let a power e represented in 
magnitude and direction by the line inj, 
be siip])oscd to act <*it the jioint u on ab 
the back of the wedge, and conceive it 
to be counteracted by two other forces 
or resistances u dihd r, whose maguitudo 
and directions arc resjiectively repre- 
sented by the straight lines fi and i>k, 
ahting on the sides ac and bc at the 
points F and d. 

llesolve the force fi into its eejuiva- 
Icnt component forces ig and gf, re- 
spectively perpendicular and parallel to 

the side ac ; then, since ac is supposed to bc perfectly smooth, the 
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force KJ, which is perpendicular to ac, only operates to prevent the 
progress of the wedge, the part gf being parallel has no effect. 

Again, resolve the effective fofete ig into its e<juivalent component 
forces 111 and gii, respectively parallel and perpendicular to ah the 
back of the wedge; then is gii the only portion of the resistance u, 
which is directly opposed to that part of the power r, acting per- 
pendicularly on AB the back of the wedge, in the point p. 

In like manner, resolve the force dr into its equivalent com- 
ponent forces KE and de, respectively perpendicular and parallel to 
the side nc; then, since nc is supposed to be perfectly smooth, 
the force ke, whicli is perpendicular to bc, is only effectual in 
op])osing the progress of the wedge, the force ed acting in the 
direction of the side bc jiroduces no effect whatever in resisting 
the powen*. 

Next, resolve the effective force ke into its equivalent component 
forces Ki. and el, respectively parallel and perpendicular to ab the 
bach of the wedge ; then is el that part of the resistance r, which 
directly opposes the power r wheiv reduced to a direction perpen- 
dicular to AB. 

h'iiially, resolve the power iiQ into its equivalent component 
powers CQ and up, respectively perpendicular and parallel to ab 
tlie back of the wedge; then pq, which is perpendicular to ab, is 
the only part of the power p that becomes effectual in counter- 
balancing the reduced resistances gii and el. 

3. Now, it has been shown in treating of parallel forces acting 
in the same plane, that 

If three parallel forces artinp; perpemUcularh^ upon a 
rfi^ht line Imp it in equUibriOj one of them will art in 
a direction opposite to the other two^ and. it will he etjual 
to their swn^ dividing the line of application into two 
parlsy which are to one another reciprocally us the magni- 
tildes of its opposing forces. 

Consequently, if we suppose every part of the wedge to be per- 
fectly smooth, hard and inflexible, an equilibrium w'ill obtain 
between the power p, and the two resistances u and r, wlien 

rQ=Gii+EL. (a) 

That is, when the magnitudes of the two resistances reduced 
to a direction perpendicular to the hack of the wedge arc conjointly 
ecpiivalent to their equipoising force reduced in an opposite 
direction. • 

4. It must however be observed, that the above equation of equi- 
librium will not hold, unless the resistances u and r, or rather their 
reduced equivalents gh and fj., balance themselves about the point 
p considered as the fulcrum of a straight inflexible lever, for other- 
wise there will manifestly bc a tendency to a vibratory or rotatory 
motion about that point 
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Therefore, to determine the position of the point p, so that the 
equilibrium may be maintained, and this tendency to a vibratory or 
rotatory motion prevented; produce gh to the point n, making; hm 
and MN respectively equal to el and gh, the reduced equivalents 
of the resistances r and a ; join nl, and through the point ai draw 
MP parallel to nl cutting ab the back of the wedge in the point p; 
then is p the point where the reduced equivalent of the power p 
must be applied, in order that the foregoing equilibrated equation 
may obtain, and that the resistances ii and r, acting at the points 
F and D in the directions fi and dk, may have no tendency to 
produce a vibratory or rotatory motion in the wedge of which 
ABC is a section. 

Through the point p thus determined draw the straight line vii 
parallel to hn, and through the point n draw nq parallel to Ai$ the 
back of the wedge; then is pq the reduced equivalent of the 
power r, which, operating at the point p, balances the united 
energies of the reduced resistances gh and el acting at the points 
II and L. 

‘3. To determine the respective magnitudes of the reduced resist- 
ances GH and EL, in terms of the given resistances and their angles 
of direction, together with the angles at the vertex of the wedge, 
made by a straight line co in the plane of the section, drawn from c 
the vertex perpendicular to ab the back of the wedge. 

Let r=:fi, the magnitude of the resistance, acting at the point v 
on the side ac, 

r=DK, the magnitude of the resistance, acting at the point f 
on the side bc, 

p=iiQ, the magnitude of the power, acting at the point r on 
the back ab, and balancing the joint effects of the resist- 
ances R and r, acting on the sides ac and bc, 
jiizziHi, the reduced equivalciit of the power r, acting peiqien- 
dicularly at the point p on the back of the wedge, and 
balancing the united effects of the reduced resistances gh 
and EL, acting at the points ii apd l, 
u=AcOj the angle of the vertex of the wedge, contained 
between the altitude co, and the side ag, 

3=bco, the angle at the vertex of the wedge, contained 
between the altitude co, and the side bc, 

9=AFi, the angle contained between the side a(', and fi, the 
direction of the resistance r, 

p'=:uDK, the angle contained between the side bc, and dk, the 
direction, of the resistance r. 

Then, by Plane Trigonometry, wq have 

rad. : sin. ^ : I fi : gi, 
rad. : sin. ^'.'Idk : ek. 
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Therefore, by taking the radius equal to unity, and equating the 
iwoducts of the extreme and mean terms, we obtain 

Gi=Fi sin.^p, 

£K=DK sin. (ff. 

But because tbe triangles agi and bek arc respectively similar 
to the triangles aoc and boc, we have, by using the above values 
of Gi and EK, 

rad. : sin. a I ! fi sin. <p : gh, 
rad : sin. h : : dk sin. p' : el. 

Therefore, by taking radius as before, equal to unity, and equating 
the products of the extreme and mean terms, we shall have 
Gii = Fi sin. G sin. f, 

EL=DK sin. A sin. (p\ 

Consequently, by introducing the literal representatives of ri 
and DK, and adding the equations, we obtain 

GH+EL = u sin.r/ sin. p+r sin. A sin. 
that is, from the equation (r/), 
pzzM sin. a sin. (p+r sin. b sin. 9'. (A) 

G. This equation has been obtained on the supposition, that the 
power acts in a dire(*tion perpendicular to the bactk of the wedge, 
while the resistances u and r may be conceived to act in any degree 
of obliquity; it may however happen, that the power also acts in an 
obrujue direction, such as qr, in which case it must be reduced 
to its perpendicular equivalent as represented by i»q, and then the 
equation of equilibrium will become 

p sin. '-zr u sin. a sin. p+r sin. A sin. p'. (e) 

Where rr is the angle which ab the back of the wedge makes 
with (iR the direction of the power. 

"I'he equation as it now stands, is general for the wedge in form 
of a triangular prism, when its sides are considered to be perfectly 
smooth, hard and inflexible, and when both the resistances acting 
on the sides, and the (counterbalancing power acting on tho back, 
are conceived to be presto forces, exerting their energies in 
directions that are assignable ; under any other conditions the equa- 
tions will not hold ; it would therefore be useless to attempt its 
developement on the consideration of other fonns, or when sub- 
jected to the influence of other forces. 

7. If both sides of the general equal, r of equilibrium be divided 
by sin. -r, we shall obtain for the magiuLuJe of the power 

p= {u sin. a sin. p+r sin. A sin. p'} cosec. c. (d) 

And the rule which will apply generally in this case may be 
expressed in words at length in the following manner. 

Rule. Multiply the magnitude of each resistance separately 
hy the sine of the angle of its direction^ and again by the * 
sine of that segment of the vertical angle adjacent to the 
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side of the iredi^r on which the respective resistance acts ; 
then mattiply the sum of the products by the cosecant of 
the aui:tle which the direction of the pmver makes with 
the hack of the wedge^ and the result will express dhe 
viagnitudc of the power required, 

Exa.mi’i.e 1. Two resistances, respectively equivalent to pres- 
sures of *‘30 and 40 tons, acting in angles of 52 and 60 degrees on 
the sides of a perfectly smooth wedge, are sustained in equilibrio 
by a certain power acting on its back in an angle of 68 degrees ; 
what is the magnitude of the power, supposing the segments of 
the verlical angle made by a perpendicular on the back of the 
wedge, to be respectively equal to 25 and 33 degrees ? 

The graphical solution of this question is as helow. 

Let AC and nc represent the sides of the wedge, considered as 
being perfectly smooth, hard and inflexible, of which ajj represcTits 
the back, and in which the angle aco and nco, are respectively 
equal to 25 and 33 degrees. 

‘ Ulien, since it can miike no difFcrence as regards the magnitude 
of the opposing power, at what point of the sides the resistances 
may be applied, we shall consider 
them Jis acting at the points a 
and n, immediately under the 
shouhlers of the w^edge, these 
points being the most convenient 
for the purpose of construction. 

At the points a and n make ^ 
the angles fak and dul respec- 
tively equal to 52 and 60 degrees, 
the angles which the directions 
of the resistances make with the 
sides of the wedge ; take ak and 
UL proportional to the numbers 
30 and 40 from a scale of equal o 

parts of any dimensions whatever, tl^se numbers denoting the 
magnitude of the resistfinccs ii and r; then, through the points 
K and L, draw the straight lines kf and li> j)arallel to ab the l>ack 
of tlie w^edge, and meeting the sides ac and bc in the points f 
and I). 

I'hrough the points f and d, draw fp and dr parallel to ak and 
BL, meeting ab the back of tlie wedge in the points v and a ; then 
shall FP and dr also denote the magnitudes of the resistances u 
and r, being respectively cijual and ])arallel to ak <aiid Bii. 

llesolve the tbrees fp and nii, into their equivalent component 
forces PG, FG and re, de respectively perpendicular and parallel 
to AC and bc, the sides of the wedge; and again, resolve the 
etteetive forces vg and re, into their equivalent components (oi, 
ni and es, rs respectively perpendicular and parallel to ab, the 
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back of the wccl^c ; then are on atul es, the parts of the resistances 
that become effectual in opposing the power i% when reduced to a 
parallel but opposite dire(*tioti, and it is ninnifest, that in the case 
of an equilibrium, tlic reduced power must be equal to their sum ; 
that is, 

psiii. cr=jj=<jn + i:s. 

And moreover, to prevent a tendency to a vibratory or rotatory 
motion, the reduced power p must be applied at the point i, so 
situated in tlie line us, that 

111 : IS II ES : oil. 

'rherefore, to determine the position of the point i ; produce on 
to N, making ilm equal to ks and mn equal to cm ; join ns, and 
through tln‘ point m, draw xMI parallel to ns and meeting au in i 
the recjuired point. 

'^I'hrough the point i determined as above, draw iq parallel and 
equal to iin, the sum of the reduced resistance's, and at the point q 
m<ake the angle lom equal to 22 degrees, the compliment of the 
angle which the directiem of the power makes witn tlie line ais; 
then arc mq and iq, respectively equal to tlu? magnitudes of i* 
and p the required jiowcr and its reduced equivalent. 

NuMEiircAL Calculation. In calculating examples of this 
nature, where so many angular magnitudes enter, it is better to 
employ logarithms than to perform the process arithmetically, 
because the number of decimal places that occur In the several 
angular factors, renders the entire operation ('xceedingly laborious; 
wc shall therefore, in order to avoid a multiplicity of tedious .ind 
prolix computations, perform the [irocess logarithmically, in the 
following manner. 


itesistance ii =30 , . 

. log. . . 

J.477J21 

Uirectioii of u =52^ . . 

. log. sin. . 

9.896532 

8eg. vert, angle =25° . . 

. log. sill. . 

9.625948 

Nat. number =9.991 . 

. log. . . 

D.WWOOI 

1 Resistance r =40 . . 

. log, . . 

1 . (i()2lM)() 

Direction of T =(50*^. . 

. log. sin. . 


Scg. vert, angle =33° . . 

. log. sin. . 

SK7:M>I0*) 

Nat. number = 1 iS . 80(5 

. log. . . 

i. 270700 


Here then, the magnitude of ihe resistance a, when reduced to 
a direction perpendicular to the back the wedge, is 
ciii = y() sin. 25*’ sin. .52‘*- tons; 

and the magnitude of the resistance n when rcMiuced to the f-arne 
direction, is 

ES = 40 sill . i‘33® sin. 00” = I ^ { '(.*« i t ous ; 
but by equation (/>), we have shown, that the sum of the reduced 
resistances, is equal to the magnitude of the rcduceil power; 
that is, 

;> = y.901+ 18-86(»=28.857 tons: 

2 !•: 
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consequently, by cMjiiation (f/), or the rule derived from it, we 
obtain 

r=2S-857 X 1 .078=31 • 12 tons. 

Example 2. Two resistances, respectively ecpiivalent to 382 
and 428 lbs., acting on the sides of a perfectly smooth wedge in 
angles of 40° 30' and 56“ 20', are balanced by a power acting at 
right angles to the back of the wedge; what is the magnitude of 
the power, supposing the segments of the vertical angle made by 
a perpendicular on the back of the wedge, to be respectively equal 
to 13 jiiid 20 degrees ? 

Jn this example, the power is supposed to act perpendicularly 
on the back of the wedge; consequently, coscc. <r in equation (r/j, 
becomes equal to unity, and the question is resolved by the expres- 
sion represented in eejuation (/>), or in other words, the solution 
dispenses with the last precept in the rule derived from equation 
({/), this renders the computation somewhat simpler, but the prin- 
<*iples of construction are nearly the same, as will become manifest 
from the following operation. 

Graphical construction and solution* 

At the points a and n, the extremities of the back of the wedge, 
make the angles far and del equal 
respectively to 40® 30' and 56° 20', 
tlu; angles which the directions of 
the resistances make with ac and 
nc, tljc sides of the wedge; take 
AK and ni. proportional to the num- 
bers 382 and 428^ from a scale of 
(‘(jiial parts of any convenient di- 
mensions, these numbers represent- 
ing the magnitudes, or expressing 
the measures of the resistances k 
and r. 

Through the points k and l, draw^ 
the straight lines kf and ld parallel 
to Au the back of the wedge meet- 
ing the sides ac and i;c in the points 
F and I) ; again, through the points f and d just determined, draw 
re and J)ii ))arallels to ak and hl meeting ab the back of the \vedf«e 
in tin; points i* and ii; then shall the lines fp and dr, also rei)re- 
seiir the magnitudes of the resistances n and ?•, being respectively 
equal and paralhd to ak and bl. 

Resolve the forces fp and nu into their equivalent component 
forces P(s, ro and re, de rospeettively perpendicular and parallel to 
AC and Bc tin* sides of the wedge. 

Again, resolve the forces ra and he into their equivalent com- 
ponent forces c!ii, i*ji and ics, ua respectively perpendicular and 
parallel to the line ab; tlicn are uii and es, the parts of tlic resist- 
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ances r and r, that become effectual in opposing the power and 
maintaining the equilibrium. 

Produce gh to n, making hm equal to es and mn to gh ; join 
NS, and through the point m draw mi ])arallel to ns, meeting aii 
the back of the wedge in the point i ; then is i the point where the 
power must act to preserve the stability of the wedge, or to pre- 
vent a vibratory or rotatory motion about the point of application, 
which would, under the same circumstances, obviously take place 
in any other position. 

Through the point thus detennined, draw^ the straight line iq 
equal and parallel to fin the sum of the reducc?d resistances; then 
shall IQ rejiresent the magnitude of the jiower required, which 
bi'ing taken in the compasses and applied to a scale of equal jiarts, 
will indicate 177J very nearly. 

The hs'ari/hmic opemiioii is as follows. 

Resistance a =3S!^. . . log. . . 2.582008 

Direction of II =40^86'. . log. sin. . 9.8R1480 

Seg. vert, angle =18^0' . . log. sin. . 9,852088 

Nat. number z=56.92 . . log. . . 1.74758J 

Ivesistaiice r =428. . . log. . . 2.081444 

Direction of r =,50^20' . log. sin. . 9.920208 

Seg. vert. angle =20® 0' . . log. sin. . 9..5840.V2 

Nat. number =121.8?) . log. . . 2.085704 

From the first of the jireceding steps, it ap[)ears, that the mag- 
nitude of the resistance n, when reduced to a direction perpiui- 
dicular to the back of tin*, wedge, is 

gii = 882 sin. 40® 80' sin. 18® =55. 92 lbs, 
but its original oblique magnitude is 882ll)s.; coiisequeiilly, the 
<lirect opposition to the j)owx*r is very little more than oneseveiith 
part of the oblique resistance, a circumsUnice which should remind 
the mechanic, of the vast advantage to be gained, from a direct 
application of pow er. 

hroni the second step, we find that the magnitude of the resist- 
ance ?•, when reduced to a direction perpendicular to the back of 
the w edge, is 

ES = 428 sill. .50® 20' sin. 20*^ = 121 • Kllhs. 
consequently, by equation (/>), we have 
= 55. 92+ 121 .88= • 77 -7511)8. 

9. These two questions exemplify «iie method of ascertiiining 
the magnitude, or the intensity of the power, in terms of the 
resist<Tiices and the angles of their direction, together with the 
segments of the vertied angle, made by a perpendicular on the 
back of the wedge; but it may very frequently happen, that 
instead of the segments of the vertical angle, the sides of the 
wedge themselves may be given, in which case, the general equation 
will assume a different form ; we shall therefore, in the next place, 
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endeavour to express the conditions of equilibrium, in terms of the 
resistances r and their angles of direction <p .md <p*, together 
with the sides and the back of the wedge; ft*r which purpose. 

Put ftzTMiy the back of the wedge, on ^ 

which the power acts. ** 

the side^of the wedge, on ^mT|ij;p n il^[i | | lT^ ■! 
which the resistance R is applied. i jprii'f 

^=uc, the side of the wedge ope- ^i|: j ll; 'I h r 

rated on by the resistance r. \ 1 11 j r 

Then, by a well known theorem in |i [|jj / 

Plane Trigonometry, wc have \ |j jiliy 

ft : c ; Ao«>^ no, ^ j |i|y 

which, by equating the jiroducts of the 
mean an(l extreme terms, becomes V 

ft(AO = tf), ^ 

But the product of the sum an<l difference of any two quantities 
is equal to the difference of tlieir scpiares ; tluTcfore, and by division, 
we have for the diilereiice of the segments ao and no, as follows, viz. 


AOe^ UO= ; 

ft _ 

Now, if half the sum of any two quantities be increased and 
diminished by half their difference, the sum in the one case, and 
the difference in the otIuT will give respectivedy the greater and 
lesser (juantity; tlierelbre, if d be supposed greater than t, we 
shall have 

^ — . 

. > Ic) 

“O- 2^3 

Consequently, by Plane Trigonometry, we get 

d : p; — . . rad. : sin. «. 

•ip 

(1 : Pi — 1 1 rad. : sin. L 

^2ft 

Prom which, by taking radius equal to unity, and etjuating the 
products of the extremes and means, we have 

sin, — -prj — > 

2/W 

sm.A=— 2 ^^,- ■ • 

Let these values of sin. a and sin. h be substituted for them in 
equation (/^), and it becomes 
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which, by reducing the siihstitutcd fractions, and multiplying both 
sides of the equation by the common denoniinator, reduces to 
2licfl/}=zd\i sin. siri. (/) 

This equation determines the magnitude of the power, when it 
is supposed to act perpendicularly to the bac'.k of the wedge ; but 
in the case of oblique action, it becomes transformed into 
2/3rf3e = [cR sin. ^(/3- + + dr sin. + 5- — d') } cosec. rr. (,g) 

Where, as we have before observed, t is the angle which the 
direction of the power makes with ab, the back of the wedge. 

10. This last is the general form of the equation in terms of the 
forces, their angles of direction, and the sides of the wedge, wdien 
all the forces are supposed to act obliquely on the sides to wdiich 
they are respectively ap])lied; consequently, for a triangular weilge 
under these circumstances, the general rule in w^ords may be ex- 
pressed as follows. 

lli’i.E. Midtlply the magnitude of each reAstance by the sine 
of the angle of its direction^ and again by the remote 
side of the wcdgCy or that on which the opposite resistance 
acts ; then multiply the result corresponding to each resist- 
ance by the adjacent segment of the bach of the wedge^ 
made by a perpendicular from the vertical angle ; add 
the productsj and multiply the sum by the cosecant of 
the angle, tchich the direction of the power makes with 
the hack of the wedge; and finally, divide thh last product 
by that of the two sides, for the magnitude of the power 
required. 

ICx.v.uri.E I. Two resistances, whose nuignitudes arc resjicetively 
represented by 3(5 and 43 tons, acting at angles of (50 and 70 (h'griM^s 
on the sides of a w^dge supposed to be perfectly hard and smooth, 
are sustained in cquilibrio 
by a power acting on the 
hack in an angle of 80 de- 
grees; what is the magni- 
tude of the power, sup- 
posing the sides of the 
wedge to be O-i- and 10 
inehes respectively, and its 
back 1} inches ? 

The geometrical con- 
struction of this (}ucstion 
is effected in the following 
manner. 

Construct the triangle 
ABC to represent a trans- 
verse section of the trian- 
gular prism perpendicular 
to the axis, and having the 




222 


OF THE WEDGE. 


sides AB, AC and nc respectively equal to 5, 9^ and 10 inches, as 
specified in the question. 

At the points a and li, or at any other convenient positions on 
the sides ac and uc, make the angles fak and dbl, equal respectively 
to 60 and 70 degrees, being the angles at which the directions 
of the resistances k and r, or the lines ak and bl which represent 
them, are inclined to the sides ac and bc. 

Make ak and nii respectively proportional to the numbers 36 
and 48, taken from a scale of equal parts of any convenient magni- 
tude ; through the points k and l draw the straight lines kf and 
LD parallel to ab ; and kg and lk perpendiculars to ac and bc, the 
sides of the wedge ; and moreover, from the points g and e let fall 
GH and ER perpendiculars on kf «and i.d, and produce hc; and re to 
meet ab in the points w and s, the points where the reduced resist- 
ances Gii and ER are conceived to act in opposition to the power. 

Produce hh to n, making wm equal to er and mn to gii ; join nk, 
and through the point m draw mi jiarallcl to ns, meeting ab the 
back of the wedge in the point i ; then is i the point where the 
rediuied power must bc applied, in order to counterbalance the 
resistances gh and er, which are conceived to act at the points n 
and s, in parallel but opposite directions to the power whicdi is 
applied at the point i. 

Through the point i detennined as above, draw iq parallel and 
equal to WN the sum of the reduced resistances ; thou will iq repre- 
sent the magnitude of the reduced power. 

At the j)oint q make the angle iq7h equal to the complement 
of the angle which the direction of the power makes with ab 
the back of the wedge ; then is 7 / 7 Q the magnitude of the original 
or oblique power, and m the point at which it is applied ; conse- 
quently, the three lines ak, bl and mQ represent the magnitudes 
and directions of the three forces r, r and p, whose united but 
opposite energies maintain the wedge in a state of rest. 

We now proceed to the calculation, and, as we observed in the 
solution of the foregoing examples, it will be preferable to employ 
the logarithms, at least in so far as the continued simple factors in 
the several members of the general equation will admit. 


T/ie logarithmk operation is as follows. 

Resistance r 
Direction of r 


Nat. number 

Resistance r 
Direction of r 
Value of the sicl 

Nat. number 


=nfi . . 

. log. . 1.. 55630.3 

= 60° . . 

. log. sin. 9.937.531 

=10 . . 

. log. . 1.000000 

=311.77 

. log. . 2.493834 

=46 . . 

. log. . 1.681241 

= 70° . . 

. log. sin. 9.972986 

=9^ . . 

. log. . 0.9777^ 

=428.5 . 

. log. . 2.631951 
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We have next to determine the numerical values of the scginouts 
AO and BO, made by the perpendicular co from the vertical angle t:; 
these segments are determined directly by the equations marked (c), 
but for the sake of a little variety, we shall here endeavour, by 
means of algebra, to discover the values indicated in these equa- 
tions. Thus, 

Put :r=thc segment ao, 
and the segment bo ; 

then, retaining the numerical values of the sides /3, d and d, we have 

.r+yzz5, 

and by the property of the right angled triangle, we get 
90.25-a:«zzl00-yS 
which by transposition becomes 
y2_a:‘i=9.75, 

divide this last equation by the first, and we obtain 
y— arzr 1 .95; 

consequently, we now have given 
y+A:=z5, 
and?/— iTzz 1.95; 
therefore, by addition we have 
2y=6.95, 

and by subtraction it is 
2x=3.05; 

hence, by division, the values of the required sc'ginents are as 
below, viz. 

no=yz=3.475, 

AO =!r=z: 1.525. 


'riien, by proceeding according to the rule, w(' get 

311.77X1.525 ^ 

' =5.005, 


GH = 


ER: 


9.5X10 
428.5X3.475 


9.5X10 


= 15.674 


therefore, by addition, iq the magnitude of the reduced power is 
y=5. 005+ 15. 674=20. (579. 

To find /WQ, the magnitude of the oblique power, it is 
sin. 80° : 20 . 679 : : rad. : 20 . 679 cosee. 80°, 
but the natural cosecant of 80° is 1.015; 

therefore, wc finally obtain 
p=20.679 X 1 .015=21 1 ms very nearly. 

Such are the geometrical constructs . and the trigonometrical 
and analytical solutions, for determining liie magnitude of the power, 
which acting in a given angle, shall keep in equilibrio two resist- 
ances whose magnitudes are given, together with the angles wliich 
the faces of the wedge make with its back. 

Example 2. Two resistances, whose magnitudes are respectively 
equal to pressures of 400 and 800 lbs., acting at angles of 54” SO' 
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and 10', on the sides of a perfectly smooth wedge, are lield in 
cquilibrio by a power acting on the back in an angle of 51° 30'; 
what is the magnitude of the power, supposing the sides of the 
wedge to be 40 and 49 inches, its back being 18 inches ? 

In the solution of this example, we shall invert the order of the 
operation, by giving the numerical calculation before the graphical 
construction; we prefer this method in the present instance, in order 
that the geometrical process, which is a very singular one, may 
have its several steps verified by a comparison with the correspond- 
ing numerical results; this is the more necessary in the present 
case, as from the peculiar relation of the several data, the reduced 
directions of some, or probably of all the forces, may fall without 
the limits of the w etlge ; which circumstance, may to many of our 
readers create a dilliculty, unless the results can be compared with 
others which must inevitably be true. 

The logarithmic operation is us follows. 

llesistance ii z=400 . . log. . 2-()02()G0 

iJirectiou of u =54° 30' . log. sin. 9-910G8G 

Value of the side f" =49 . . . log. . 1 • GOO 1 OG 

Nat. number = 15956* G . log. . 4 •202042 

Resistance r =300 . . log. . 2*‘17712I 

Direction of /’ =GG°10' . log. sin. 9-9GI200 

Value of the side ^/= 40 . . . log. . l.G020(>0 

Nat. number =1097G*7 . log. . 4*040471 

We have next to determine the numerical values of the segments 
of the ba(jk of the wedge, made by a perpendicular from the vertical 
angle; but it is manifest, from the relation that subsists betwaani 
the kick €and the two sides, with respect to magnitude, that in this 
case the perpendicular will fall entirely without the wedire, and 
meet the production of its back in a direction beyond the shortest 
side; therefore. 

Let a*=the extent of production, then will 

18+a;=the distance from the remote extremity of the back to 
the point where the perpendicular falls ; 

therefore, by the property of the right angled triangh*, we obtain 
40^-.r^=49--(18+a:)% 
which expression n'duees to 
1600-./;^ =2077-3G.r-.r^; 

consequently, by expunging and transposing, we have 
.‘}G.v=477, 

from which, by division, we get 
AO = A' = 1 3 * 25 inches, 

.ind 00 = 1.3*25+18=31 *25 inches. 



OF THE \VED(SE. 




Then, proeoeding according to the rule, the magnitudes of the 
resistances, vhen reduced to a direction perpendicular to the back 
of the wedge, are respectively as below. 


R reduced = 


15956. (>xl:)-25 
49 X 40 


= 107-88 nearly. 


r reduced = 


10976.7x31-25 
49 X 4t) 


175-5. 


Consequently, by .addition, la the reduced power, is 
2i = 107 - 88+ 1 74 . 5 = . 38, 
and the magnitude of t!ie nidi quo power is 
f=282-38x 1 •278=3(>0-88lhs., 
where the multiplier 1 .278 is the iiatunil cosecant of 51° 30'. 

Geoiuetneal Comf ntvtion. 

If file results ohtainc'd above be compared with those wliicli the 
following construction affords, the coiiKtidenee of the measurements 
with the calculation, will have a tendency to confirm the truth 
of both. 

Let ABC represeuf, a transverse section, perpendicular to the axis 
of the triangular jiri^Jin which constitutes the wedge. 

'riicu, from a scale of ecpial 
parts of any dimensions at ])lea- 
surc, the larger tli(‘ better, take ab, 

AC .and Bc, otpial respectively to 
18, 40 and 49 inches. 

In the sides ac and nc, take any 
points a and />, no matter how 
posited, and at the points a and 5, 
make the angles k</c .and l/>c, equal 
respectively to 54° 30' and 66° 10'; 
then shall k/* and lA represeht the 
directions in which the resistances 
R and r arc bUfiposcd to exert them- 
selves. 

'Fake avi and hi. respectively 
('q ial, or proportional to the num- 
bers 400 and 300, which numbers 
measure the magnitudes or intonsiti^ * of the resistances r .and r, 
acting .at the points a and h on the si(h» if the wedge. 

niroiigh the points k and l, drawr kf and ld panallel to ab, 
meeting ac .and nc, the sides of the wedge, in the points f and b, 
and from the same points k and l, let fall the perpendiculars kg 
. and LK, also meeting ac and nc in the points n and r. From c 
the vertex of the triangle, let fall the perpendicular co, meeting ba 
produced iu o, and through the jioints g and r, draw gii and rs 
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parallels to co, meeting kf and lu in the points n and e, and ab 
the back of the wedge produced, in the ])oints h and s ; then shall 
Gn and re represent the reduced values of the resistances r and r, 
which being taken in the compasses, and applied to the same scale 
as am and will indicate respectively as below', viz. 

G^^ =107.88, 
and RE = 174.5, 

corresponding with the results of calculation. 

Produce cii to n, making hm and mn respectively equal to re 
and un\ join ns, and through the point m draw mi parallel to ns, 
meeting ba produced in i ; then is i the point where the reduced 
power must be applied corresponding to the point r on the side 
of the wedge. 

Make lu equal and parallel to iin, the sum of the reduced 
resistances, and at q make the angle iQm equal to the complement 
of the angle, which the direction of the power makes with the back 
of the wedge ; then is niQ the magnitude of the oblique power i*, 
which being taken in the compasses, and ap])Iied to the same scale 
as and he, will be found to indicate 360.88lbs., the same as 
w'as determined by calculation. 

From an inspection of the figure however, it is manifest, that 
although the line wiq may correctly represent the magnitude of tlio 
oblique power, yet it by no means indicates the direction in which 
that power is supposed to act, especially when the resistances u, 
r are a])plied at the points a and A, so near to the face of tlie 
wedge; for in that case, the tendency of the power acting in the 
direction qw, would evidently be to turn the wedge about a certain 
point as a centre, instead of urging it forward on the resistances 
pressing on its sides; but since, by tlic conditions of the question, 
Its direction must be inclined to ab, the back of the wedge, in a 
given angle, its true effective direction may be assigned as below. 

At the point wi in the line ab, raake^thc angle bwit equal to iwq 
tlie given angle of direction, and make niT equal to wzq, the magni- 
tude of the oblique power; then shall mr represent the direction in 
which the effort of the pow'er must be exerted, and the three lines 
OK, bh and tnr represent the magnitudes and directions of the three 
forces n, r and p, whose united but opposite energies exerted 
simultaneously, maintain the wedge in a state of quiescence. 

Si'XTioN Second. 

PARTICULAR CASES OF EQl i LIBRIUM FLOWING IMMEDIATELY FROM 
THE GEKERAL THEORY. 

11. What we have now done, is sufficient in our opinion for a 
general illustration of the principles of the wedge, luidcr the con- 
ditions of figure and force which w'e hjive assigned to it ; but there 
are several particular cases that flow immediately from the general 
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theory, to the developeinent and exemplification of which, our 
attention shall in the next jdaee be directed. 

If a and A, the sc«;ments of the verti(*al angle, made by a perpen- 
dicular from the vertex c on the back ab, be supposed equal to one 
anotlier; then, by a well known geometrical property, the transverse 
section of the wedge auc is isosceles, and the general equation of 
e(juilibriuin (r) becomes 

p sin. flr=sin. <1 (b sin. f>+r sin. (/<) 

Where it must be understood, that a denotes half the vertical 
angle of the wedge. 

If both sides of equation (A) be divided by sin. cr, the coefficient 
of the power p, we shall obtain 

p=sin. a cosec. <r(R sin. ^+r sin. ^'). (/) 

I'roin this equation, the rule w'hich applies generally in the case 
of an isosceles wedge, may easily be derived, and when enunciated 
in w'oi'ds at length, is read as follows. 

lln.E. Multiply I lie magnitude of each resistance separately^ 
by the sine of the angle of its direction ; then multiply the 
sum of the products by the sine of half the vertical anglcj 
and again by the cosecant of the angle^ uddeh the direC’^ 
tioH of the pmver makes with the back of the wedge^t o.ud 
this last product shall be the magnitude of the pmver 
reqnireiL 

Example 1. Two resistances, respectively equivalent to pressures 
of 19 and 25 tons, acting on the sides of a perfectly smooth isosceles 
wedge, in angles of 56 and 70 degrees, are balanced by a certain 
powder acting on the back in an angle of 78 degrees ; what is the 
magnitude of tlic counteracting power, supposing the angle at the 
vertex of the wedge to be 18 degrees? 

Graphical Construction and Numerical Sotution. 

The principle of construction in this case being precisely the 
same as that which we have 
hitherto employed, renders it al- 
most unnecessary to repeat the 
operation ; but, that nothing may 
be wanting to place the subject 
in a clear and comprehensive 
liglit, we shall illustrate the whole . 
of the examples by an appro- ^ " 
priate construction. 

r.et ABC be a transverse section 
of the triangular prism consti- 
tuting the wedge, of which the 
sides AC and bc arc equal to one 
another. 

At the points a and b, the 
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extroinitics of the section’s base, make the angles kac and lbc, 
rcspeetiv(;ly ecjual to 5(> and 70 degrees, the given angles of 
direction. 

Make the lin(*s ak and r.L equal or proportional to the numl)ers 
1 9 and 25, being the resiioctivc measures of the resistances a and ?•, 
which are .supi)osed to act on ac and nc, the sides of tlic wedge; 
through Ihe points k and l, draw kf and U) parallels to ab, and 
let fall the perpendiculars ko and le, meeting ac and bc in the 
points G and e. 

From the points o and e, let fall the perpendiculars oh and rn, 
meeting the lines kf and ld in the points ii and ii; then are gii 
jiiid KR th(j f'fFcctivc portions of the resistances r and r, when 
reduced to a direction pcTpcndicular to ab the back of the wedge. 

Produce iiG and re to meet ab in the points n and s, and let ik; 
be continued beyond w, till mm equals er and mn equals an; join 
NS, and through the point m draw mi parallel to ns, meeting a» 
in 1, the jioint where the reduced power must bc applied to 
counteract the united resistiiuces gii and ek. 

Through the point i, draw iq parallel and equal to mn, and at q 
make the angle mm equal to 12 degrees, the complement of the 
angle which the direction <jf the power makes with ab the back of 
the wedge; then is miq the miignitudc of the power required, and 

the point at which it is ajiplied. If j/iq be taken in the com- 
passes, and apjilied to a scale of equal parts, it wall be found to 
measure 6.275 tons. 

T/ie logarithmic operation is as follows. 

Resistance R =19 . . . . log. • 1.278754 

Direction of n = 50° .... log. sin. 9.918574 
Nat. lumibcr =15.75 . . . log. . 1.197328 

Resistance/* =25 .... log. . 1.397940 

Direction of r= 70° .... log. sin. 9.972980 
Nat. number =23.49 , . . log. . 1.370920 

Consequently, we have 

KG+LE= 15.75+23.49=39.24 log. . 1.593729 

Half the vertical angle =9° . . log. sin. 9.194332 

Direction of tlic power p=78P . . log. cosec. 0.009590 

Natural number = 0 . 275 log. . 0 . 797057 

Here, then, the magnitude of the oblique power nni is 0.275 tons, 
and the in<aguitude of the i’(‘duced power iq is 

GII + ER = IQ =7/ = 0 . 275 sin. 78'' =1.1 38 tons. 

The foregoing process has been conducted according to the rule, 
which' the general equation (i) for the isosceles wedge ailbrds; l)ut 
the sanu* result may he obtained directly from the diagram wath the 
greatest facility, as follows. 
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From the vortex c let fall the perpendicular co, bisecting ab in 
the point o ; then, by reason of the parallel lines hw, co and ks, 
it is iTianifast, that the triangles kgf and led are similar ; conse- 
quently, we liavc 

KG : GH : : le : er, 
but by Plane Trigonometry it is 
rad. I sin. .50® ! I 19 : kg = 19 sin. 56°, 
and rad. I sin. 70° 1125 : le=25 sin. 70°, 
and moreover 

rad. : sin. 9° : : 19 sin. 56° : gh = 19 sin. 0° sin. 56°; 
then, from the first of the above analogies, by employing the 
respe(;tive numerical values of the quantities, we obtain 

19 X . 82904 : 19 X 82904 x . 1564^3 : : 25 x . 93969 : kb, 
which by reduction gives 
er=25x . 15643 X .93969=3.675 
gh= 19 X . 15643 X .82904= 2.464 
wherefore, hy iiddition, we have iq or = 6 . 1 39 ; 
consequently, from the triangle wQi we get 
9 nQ= 6 . 139 X coscc. 78°=6.275 tons, the same as before. 

Such are the graphical construction and numerical solution 
of a question, that proj)Oscs to find the magnitude of a powtir, 
which acting at a given angle shall counteract two resistances or 
pressures, acting on the sides of a wedge, whose inclinations to the 
back arc elements of the proposition. 

Example 2 . Two resisbinccs, respectively equivalent to pressures 
of 649 and 844 lbs., acting on the sides of a smootli isosceles wedge, 
ill angles of 20 and 79 degrees, are kept in cquilihrio by a certain 
power acting on the hack of the wedge in an angle of H4 degrees; 
what is tlie inagni tilde of the opposing jiowor, the angle at the 
\ertex of the wedge being 37 degrees ? 


The ^€0 met rival const ruction of this example^ is effected in tine 
foUmving manner^ viz. 

Let A BC be a transverse section. Fig. 8. 


pcpcndiciilar to the axis of the tri- 
angular prism which constitutes 
the wedge; and let the sides ac 
and lu; be equal, and inclined to 
each other in an angle of 37 
degrees. 

At the points a and n, the ex- 
tremities of the line ab, make the 
angles FAK and dbl rosjiectively 
equal to 20 and 79 degrees, the 
given angles of direction. 

Make the lines ak and bl re- 
spectively equal, or proportional 
to the numbers 649 and 844, being 
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the numbers that express the measures of the resistances n and r, 
which are suppos(»(l to operate on ac and nc, the sides of the wedge, 
llirough the f)oints k and l, draw kf and li> parallels to ab, 
meeting AC and nc in the points f and d; through f and n, the 
points just found, draw fg and dk respectively parallel to ak and 
BL, meeting ab in the points g and ii. 

From the points g and k, let fall the perpendiculars gh and re 
on the sides ac and nc, and from h and e, draw iin and es perpen- 
dicular to All ; then arc nti and es the portions of the resistances r 
and r, that become effectual in opposing the power, when reduced 
to a direction perpendicular to the line ab. 

Produce \\n to n, making mi equal to es, .and mn equal to im\ 
join NS, and through m draw mi parallel to ns, meeting ab in the 
point I ; then is i the point where the reduced power iq or p must 
be applied, to produce the equilibrium, and to prevent the vibratorj'’ 
tendency that would take place, if the reduced power should be 
applied at any other point. 

Through the point i, draw iq parallel and equal to rm, the sum 
of the reduced resistances, and at the point make the angle min 
equal to the compliment of the angle, which the direction of the 
power p makes with aii the back of the wedge; then is wiq the 
magnitude of the power required, and m the point whore it is 
applied, when the resistances a and r arc supposed to act at the 
points A and b. 

If the resistances be conceived to be applied at any other points 
in the lines ac and bc, the jiosition of the points i and m will vary 
accordingly, but the magnitudes of the powers represented by iq 
and nm will remain the same. 

If the lines iq and 9/iq be taken in the compasses, and applied 
to the same scale of equal parts, from which the resistances r and 
or the lines ak and bl were taken, their numerical values will be 
indicated as follows, viz. 

iq=z333.31 lbs. 
mQ=3«'15.2lbs. 


The numeriml compiitnfion of thLs question is as under. 


Resistance u =345) . 
Direction of u=20° . 

Nat. number =221.97 


log. . 2.8J2245 

log. sill. 9.5340.52 

log. . 2.346297 


Resistance r =844 . - 

Direction of r = 79® . . 

Nat. number =828.49 . 


. . log. . 2.926342 

. . log. sin. 9.991947 

. . log. . 2.918289 
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Consequently, we have 

GH and RE, respectively equal to 221'97 and 828-49; therefore, 

221.97 + 828.49z=1050.46 • log- . 3-021379 

Half vert, angle =18° 30' . log. sin. 9-501470 

Direction of p =84° . . . log. cosec. 0-002386 

Nat. number =335-15 . log. . 2-525241 

The magnitude of the oblique power wq=p being 3*35- 15lbs., 
its reduced equivalent iq is 

Hu+ES=;)=3il5-15sin. 84°=333-3l. 

'riic calculation deduced directly from the construction, being 
similar to that exhibited for the last example, we think proper 
to omit it here, as the reader may very easily supply a solution 
from the figure, by attentively considering the steps of that which 
has already been performed. 


12. If for sin. G, in the general eciuation of equilibrium for the 
isosceles wedge, we substitute its value we shall obtain 


2rfp=/3 cosec. «'(ii cos. p+r cos. p'). (4) 


The foregoing equation (/) involves the conditions of equilibrium 
in terms of the forces, their angles of direction, and the angles of 
the wedge; and these two examples liave been resolved for the 
purpose of exemplifying the application of the formula, when com- 
posed of these data; but the present equation (4), expresses the 
conditions of equilibrium in terms of the fiirces, their angles of 
direction, and the sides of the wedge ; and the rule which ap])lies 
generally, in the case of an isosceles prism, as dcdiu ed from this 
equation, may be expressed in words at length, in the following 
manner. 


Rule. Muliiply i/ie magnitude of each reshtanee separately^ 
hy the sine of the angle of its direction ; then add the pro- 
ducts^ and multiply the sum hy the back of the ivedge^ 
and again by the cosecant of the angle^ which the direc- 
tion of the power makes with the back ; then divide this 
last product hy twice the side^for the magnitude of the 
power required. 

Example 1. Two resistances, equi'. lent to pressures of 58 and 
^ 70 tons, acting on the sides of a smocti' isosceles wedge, in angles 
of 74 and 80 degrees respectively, are balanced by a powder acting 
on the back in an angle of 80 degrees ; what is the magnitude of 
the power, the side ot the wedge being 56 and its back 22 inches ; 
the resistances being each applied at the distance of 24 inches 
from the shoulders of the wedge? 
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The graphical solution of this example is as follmvs. 

Let ABC be a transverse section, perpendicular to the axis of the 
triangular ])rism which constitutes the wcMlge, and let the sides ac 
and lic be each equal to 56 inches, and ab equal to 22 inches. 

Upon the equal sides ac and bc, set 
off Aa and bA, each equal to 24 inches ; Ivg. 9. 

tlien are a and b the ]:)oints on the sides 
of the wedgi*, wdiere the resistances u 
and r exert themselves. 

At the ]>oints a and A, make the 
angles k/k: and lAc, respectively ocpial 
to 74 <Tnd 80 degrees, tlie given angles 
of direction, and from a scale of equal 
j)arts, of any convenient dimensions, 
set off ai\ and An, equal or proportional 
to the numbers 58 and 70, which num- 
bers express the measures of the resist- 
ances applied at the ])()ints a and A. 

Through the points k and l, draw the straight lines kf, kg and 
LD, LE, respectively paralhd to ab and perpendicular to ac and nc ; 
then are kg .and le the portions of the resistances u .and r, that 
become effectual in stopping the progress of the wedge. 

From the points g and k, let fall tlie perpendiculars cm and i:n, 
meeting kf and ld in the points ii and r; then are cm and ef the 
portions of the resistances u and r, wliieh directly oppose the effects 
of the power, or that pcjrtiou of it which operates in a direction 
perpendicular to the back of the w-edge. 

Produce iic; and re, to meet ab the back of the wedge in the 
points n .and s, and let \\n he* continued directly forward, till m\ is 
equal to er and ain to g£{; then is equal to that portion of the 
power which counteracts gh and er, the reduced equivalents of the 
resistances. 

Join Ns, and through the point m, draw ivn par.allel to ns, meeting 
AB the back of the wedge in i, the point where the reduced power 
must be applied to maintain the equilibrium. 

Through the point i draw iq ecjual and parallel to wn, and at q 
nicake the angle w/(ii eciual to the complement of the angle, whicli 
the direction of the ])o\ver v makes with the back of the wedge ; 
then is /bq the magnitude of tlie required power, and m the point 
of application. 

If 7/iQ the oblique power, and la its reduced equivalent, be each^ 
taken in the compasses, and applied to the same scale of equal parts 
on which am and Al were measured, they will bc found to indicate 
as below, viz. 

wq=24*87 
IQ = 24 •49. 
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The nnmerival operation for this e.rample is as hetow. 

Kesistrtiu'O R =58 
Direction of k = 74^ 


Nat. number =55.75 

Kosistancc r =70 
Direction of ?-=80“ . 

Nat. number =68.04 


. . lo£r. . I.76;J4 l>s 

, . loir. ain. 0-08 L>8ie 

. . lo^^ . l.74G*J70 

. . log. . 1.84.5008 

. . log. sin. 0'00;3.*)5I 

. . log. . 'l.'838440 


Conse(juently, we have 

K(; + LE = 55. 75 + 68.04=124.60 log. . 2.005832 

Value of the back /3 =22 . . log. . 1.342423 

J)irect.ion of i*=80° . . log. cosec. 0.006640 

Value of twice //= 1 12 . . ar. co. log. 7 . 050782 

Natural number =24.87 . log. . 1.305686 

Tlie magnitude of e, the oblique power being 24.87 as deter- 
mined above; the magnitude of p its reduced e(|ui valent is 

iQ =:y> z= 24 . 87 sin. 80® = 24 . 40 tons. 


In the ex.ample, since the positions of the points a :ind A, 
at which the resistance's are applied, arc preciselv fixed, it is 
easy to assign the positions of the points i and m. with respcjct to 
A and B, the extremities of the hack; and since this has not been 
done in any of the preceding examples, we shall avail ourselves 
of the opportunity now offered, to show in what manner the point 
of application of the power is to be asc(?rtained, when the ])oints 
at which the resistances act are given. 

PuoBLEivi . — To show in what jnannvr the point of application 
of the power is to be aseertuincit^ when the points are given 
at which the resistances act, 

13. It is inanifi?st from the preceding construction, and from the 
nature of the ligure, that the triangles FK(i, i.kd, (w/a and esb are 
similar among themselves ; therefore we have 
K(i : OH : ; ciA : An 

Lii : er -■ : KB ; ns, 
but Ko : oil ll AC : iAn, 
and LE : er ll ac : oAb: 

(‘onsequently, by equality • ^ratios, it is 

(I : }jft : : ax : . ^ 
d I i/1 1 1 EB I Bs ; 
now oA = Ari+m3, and KBr=nA+/*K, 
but by Plane Trigonometry, we have 


aa = R cos. (fj 
Ae = /*cos 


2g 
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tlu'reforo, by addition, we obtain 

CA = A/l + ^COS. 

EB=:bA + TCOS. p'; 

(*onse(|uentIy, by restoring the numerical values of the several 
<]uantities, and substituting in the above proportions, we get 

: n :: (24+ 58 cos. 74*^) : aw, 

5G : II :: (24+70cos.80^) : BS, 

and by equating the products of the extreme and mean tt*nns, 
\M' obtain 

5(1 . AW = 2fi4 + G.‘38 cos. 74% 

5G o ns = 2()4 + 770 cos. S0“; 

l>ut the natural cosine of 74"" is 0. 275(54, and that of 80® is 0, 17;UJ:- 
therefore, and by division, we get 


_204 +j588 X 0 . 275(54 
5(5 


7 . 854 inches. 


2(54 + 770x0.17.405 , 

ns = ; = / . 1 02 inches ; 

fib 

but ws = An — (aw+bs); Iherofons we have 
ws=:22- 14.05(5=7.04 I indies. 


Now, in order to lind Ihe point i, where the n^duced equivaieiit 
of the power e is applicfl, we have to dividti the line ws into two 
parts, m and si, uhidi are ro each other recipro(*ally as on and nr, 
the reduced rcsisttincos; tims. 


<.n+Kii : y/s il KR : w?, 

(iii + KR : ws II (ill ; SI. 

SubstituiMig fu** (ill and kr their values ^-^sin. p, and '^^-^sin. p', it is 

- ■(Ksin.p + rsm.p) , --^sin. p . . ws : wi = . , ,, 

2f/' 2a ^ a sin. p+r sin.p 

. /V . /hi . Rsiii.pX'//s 

.(iism.p + rsin.p) . --sin.p.. ws ! si = “ . % 

2(/' 2(/ ^ K sin. p+r sill, p' 


Conse(iuently, l)y restoring the numi'rical values of these several 
quantities, these cxjin^ssions for //i and si will become 

7. 044X70 sin. 80® 7.044 X (58. f)4 ^ . , 

74”+ 70. h,:w"=—>ii:<«r- 
7. 044X58 sin. 74° 7.044X.56.75 . , 

”=.W,£.74”+70 .in. 


Therefore, by addition, we have 

AT = A«+ j/i = 7 . a 54 + 3 . 80 = 11 . 744 , 
Ki=J!s + si=7. I0*J+.-i. 1.5= 10. “252. 



OV TIIK WEDflE. 


‘235 


Having thus dotcrminiHl the 'position of the point i, with respect 
to the j)oiiits A mid n, it only now remains to assign tlie position 
of tile point ; now 

17/1 z=mQ cos. 80 ,• 

but it has already been shown, that 
wiq= 24.87; 
therefore, we obtain 
im=24.87 cos. 80® = 4.32. 

But because aK and //l, are taken from a scale of only half the 
dimensions of that from which the sides of the triangle arc 
measured, it is manifest, that the true value of i//i is only half of 
what we have determined above ; that is, 
im=2. 1(5 inches; 
consequcntlv, we have 
Am= 11 .744+2. 16= 13.904, 
mn = 10 . 252-2 . 1 6 = 8 . 096. 

Such, then, is the method of finding the jioint at which the power 
is ajiplied, when ive know the points at whi(*h the resistance acts. 

ExAMViiE 2. A certain power acting on tiic back of an isosceles 
wedge, in an angle of 75® 15', is found to balance two resistaiures 
acting on its sides in angles of 84 and 86 dc^grees ; what is the 
magnitude or intensity of the power, supposing the resi>tanc,es to 
be respectively equivalent to pressures of 6()0t) and 10000 lbs., the 
side of the wedge being 108 inches, and its back 36 inebes ? 

T/iis ex(wi2)l(' /.V constructed as follows. 

Let ABC be a transverse section of tin wedge, perpendicular to 
the axis of tlio triangular 
isosceles prism of which the 
wedge is constituted; and 
let the sides ac and uc be 
eacli equal to JOH inches, 
and AB equal lo 36 inches. 

In A(' and B(’, the side's of 
the wedge, take a and If any 
points at pleasure, and at ^ 
the points a and b make the 
angles and equal 
respectively to 84 and 86 
degrees, the given directions 
of the resistances ii and r. 

Make uk and //l respect* 
ively equal or ])roportioiial 
to 6000 and 10000, the num- 
bers that express the mea- 
sures of the resistances r and r, applied at the points a and b. 


/7ir. 10 
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Through the points k and l draw kf, ld parallel to ab, and 
K(}, LE perpendiculars to ac and bc ; from the points o and e, demit 
the perpendiculars oii and eu, and produce iig and he to meet ab, 
the back of the wedge, in the points n and s ; then are gh and er 
the reduced equivalents of the resistances r and r, or those portions 
of them that become effectual in counteracting the power. 

Continue hw directly forward to n, making y/M equal to er, and 
MN equal to gii ; join ns, and through the point m draw mi parallel 
to NS, meeting ab the back of the wedge in i, the point where iq 
the reduced equivalent of the power i* must be applied. ITirough 
the point a, draw the indefinite right line tw;, making with ab the 
angle ba?i; equal to 75® 15', the angle which the direction of the 
power makes with the back of the wedge ; then through the point q 
(iq being equal and parallel to ;in), draw Qm parallel to tw», meeting 
AB in wj, the point where the power p is ap})lied, when the wedge 
is kept in equilibrio by the three forces q/w, ku and hb acting at 
the points 7//, a and and in those directions. 

If Qtn and qi be each taken in the compasses, and applied to the 
same scale as ku and lA were measured from, they will indicate 
as' under. 

Q/a=2747«67lbs. 
qi=2657* 12lbs. 

77f6* ruancrical process for this example is as fallows. 

Resistance n =0000 . . . log. . 0*778151 

Direction of 11 = 84® ..... log, sin. 9*997614 

Nat. number =5907*12 . . log. . 0*775705 

Resistance r =10000 . . log. . 4*000000 

Direction of r= 86® .... log. sin. 9* 998941 

Nat. number =9975*04 . . log. . 0*998941 

Consequently, we have 

kg+le=5967* 12+0975*04=15942*70 log. . 4*202500 

Value of the back /I =06 . . log. . 1 *.556000 

Direction of p =75® 15' . log. cosec.0* 0145.50 

Value of twice d =216 . . ar.co.log. 7*005540 

Natural number =2747*67 log. . 0*40896.5 

'riiorefore, the magnitude 7 wq=p the oblique power, being 
2747 *67 lbs., a.s determined above; the magnitude of iQ=y> the 
reduced equivalent, is 

iQ=/>=2747*07 sin. 7.5® 1.5' =2657 * 12 lbs. 
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In this last example, it would be difficult to assign the positions 
of the points ?n and i with respect to a and b, tlie extremities 
of the back of the wx*dgc ; indeed, since we are at liberty to 
assume the points a and A sinywhcre in ac and bc, it is easy to 
p(?rceivc, that the positions of «i and i vary according to the posi- 
tions of a and A, and therefore cannot be determined till the places 
of a and A have been ascertained. 

If we recur to the original equation of equilibrium (e), and con- 
ceive one of the segments of the vertical angle as A to vanish; 
tlien the member r sin. A sin. p', in which sin. A occurs, must .also 
vanish, and the expression for the conditions of equilibrium 
becomes ^ 

p sin. cr = R sin. a sin. p. (/) 

The triangular prism of which the wedge is constituted, is in this 
case right angled, and the wedge is therefore rectangular. 

If, moreover, we conceive the angles of direction p and cr (^ach 
to become equal to 90 degrees or a right angle; then equation (/) 
becomes 

p=Rsin.«. (??«) 

Again, if we suppose the angles of direction p, p' and cr to 
be each ecjual to 90 degrees, then the general ecpiation (c) 
becomes 

p=H sin. a+r sin. A. (u) 

And if the angles a and A become equal to one another, we have 
from equation (h) 

p=sin. «{R+r). (o) 

And moreover, if the resistances R and r arc equal to one another, 
then equation (o) becomes 

p=2Rsin.a. {p) 

The equations (w?), (n) and {«) express the relation that subsists 
between the power and the resistances, in the case of a rerttw^nlur^ 
a scalene and an isosceles w'cdge, when the direction of the forces 
arc perpendicular to the sides of the wedge, on which they 
respectively act 

Kquation {p) expresses the same thing for the isosceles wedge, 
when the resistances are supjiosed t ’.e equal. 

If the resistances are e({ual in tno sealine wedge, while their 
directions are perpendicular to .the sides; then equation (n) 
becomes 

p=R{sin.«+sin. A). (y) 

If the angle -!r=90, while a and A are respectively equal to p 
and f>': then it is manifest, that the power and tlie resistances all 



OF THE WEDGE. 


2.‘)S 


act at right angles to the back of the wedge, in which case eqna- 
tion (c) becomes 

p=iism® a-hrsin^A. (r) 


This equation applies to the scalene wedge ; but if the angle's 
a <Tnd b are supposed equal to one another, then equation (/*) 
becomes 

V = sin"-fl (r + r). (.v) 


And finally, if the resistances it and r are equal, then equa 
tioii (.v) becomes 

p=2iisin‘'a. (/) 


'I'he illustration of all those equations, from (/) to (/) hotii 
inclusive, is left for exercise to the reader. 


ProciiinlMirit : soii:it ict.i sreiiriliiis ih'x : 

Fraxiiiojoque tralies, (Miiieis ct fissile; rolmi* 

Sciuditur : udvolviiiit iii^oufcs iiioiitibus oriius. 

/Kil.hb.M. 


The reader will see in all that we have done, how the road to 
abstract science may he smoothed; but he may rest assured that 
any fiopuLar version thereof is quite illusory, for no ])ortion of 
sound knowledge was ever acquired without .^ome coiT('S})on(!ing 
exertion of mind ; and in all mechanical oj)cration:s and mathernati- 
c*al investigations, men must be as clever with their hands as 
ingenious with their heads. In calculations, as in the practic.i; ct' 
every art, learning and judgment are of little avail unless accom- 
panied by manual dexterity. It is one of the improvements to he 
made in our systems of education for tlic various professions, if 
we would strive to retrieve the docdining taste for science, that 
students in Mechanics, as we have written for their use, should 
cultivate more methodically the use of their hands, and work 
efficiently for themselves in the profitable but toilsome drudgery 
of computation. 


l.<ii iinii rrnii^-l by I i'.hi r, '’Oil ..nJ IdiUMj;., NfWtaU' htrocl. 
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The Pass of Beilan, — Mount Amaniis 
House of Girgius Adccb, at Antioch 
Dcr-cl-Kaniar, and the Pulaeesof Betcddeiii 
Part of the Walls of Antioch, over a Ravine 
Lebanon, — General View of the Cedars 
Coast of Asia Minor, near Anamoiir 
Cafe.s in Daniascu.<;, — on a branch of the 
Barrada 

Kalendria, — Coast of Cilicia 

The Village of Zgarti 

Pass in a Cedar Forest, aliove Barouk 

Mount Casius, from the Sea 


Eastern modes of life start from the canva.ss p id arrest, as by enchantment, the lover 
of sacred history. He lingers with Saul at Tarsus, or travels witli him on his way to 
Damascus ; gazes on the majestic ruins of Balbec ; listens with the ear of fancy to the 
roar of the torrent’s fall of (he river Cydnus, and luxuriates in the varied scenes of pastoral 
and civic life. The descriptions confer an additional value to the sketches of the pencil, 
and throw a brilliant intellectual charm over the performance. Wc have no fear that any 
language of panegyric of ours should overstep the modesty of truth, or mislead the pur- 
chaser of this beautiful accoinpaiiinie.it to the sacred volume ." — The JFatchman, 



** \That enhances (he value of the work hefure us is, that Messrs. Fisher, the spirited 
publishers sent out two eniinent artists, for the express purpose of taking acrurutc views 
on the spotj and wc are assured by competent judges that tiic engravings give a just 
and faithful description of the places represented.'*— yVtc Comet. 

“ We have repeatedly expressed our admiration of tliis work in the course of its pub- 
cation. It forms one of the handsomest series in our possession. The Views do the highest 
credit to the artists employed — they are beautiful as works of art ; but to the pious and 
reflecting they have a much deeper interest.'* — Literary Gazette. 

" We feel nationilly proud of the illustrations of the thousand charms that render tlic 
dear scenes of our beloved native land more familiar to every one's view ; but a holier, 
deeper, and more pernianeiit feeling associates with (he views of I'alcstine and Syiia, the 
land where, near two thousand years ago, the Divine Author .of our faith secured to his 
followers a blessed immortality. The scenery presented in this scries has therefore a 
double attraction ; by its loveliness it attracts the eye, by its holy associations it interests 
the mind." — Carlisle Patriot, t, 

This is unquestionably one of the .best publications which the age has prodiired."— - 
Atethodist Mag. 

It is difiiciilt to imagine a series of views more full of interest than these, — Lehanuu, 
Damascus, Antioch, Tarsus ! — What names are these — British 3Jag. 

“ This is certainly the most interesting series of views we have ever seen. Tlic wiude 
work is got up in an elegant manner." — Christian Ladies* Mag» 

“ There is a charm in this splendid publication which can only be felt liy beholding the 
interesting scenes depicted in these views, each closely associated with scripture medita- 
tions." — SheJJield Iris. 

** Nothing scarcely can he more attractive to every class of readers. We find highly 
finished representations of the present aspect of those scenes which are liallowed in tlu‘ 
iiiiiid of every one who has read the bible; tiu y convey vi\id ideas also of oriental life 
as it is witnessed at the present day." — Juliubargh Evening Post. 

As neither pains nor expense have been spared in the execution of lhi<« v\ork, so ought 
not patronage to be wanting as a rccoinpence.” — Leicester Jourunl. 

The scenes poiirtrayed are romantic, replete with the heuiitirs of nature, and deeply 
interesting from their association with the events narrated in the iloly Scriptures. There 
are few books more appropriate for tlie leisure of the drawing- room or parlour." — Derby 
JHeporter. 

** This series of Fislier's Views presents a rich collection of artistical excellence. The 
whole is a valuable illustration of the must iiitercsling portion of the globe." — Bath 
Journal. 

Seldom has it fallen to our lot to call public attention to a work of more genuine 
merit. It represents the gorgeous East with its '* everlasting hills" and fruitful valleys 
in all their enchanting beauty. The situations are w'ell selected ; the didicult and delicate 
touehes of light and shade arc contrasted in a masterly style, and the pictorial elTect is 
lovely and grand. Fancy and imagination are at once wafted to the land flowing with 
milk and honey." — Aberdeen Herald. 
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